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Single-particle distribution function of a quantum dot

system at finite temperature*
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In the present paper, we shall rigorously re-establish the result of the single-particle function of a quantum dot

system at finite temperature. Unlike the proof given in our previous work (Phys. Rev. B 74 195414 (2006)), we take a

different approach, which does not exploit the explicit expression of the Gibbs distribution function. Instead, we only

assume that the statistical distribution function of the quantum dot system is thermodynamically stable. As a result,

we are able to show clearly that the electronic structure in the quantum dot system is completely determined by its

thermodynamic stability. Furthermore, the weaker requirements on the statistical distribution function also make it

possible to apply the same method to the quantum dot systems in non-equilibrium states.
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1. Introduction

As is well known, equilibrium statistical mechan-
ics has been very successful in explaining the thermo-
dynamic properties of macroscopic materials.!! Start-
ing from the microscopic Hamiltonian of a given many-
body system, statistical mechanics allows us to derive
its thermodynamic quantities, such as the free energy
density, the specific heat, and the magnetic suscepti-
bility, in a systematic manner. Perhaps, the greatest
achievement of the equilibrium statistical mechanics
is understanding the critical phenomena by using the
renormalization group method.?

On the other hand, the simple and beautiful
mathematical structure of statistical mechanics also
provides some deep questions for mathematical physi-
cists to ponder. For instance, it is easy to show that
the ground-state energy of a many-body system must
be an extensive quantity, which is proportional to IV,
the total number of particles in the system.l) Other-
wise, the free energy density of the system does not
exist in the thermodynamic limit. In other words, it
becomes unstable. Starting from this fact, Dyson and
Lenard proved that a neutral solid is stable.>* Later,
their results were simplified by Lieb and Thirring.!”!
Furthermore, those authors also showed that if elec-
trons in the solid were bosons, then the system cannot
be stable. Therefore, Heisenberg’s uncertainty princi-
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ple alone is not sufficient to guaranty the stability of
matter as one would have believed before. More pre-
cisely, it is found that Pauli’s exclusive principle also
plays an essential role in achieving the stability.[]

In a previous work,[? we studied the restriction
imposed on the microscopic single-particle function of
a quantum dot system by another characteristic of the
equilibrium statistical mechanics, i.e., the convexity
of the Gibbs distribution function e #¥. We showed
that the single-particle function is a non-increasing
function with respect to the on-dot single-particle en-
ergy levels at finite temperature. Considering that the
convexity of the Gibbs function is closely related to the

8] we

stability of a many-body system in equilibrium,
concluded that the monotonic property of the micro-
scopic single-particle function is actually dictated by
the stability requirement of the quantum dot system.

However, since we exploited heavily the explicit
expression of the Gibbs function in our previous work,
the connection between the stability of the quantum
dot system and the non-increasing property of its on-
dot single-particle function was only established in an
indirect way. That is certainly a shortcoming. Nat-
urally, we would like to find a more transparent ap-
proach to re-establish the result, if it is possible. Sec-
ondly, our previous proof cannot be extended to the
case in which a small external voltage is applied to
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the conducting leads of the quantum dot system and
hence the Gibbs function is no longer its distribution
function.

In order to remedy these problems, we would like
to re-establish our previous results by using a differ-
ent approach to that followed in the present work. In
the following, we shall only require that the distribu-
tion function of the quantum dot is thermodynami-
cally stable, i.e., it is a positive and non-increasing
function of the total energy of the system. Obviously,
the requirement is much weaker and is certainly sat-
isfied by the Gibbs function. Furthermore, since the
explicit form of the distribution function is not needed
by the present approach, it should be also applicable
to derive similar conclusions for the quantum dot sys-
tem in slightly non-equilibrium states.

This paper is organized as follows. In Section 2,
we introduce the Hamiltonian of the quantum dot sys-
tem and the definition of its single-particle function.
In Section 3, we state and prove our main result for
the single-particle function of the quantum dot. We
show that it is a non-increasing function with respect
to the single-particle energy levels. Finally, in Section

4, we summarize our results.

