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Chaotic diagonal recurrent neural network∗
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We propose a novel neural network based on a diagonal recurrent neural network and chaos, and its structure and

learning algorithm are designed. The multilayer feedforward neural network, diagonal recurrent neural network, and

chaotic diagonal recurrent neural network are used to approach the cubic symmetry map. The simulation results show

that the approximation capability of the chaotic diagonal recurrent neural network is better than the other two neural

networks.
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1. Introduction

Neural networks with dynamic characteristics
have been a new focus in recent years.[1−8] A dynamic
neural network can show the mapping relationship of
a dynamic system and deal with the transient sta-
bility problem. A diagonal recurrent neural network
is a type of dynamic neural network, which shows
great improvement as compared with the multilayer
feedforward neural network. It can handle the dy-
namic information by itself for adding an internal feed-
back channel. Therefore, it is more suitable for mod-
elling and controlling nonlinear systems.[9−14] How-
ever, some problems still exist, such as the selection
of the number of hidden layer neurons and the limita-
tion of the training algorithm.

In this paper, we construct a novel neural net-
work based on a diagonal recurrent neural network
and chaos. Moreover, we design its learning algorithm
and use it to approach the cubic symmetry map.

2. Structure of the diagonal re-

current neural network

The diagonal recurrent neural network can realize
the dynamic function of the system, and its training
speed is quicker than the fully connected recurrent
network. The diagonal recurrent neural network can

use a gradient descent algorithm to train the param-
eters of the network because of its characteristics and
simple structure.[15]

The structure of typical diagonal recurrent neu-
ral network is shown in Fig. 1. There are three layers
in the network: input layer, hidden layer, and output
layer. The neurons in the hidden layer are dynamic
with delayed feedback, which makes the whole net-
work dynamic.
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Fig. 1. The structure of the diagonal recurrent neural

network.

Let x(k) = [u1(k), u2(k), · · · , um(k), y(k)]T be
the input of the network, si(k) be the input of the
i-th neuron, and hi(k) be the output of the i-th neu-
ron in the hidden layer. The number of hidden layer
neurons is h. The parameters in Fig. 1 are defined
as follows: y(k + 1) is the output of the network at
k+1 time; wI

ij is the connection weight of the j-th
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neuron in the input layer and the i-th neuron in the
hidden layer; wS

i is the threshold of the i-th neuron in
the input layer; wD

i is the connection weight of the i-th
neuron in the input layer; wO

i is the connection weight
of the i-th neuron in the hidden layer and the neuron
in the output layer. The input-output relationship of
the whole network is as follows:

si(k) = wD
i hi(k − 1) +

m+1∑
j=1

wI
ijxj(k)+wS

i , (1)

hi(k) = ρ(si(k)), (2)

y(k + 1) =
h∑

i=1

wO
i hi(k), (3)

where ρ(·) is the activation function of the hidden
layer.

3. Learning algorithm of the diag-

onal recurrent neural network

The diagonal recurrent neural network is trained
by the dynamic back-propagation (BP) learning algo-
rithm, then we obtain the function of the error cost
e(k) as

J(k) =
1
2
e2(k) =

1
2
[d(k) − y(k)]2,

where d(k) is the output of the system.
The adjustment algorithms for the parameters are

as follows.
(i) The adjustment algorithm for the connection

weight wO
i is as follows:

wO
i (k + 1) = wO

i (k) − η∆wO
i (k)

+α(∆wO
i (k) − ∆wO

i (k − 1))

= wO
i (k) − η

∂J(k)
∂wO

i

+α(∆wO
i (k) − ∆wO

i (k − 1))

= wO
i (k) + ηe(k)

∂y(k)
∂wO

i

+α(∆wO
i (k) − ∆wO

i (k − 1)), (4)
∂y(k)
∂wO

i

= hi(k − 1), (5)

where η is the step, α is the momentum factor, i = 1,
2, . . . , h.

(ii) The adjustment algorithm for the feedback
weight wD

i is shown below:

wD
i (k + 1) = wD

i (k) + ηe(k)
∂J(k)
∂wD

i

+α(∆wD
i (k) − ∆wD

i (k − 1))

= wD
i (k) + ηe(k)

∂y(k)
∂wD

i

+α(∆wD
i (k) − ∆wD

i (k − 1)), (6)
∂y(k)
∂wD

i

= wO
i

∂hi(k − 1)
∂wD

i

= wO
i pi(k − 1), (7)

pi(k) =
∂hi(k)
∂wD

i

= ρ′(si(k))(hi(k − 1) + wD
i pi(k − 1)), (8)

where i = 1, 2, . . . , h; pi(0) = 0.
(iii) The adjustment algorithm for the threshold

wS
i is

wS
i (k + 1) = wS

i (k) + ηe(k)
∂y(k)
∂wS

i

+α(∆wS
i (k) − ∆wS

i (k − 1)), (9)
∂y(k)
∂wS

i

= wO
i

∂hi(k − 1)
∂wS

i

= wO
i ri(k − 1), (10)

ri(k) =
∂hi(k − 1)

∂wS
i

= ρ′(si(k))(1 + wD
i ri(k − 1)), (11)

where i = 1, 2, . . . , h; ri(0) = 0.
(iv) The adjustment algorithm for the connection

weight wI
ij is

wI
ij(k + 1) = wI

ij(k) + ηe(k)
∂y(k)
∂wI

ij

+α(∆wI
ij(k) − ∆wI

ij(k − 1)), (12)

∂y(k)
∂wI

ij

= wO
i

∂hi(k − 1)
∂wI

ij

= wO
i qij(k − 1), (13)

qij(k) =
∂hi(k − 1)

∂wI
ij

= ρ′(si(k))(xj(k) + wD
i qij(k − 1)), (14)

where i = 1, 2, . . . , h; j = 1, 2, . . . , m+1; qij(0) = 0.

4. Structure of the chaotic diago-

nal recurrent neural network

The structure of the chaotic diagonal recurrent
neural network is shown in Fig. 2. There are three
layers in the network: input layer, hidden layer, and
output layer. The input–output relation of the input
layer and the output layer is the same as the general
diagonal recurrent neural network. The differences be-
tween the chaotic and general diagonal recurrent neu-
ral networks lie in the hidden layer. There are two
layers in the hidden layer: the first layer is composed
of the FB neurons which can receive the forward in-
put and the feedback input, and B neurons which can
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only receive the feedback input; the second layer is
composed of H neurons, the output of which is really
needed. The feedback of FB neurons is the last out-
put of H neurons, and the feedback of B neurons is the
last output of B neurons. Each FB neuron connects
with all input neurons, and each B neuron connects
with only one B neuron. The input of H neurons is
the outputs of FB neurons and B neurons, and the
output of H neurons is the addition of the outputs of
FB neurons and B neurons.
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Fig. 2. Structure of the chaotic diagonal recurrent neural

network.

Let x(k) = [u1(k), u2(k), · · · , um(k),y(k)]T be
the input of the network, si(k) be the input of the i-th
neuron, and hi(k) be the output of the i-th neuron in
the hidden layer. The number of the hidden layer neu-
rons is h. The parameters in Fig. 2 can be defined as
follows: h1

i is the output of the i-th B neuron and h2
i is

the output of the i-th FB neuron; y(k + 1) is the out-
put of the network at k+1 time; wI

ij is the connection
weight of the j-th neuron in the input layer and the
i-th neuron in the hidden layer; wS

i is the threshold
of the i-th neuron in the input layer; wO

i is the con-
nection weight of the i-th neuron in the hidden layer
and neuron in the output layer; wD1

i is the connection
weight of the i-th B neuron and wD2

i is the connection
weight of the i-th FB neuron. The input–output rela-
tion of the chaotic diagonal recurrent neural network
can be expressed as

h1
i (k) = wD1

i hi(k − 1)(M − h(k − 1)/M, (15)

h2
i (k) =

m+1∑
j=1

wI
ijxj(k) + wS

i + wD2
i hi(k − 1), (16)

hi(k) = ρ(h1
i (k) + h2

i (k)) = ρ(si(k)), (17)

y(k + 1) =
h∑

i=1

wO
i hi(k), (18)

where M > 0 is a constant, ρ(·) is the activation func-
tion of the hidden layer. The activation function of B
neurons is the logistic map that can generate chaos.

5. Learning algorithm of chaotic

diagonal recurrent neural net-

work

The chaotic diagonal recurrent neural network is
also trained by a dynamic BP learning algorithm, and
the function of error cost is

J(k) =
1
2
e2(k) =

1
2
[d(k) − y(k)]2.

The adjustment algorithms for the parameters are as
follows.

(i) The adjustment algorithm for the connection
weight wO

i are the same as Eqs. (4) and (5).
(ii) The adjustment algorithm for the feedback

weight wD1
i can be written as

wD1
i (k + 1) = wD1

i (k) + ηe(k)
∂y(k)
∂wD1

i

+α(∆wD1
i (k) − ∆wD1

i (k − 1)), (19)
∂y(k)
∂wD1

i

= wO
i

∂hi(k − 1)
∂wD1

i

= wO
i vi(k − 1), (20)

vi(k) =
∂hi(k)
∂wD1

i

=
∂hi(k)
∂si(k)

(
∂h1

i (k)
∂wD1

i

+ wD2
i vi−1(k − 1)

)
=

∂hi(k)
∂si(k)

(ci(k) + wD2
i vi−1(k − 1)), (21)

ci(k) =
∂h1

i (k)
∂wD1

i

= ((h1
i (k − 1)(M − h1

i (k − 1))

+wD1
i ci(k − 1)