2. General Hamiltonian of quan-

tum dot system

According to the standard textbook,®! the Hamil-
tonian of a quantum dot system can be written as

ﬁ = Z <€ka - /J/oc)éla-aékaa

k,o,

+ ZZemdfm,ng —&—UanTn
+V Y (

m#m/

+ Zt Z (ckmdmg—l-dmgckm), (1)

m, k, o

At + oy ) (Aot + )

where a = R, L represents the right and the left con-
ducting leads, respectively. They are connected to
the quantum dot via electron tunneling, and t, de-
notes the corresponding tunneling amplitude. The

At

Choo (Ckoa) is the creation (annihilation) fermion op-

erator for the conduction electron in lead a with spin
o =1, ] and single-particle energy €,. Furthermore,
d, . and d,,, denote the creation and the annihilation
operators of electron with spin ¢ =1, and energy
€m on the quantum dot. The positive parameters U

and V represent the repulsive Coulomb interaction of

electrons in the same and different levels, respectively.
Naturally, these parameters may be level-dependent
in real materials. However, for a quantum dot, only
a few on-dot single-particle energy levels are actually
active. Consequently, we can simply ignore the de-
pendences of these parameters on the single-particle
energy {emn}.
potential u,, is imposed to conducting lead «. The

In experiments, an external chemical

difference Vg = (ur — p1)/e is defined to be the ex-
ternal electric voltage (bias) applied to the system.

The total current through the quantum dot sys-
tem can be calculated by using the Keldysh Green
function method.[% Tt is given by!®!

7= [ 5500 - o)

FL(G)FR(E)

I, (e) + Ir(e) (Go () -

= @), @
where G% (¢) and G2(e) are the Fourier transformed

matrices of the retarded Green function

Gt 1) = =100t =) ({dwn(8), d()})  (3)

and the advanced one, respectively. Moreover, the
level-width matrices IT,(e) and I'g(e) are defined by
(Lo (€)],,, = 27|tal?pa(€)8mn. Here, py(€) is the elec-
tron density of states in conducting lead «, f(€)
and fr(e) denote the well-known Fermi distribution
functions of electron in the corresponding leads. By
its definition, current J is a function of the external
voltage V. Experimentally, one is mainly interested
in measuring the differential conductance g(Vg) =
dJ(Vg)/dVi of the system.[:12]

Generally, it is often assumed that only one en-
ergy level on the dot is active, since its diameter
is of the nanometer scale. Consequently, each ma-
trix in Eq. (2) can be replaced by a complex num-
ber. Furthermore, we can apply the equation of mo-
tion method! to evaluate Green functions G% (¢) and
G2(e€). Explicitly, the retarded Green function is given

by

(ng)

Gole) = €—€— U:— il'(e)/2
L (i)
e—e+1il'(e)/2’ )
where I'(¢) = I1,(¢) + Ir(€), and (7d) is the electronic

single-particle function of spin ¢ = —o on the dot. At
finite temperature 7', this function is defined by

Tr [Ad exp(fﬂf[)}
Trexp(—3H)

= (i) =

(5)
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Therefore, we need to determine both n{ and n{ first
before proceeding to the calculation of the differential
conductance of the quantum dot system.

In practice, the single-particle functions n? and
n‘f are calculated by numerical methods. For in-

stance, nCTl is related to the lesser Green function

G5t —t') = i(d} (¥)d; (1)) byl

nd = (i) = —i / @), (6)

And G;T () can be computed by either the
non-crossing approximation!'3=1%1 or the charge-
conserving ansatz.'®17] However, the errors caused by
these approximations are unavoidable and difficult to
estimate. Moreover, it is not easy to deal with the
quantum dot system with more than two active on-
dot levels. That is the reason why such systems are
hardly discussed in the literature. Consequently, we
would like to ask whether some rigorous restrictions
can be imposed on the on-dot single-particle functions
n’% and nf Obviously, these restrictions can be used
as reliable and independent tests to the results de-
rived by either the non-crossing approximation or the
charge-conserving ansatz. Furthermore, by rigorous
investigations, we will reach a deeper understanding
on the effects of the electronic correlations in these
small structures of nanometer scale.

In Ref. [7], we established a rigorous result on the
single-particle function of a quantum dot system with
more than two active on-dot levels. In that case, the
function depends explicitly on the single-particle en-
ergy level index m and is given by

4 Tr [(ﬁ‘fnT + ﬁfni) exp(—ﬁf{)}
m Trexp(—(H) -

(7)

n

For n% ., we were able to show that it is a non-

ms
increasing function of index m. In other words, in-
equality n¢, < nd, holds for any pair of on-dot energy
levels €,y > €,. To prove that result, we used the
fact that the Gibbs distribution operator exp(—3H),
which describes a many-body system in equilibrium,
is convex with respect to its variable, as we mentioned
in the previous section. Consequently, the deep con-
nection between the monotonic property of the single-
particle function with respect to the single-particle en-
ergy levels and the thermodynamic stability of the
quantum dot system cannot be as clearly seen as it
should be.

different proof, which does not require the explicit ex-

In the next section, we shall provide a

pression of the distribution operator and hence reme-
dies the above-mentioned problem.

3. Rigorous result on single-

particle function

To begin with, we require that the thermody-
namic properties of the quantum dot system can
be described by a distribution operator f(f[), with
f(z) being a differentiable function with respect to
its variable x. Obviously, when the external bias
Vs = (ur — p1)/e imposed on the conducting leads
is zero, and hence the system is in equilibrium, this
requirement is satisfied. In this case, the distribution
operator is explicitly given by the well-known Gibbs
operator f(H) = exp(—(3H). However, with a finite
external bias Vg # 0 being imposed on the conducting
leads, the quantum dot system is in a non-equilibrium
state. Consequently, this requirement may not be sat-
isfied. Fortunately, some authors argued that it should
still hold if the external bias is not very large, although
f (I;T ) is no longer represented by the Gibbs function
in this case.['$:19]

Next, we require that the quantum dot system is
stable in the following sense: its Hamiltonian has a
finite ground-state energy Ey > —oo. This require-
ment may seem trivial. However, as is well known, a
relativistic quantum mechanical system described by
the Dirac equation does not satisfy it. In a previ-
ous work,?) we showed that this requirement alone is
sufficient to determine the non-increasing property of
the single-particle function with respect to the on-dot
energy level index m at T" = 0. However, at finite
temperature, two more conditions must be imposed
on the distribution operator f(H) of the quantum dot
system to attain its thermodynamic limit. First, by its
definition, f(E,) > 0 should hold for any eigenvalue
E,, of the Hamiltonian. In other words, the negative
probability is excluded from our consideration. Sec-
ondly, f(H) should be non-increasing with respect to
the eigenvalues of H, i.e., f(E1) > f(Fs) holds for any
pair of eigenvalues F; < E5. Otherwise, the quantum
dot system will tend to stay in a state with a higher
total energy. In the stationary case, this is impossible
from an experimental point of view.

With these preparations, we are now ready to
state and prove our main result in the present work.

Theorem 1 Let n?, be the on-dot single-particle
function defined by

, o [(ﬁfnT +ﬁfnl) f(ﬁ)}
" Tr f(H)

n

: (8)
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where f(H
above-mentioned stability conditions.

) is the distribution operator satisfying the
Then, n?, is
a non-increasing function with respect to the on-dot
single-particle energy level index m, i.e., for any pair
of on-dot energy levels €, > €,,, inequality nfn, <nd
holds.

Before proceeding to the proof of Theorem 1, we
would like to give a remark on the physical meaning
of it.
Vs = 0, the quantum dot system is in its equilibrium

When temperature 7' = 0 and external bias

ground state ¥y. Assume that all the interactions in
Hamiltonian (1) are temporarily turned off by setting
U =V =1t = 0, then, the central dot of the sys-
tem will be isolated. In this case, the electrons on
the dot become free fermions. Therefore, according
to Pauli’s exclusive principle, they will completely fill
up the lower energy levels below the Fermi energy Er.
fn = 2 for ¢, < Ef and

In this case, Theorem 1 is

Consequently, we find that n
n‘fn = 0 for ¢, > FEF.
certainly true. However, after having turned on the
interactions U, V', and t, the electrons in the energy
levels below Er will be partially removed and added
to the higher energy levels above the Fermi energy. As
a result, this monotonic property of the single-particle
function may be violated. Theorem 1 tells us that this
situation cannot occur if the quantum dot system is
thermodynamically stable.

Now, we shall prove Theorem 1.

Proof To start with, we introduce an integral

function

f(z)dz, (9)

Eyp

F(E) =

where Ej is the lowest eigenvalue of Hamiltonian H.
Since f(z) is assumed to be a positive, differentiable,
and non-increasing function, we obtain immediately
the relations

F(E)=f(E)>0, F'(E)=f(E)<0 (10)
by taking the derivatives of F'(E) with respect to its
variable. In other words, F'(FE) is a non-decreasing and
concave function of variable E. For such a function,
we have the following fact.