× (M − 2h1
i (k − 1)))/M, (22)

where i = 1, 2, . . . , h; ci(0) = 0.
(iii) The adjustment algorithm for the feedback

weight wD2
i can be written as

wD2
i (k + 1) = wD2

i (k) + ηe(k)
∂y(k)
∂wD2

i

+α(∆wD2
i (k) − ∆wD2

i (k − 1)), (23)
∂y(k)
∂wD2

i

= wO
i

∂hi(k − 1)
∂wD2

i

= wO
i pi(k − 1), (24)

pi(k) =
∂hi(k)
∂wD2

i

=
∂hi(k)
∂si(k)

(h2
i (k − 1) + wD2

i pi(k − 1), (25)

where i = 1, 2, . . . , h; pi(0) = 0.
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(iv) The adjustment algorithm for the threshold
wS

i is

wS
i (k + 1) = wS

i (k) + ηe(k)
∂y(k)
∂wS

i

+α(∆wS
i (k) − ∆wS

i (k − 1)), (26)
∂y(k)
∂wS

i

= wO
i

∂hi(k − 1)
∂wS

i

= wO
i ri(k − 1), (27)

ri(k) =
∂hi(k − 1)

∂wS
i

=
∂hi(k)
∂si(k)

(1 + wD1
i ri(k − 1)), (28)

where i = 1, 2, . . . , h; ri(0) = 0.
(v) The adjustment algorithm for the connection

weight wI
ij is

wI
ij(k + 1) = wI

ij(k) + ηe(k)
∂y(k)
∂wI

ij

+α(∆wI
ij(k) − ∆wI

ij(k − 1)), (29)

∂y(k)
∂wI

ij

= wO
i

∂hi(k − 1)
∂wI

ij

= wO
i gij(k − 1), (30)

gij(k) =
∂hi(k − 1)

∂wI
ij

=
∂hi(k)
∂si(k)

(xj(k) + wD2
i gij(k − 1)), (31)

where i = 1, 2, . . . , h; j = 1, 2, . . . , m+1; gij(0) = 0.

6. Simulation results

Three types of neural networks are used to ap-
proach the cubic symmetry map, which can be ex-
pressed in the following form:[16]

f(z) = z(t + 1) = λz3(t) − λz(t) + z(t), (32)

where λ is the control parameter, and z is the output
of the system. The cubic symmetry map is in chaos
when λ ∈ [3.3, 4].

The multilayer feedforward neural network, di-
agonal recurrent neural network, and chaotic diag-
onal recurrent neural network are trained 700 times
(λ = 3.8, z(0) = 0.7), and the average error is

e =
1
N

N∑
k=0

(y(k) − z(k))2, (33)

where y(k) is the output of the neural network.
The simulation results are shown in Fig. 3, where

z(k) is shown by the solid lines and y(k) is shown
by the dotted lines. To make the figure clearer, the

ordinate is magnified 40 times and the abscissa is mag-
nified 5 times. The learning curves of the multilayer
feedforward neural network[17] which contains one in-
put neuron, one output neuron, and fifteen hidden
layer neurons are shown in Fig. 3(a), and the average
error is 0.1456. The learning curves of the diagonal
recurrent neural network[18] which is composed of one
input neuron, one output neuron, and twenty hidden
layer neurons are shown in Fig. 3(b), and the average
error is 0.06691. The learning curves of the chaotic
diagonal recurrent neural network which is composed
of one input neuron, one output neuron, ten FB neu-
rons, ten B neurons, and ten H neurons are shown in
Fig. 3(c), and the average error is 0.01018.

When chaotic system (32) is approached by the
diagonal recurrent neural network, the average error is
0.06. Because of the dynamic characteristics, the ap-
proximation capability of the diagonal recurrent neu-
ral network is better than that of the multilayer feed-
forward neural network. When chaotic system (32) is
approached by the chaotic diagonal recurrent neural
network, the average error is 0.01. The average errors
of multilayer feedforward neural network and diago-
nal recurrent neural network are 15 times and 7 times
higher than that of the chaotic diagonal recurrent neu-
ral network, respectively.
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Fig. 3. The learning curves of the neural networks

(λ = 3.8). (a) Multilayer feedforward neural network, (b)

diagonal recurrent neural network, (c) chaotic diagonal re-

current neural network.

The three neural networks are also used to ap-
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proach the following second-order dynamic system: ż1(k) = z2(k),

ż2(k) = −100z1(k) − 14z2(k) + 100r(k),
(34)

with the control signal r(k) = sin(2πk/20), the dis-
crete time nonlinear dynamic system z(k + 1) =
z(k)/(1 + z2(k)) + u(k), and the training input signal

u(k) = sin
(

2π

5
k

)
+ sin

(
2π

15
k

)
+ sin

(
2π

25
k

)
. (35)

By doing so, we can obtain the same conclusion.

7. Conclusion

A chaotic diagonal recurrent neural network with
a simple structure is proposed, and it is trained by the
dynamic BP learning algorithm. Three neural net-
works are used to approach the chaotic system, the
second-order dynamic system, and the discrete-time
nonlinear dynamic system. The simulation results
show that the approximation capability of the chaos
diagonal recurrent neural network is better than the
other neural networks.
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