Proposition 1 Let F; and Es be two real num-

bers in interval (Ey, 00). Then, inequality

F(Ep) — F(Ey) —
= F(Ey) — F(Ey) —

F'(Ey)(Ey — Ey)
f(E1)(E2 — E1) <0 (11)

holds.

A proof of the above proposition can be found
in any standard textbook on convex functions. For
example, one can read page 25 of Ref. [21].

Keeping the above fact in mind, we shall now
establish the following Klein-type inequality, which
plays a fundamentally important role in studying
quantum statistical mechanics.[!

Proposition 2 Let A and B be two Hermitian
matrices. Assume that their eigenvalues belong to the
domain of a concave function F(z), then, inequality

Tr (F(A) -
— Tr (F(A) -

holds.

Proof Following Ref. [1], we take an arbitrary
complete set of orthonormal eigenvectors {¢; } for Her-
mitian matrix A and another set {1;} for B. Let {a;}
and {b;} be the corresponding eigenvalues of these
eigenvectors. Then, for each eigenvector ¢; of matrix

A, we have
(64 |F(4) = F(B) - f(B)(A- B) ¢>
N N
= F(a;) Z|CW| F(b Z cl]‘ f(b; = bj)

< 0.: (13)

In deriving inequality (13), we insert identity decom-
Z;V:1 [1;) (] in several places. The
coefficient ¢;; = (¢;|1);) represents the overlapping be-

position I =

tween vectors ¢; and ;. We also apply inequality (11)
in the last step of the above derivation. Finally, we
sum over index ¢ and accomplish the proof of Propo-
sition 2.

In order to prove Theorem 1 with Proposition 2,
we take the following strategy. In the first step, we
assume that the theorem is false. Starting from this
assumption, we introduce two unitary transformations
that map Hamiltonian H of the quantum dot system
into a new form H. Then, we let A=Hand B=H
and substitute them into the left-hand side of inequal-
ity (12). A straightforward calculation will reveal that
this inequality is actually violated if our starting as-
sumption is true. Therefore, the assumption must be
wrong to make the final conclusions consistent. Then
Theorem 1 is proved.

Let us first rewrite Hamiltonian (1) into a more
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symmetric form. Actually, we have

H = Z (€ko — ,uoé)ézmékm + Z Z emd! dmo

k,o,

U=2V)> agnd —vVY Y ad,

2
V| D (i + ﬁfni)]
+Zt Z |:Ckcro¢dm0 + dmgckaa:| . (14)

m, k, o

Next, we assume that there are at least two single-
particle energy levels €,,, > €,,, for which inequality

d

nd, > nd  holds. In other words,

m1 Theorem 1 is not

valid for these energy levels.
To show this assumption must be wrong, we de-
fine a unitary transformation ﬁl(ml, ma) by

Uy (ma, mo)

=U{HT,

= ) (eko — W) yalhoa + (U —2V) Zﬁ‘fnmﬁll VYD e +V

k,o, a

im (-
= exp {2 (djandmgT + dszdmlT

+dl, dg) + dmzldmﬂ. (15)
By applying the Baker—Hausdorff formula
eAE e_A
=B+ [A B+ L[4 [A B+, (0

we can easily show that electron operators chlU and
dpm,o in Hamiltonian (14) are interchanged under this
transformation. More precisely, we have

T
1

AlT(mla m2)dAmga'

O'ﬁl(mla m2) = iczmzay

01(m1, mQ) = i(imlg

(m17 m?)dm1

(17)

At the same time, the other fermion operators are in-
tact. As a result, by applying Ul(ml, ™ma), we map
Hamiltonian (14) into

m o m

> (g + ﬂgﬂi)]

~d ~d ~d ~d
+ Zt ZZ (ckffa mo dmvc}“’a> (EmlnﬂmT + EmiMmy | + EmaMm, 1 + Emznmli)

k,o m

S endhdme + 3 ta Z (lckmdml(, —idl,. o Choo + i6hy o dmge — idjwékw) ,
m o «

where >’
energy levels with both €,,, and €,,, being excluded.

m Tepresents the sum over the single-particle

We would like to emphasize that an additional
phase factor i appears in the tunneling interactions of
the new Hamiltonian. In order to eliminate this extra
factor, we introduce another unitary transformation

Ug, which is given by

A im im !
U2 = exp ? Z kaa + 5 2 Mo

k,o, m

(19)

iy NN . AT A
H=Ula0, = (Ul(ml, m2)U2) a

= D (ko — W)e}palhon + (U —=2V) D itd =V (ftgnt + fimy) +

k,o,

+ Zt > (ckm o + dmackm) Z'Z emd dme +

m, k,o

(18)

Under this transformation, the fermion operators are
changed according to the following rules:

UQT éko’oz ﬁQ =

iCkoa,
U;éLUQUQ = —icLUa,
U dmoUs = idpme,
Ujdh,,Us = —id},,,

for m # mq, ms. (20)

Consequently, Hamiltonian H' is further mapped into

(Ul(mh m2)02)

2

VD (i + )

m

~d ~d ~d ~d
(emln’InQT + 6777«1””!17.21 + €m2nm1T + €m2nmll) (2]‘)
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by Us. Obviously, the electron tunneling interactions
are completely recovered in this Hamiltonian. By

comparing H with the original Hamiltonian H , we

find that the only difference between them is that op-

d

~d . .
m, and Ay, are interchanged in the sum over

erators n

GTTL'

Now, we let A= IA;T and B = H. As shown above,

H is unitarily equivalent to H. Therefore, F(H) is
also equivalent to F' (f[ ). Consequently, they have the
same spectrum. It leads to the following identity:

TeF(A) = TeF(H) = TrF(H) = TeF(B).  (22)

Moreover, the difference between H and H is given by

A-B
_ ~d ~d ~d ~d
- emlnmgT + emlnmgl + 6m2nmlT + 6m2nmll

~d ~d N

~d
T Cmi M T iy | T Ema Tt = Ema Ty, |

= (eml - 6m2) (ﬁ‘glzT + ﬁg@zl - ﬁ;ian - ﬁlfinll) : (23)

Finally, we substitute these identities into the left-
hand side of inequality (12). We have

Tr (F(A) — F(B) - f(B)(
= Tx[ = FU) (em, = ma) (Al + s,

~pd ﬁgm)] <0. (24)

N
\

o

N

myT

Dividing both sides of the above inequality by
—Trf (I:[ ), which is a negative quantity, and using def-
inition (8) for the on-dot single-particle function, we
can write the above inequality as

(€my — €ms) (n, —nd ) > 0. (25)

mao mi —

However, according to our starting assumption that

€m, > €m, and nd > nd

i m, hold simultaneously, the

quantity on the left-hand side of the above inequal-
ity must be strictly negative. It leads to a contradic-
tory. In other words, the starting assumption must

be wrong. It implies that the on-dot single-particle
d

¢ is a non-increasing function of the single-

function n
particle energy level index m, as we state in Theorem

1. This completes the proof.

4. Conclusion

In this paper, we study the on-dot single-particle
function of a quantum dot system at finite tempera-
ture by using a rigorous approach. As an extension
of our previous work,[” we consider the more gen-
eral case, in which the statistical distribution function

is only assumed to be thermodynamically stable. In
other words, it is a positive and non-increasing func-
tion of the total energy of the quantum dot system.
Then, we show that even under this much weaker
condition, the non-increasing property of the single-
particle function with respect to the on-dot single-
particle energy level index m can be re-established
too. As a result, our proof gives another example
showing that the electronic structure in the quantum
dot system is completely determined by its thermo-
dynamic stability. Furthermore, unlike our previous
proof, which depends on the explicit expression of the
Gibbs distribution function and hence is only applica-
ble to the systems in equilibrium state, the new ap-
proach presented in this paper can be potentially ap-
plied to the quantum dot systems in non-equilibrium
states.

Remark 1 Careful readers may have noticed
that the permutation symmetry of the fermion opera-
tors in Hamiltonian (1) is essential in establishing The-
orem 1. Therefore, a natural question arose is whether
this restriction can be removed, since such a symmetry
does not generally hold in a real quantum dot system.
From the physical point of view, we believe that the
single-particle function should be still non-increasing
with respect to the on-dot single-particle energy lev-
els, as long as the violation of the permutation sym-
metry of the fermion operators in the Hamiltonian is
not severe. However, so far, we have not found a rig-
orous approach to prove it. For this purpose, more
sophisticated techniques are needed. We shall carry
out further investigation on this issue in future.
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