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Nonlinear dynamics in wurtzite InN diodes

under terahertz radiation∗
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We carry out a theoretical study of nonlinear dynamics in terahertz-driven n+nn+ wurtzite InN diodes by using

time-dependent drift diffusion equations. A cooperative nonlinear oscillatory mode appears due to the negative dif-

ferential mobility effect, which is the unique feature of wurtzite InN aroused by its strong nonparabolicity of the Γ1

valley. The appearance of different nonlinear oscillatory modes, including periodic and chaotic states, is attributed to

the competition between the self-sustained oscillation and the external driving oscillation. The transitions between the

periodic and chaotic states are carefully investigated using chaos-detecting methods, such as the bifurcation diagram,

the Fourier spectrum and the first return map. The resulting bifurcation diagram displays an interesting and complex

transition picture with the driving amplitude as the control parameter.
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1. Introduction

During the last few years, InN has attracted con-
siderable attention. It has been studied intensively
because of its unusual characteristics such as small
effective mass,[1,2] large electron drift velocities,[3,4]

surface electron accumulation layer,[5] and the con-
troversy in its bandgap.[6,7] Recent progress in InN
epitaxial growth has led to monocrystalline wurtzite
InN with improved quality and high mobilities.[8]

A band gap around 0.7 eV has been established
both experimentally and theoretically.[6,9−11] These
unique properties have not only attracted a lot
of scientific interest but also opened up many de-
vice application possibilities,[12] for example, high-
speed high-frequency electronics,[13] electron emitters,
detectors,[14] and solar cells.[15] One unique feature of
wurtzite InN is that it has the largest peak velocity
and negative differential mobility (NDM) region ac-
cording to the theoretical studies of the steady-state
transport characteristics using ensemble Monte Carlo
(MC) simulations,[16,17] making this material very at-
tractive for high-frequency applications. The NDM
effect in InN is associated with a strong nonparabol-
icity of the Γ1 valley rather than with the intervalley
transfer, different from what is observed for semicon-
ductors such as GaAs.[18] The NDM region can espe-

cially result in some interesting phenomena, such as
current self-oscillation and complex nonlinear dynam-
ics in different kinds of semiconductor systems.[19,20]

In this article, we present a study of nonlinear
dynamics of the NDM n+nn+ InN diode driven by
a THz signal and a dc bias. We investigate possible
modes of current oscillations with the dc bias, the dop-
ing concentration, and the intensity of the radiation
as controlling parameters. The transitions between
the periodic and chaotic states are examined by dif-
ferent chaos-detecting methods, such as the Poincaré
bifurcation diagram, the power spectrum and a first
return map. The resulting power spectrum pattern
displays a very complex mosaic scenario with a self-
similar emergence of high-order mixing frequencies.

2. Negative differential mobility

of electrons in wurtzite InN

Recent experiments have been performed on high-
quality samples with low free-electron concentration
and relevant theoretical studies have revealed that
the fundamental gap of wurtzite InN is very small,
in a range of 0.7–1.0 eV, depending on the electron
concentration.[11,21] A direct consequence of the nar-
row gap of InN is the strong nonparabolicity of the

∗Project supported by Jiangsu University Initial funding for advanced talents, China (Grant No. 11JDG037).
†Corresponding author. E-mail: xfhe@ujs.edu.cn

© 2012 Chinese Physical Society and IOP Publishing Ltd
http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

037306-1



Chin. Phys. B Vol. 21, No. 3 (2012) 037306

lowest conduction band. A simple analytical form of
the nonparabolic dispersion for the conduction band
of InN can be obtained from Kane’s Hamiltonian:[22]

Ec(k) =
~2k2

2m0
+

1
2

E+
g +

√
(E−

g )2 + 4Ep · ~2k2

2m0

 ,

(1)
where E±

g = Eg ± ∆1 and Eg = 0.72 eV is the in-
trinsic band gap energy, ∆1 = 0.067 eV,[23] m0 is the
electron rest mass, and Ep = 2|〈S|pz|Z〉|2/m0 is an
energy parameter related to the k · p matrix element,
and is typically ∼10 eV–15 eV.

The conduction band of wurtzite InN by the
k · p fit using Eq. (1) exhibits a deviation from the
parabolic shape in InN. The reported dependence of
the conduction band effective mass on the free car-
rier concentration in InN indicates a pronounced non-
parabolicity of the conduction band,[1,24] and this
nonparabolicity in the main conduction band valley
alone can lead to a negative differential mobility in
semiconductors.[25] InN demonstrates the largest peak
velocity among GaN, GaAs, and In0.53Ga0.47As, mak-
ing this material very attractive for high-frequency ap-
plications. The NDM effect in InN is associated with
a strong nonparabolicity of the Γ1 valley rather than
with the intervalley transfer, which is different from
what is observed for semiconductors such as GaAs.[18]

The analytical fit for the velocity-field relation is as
follows:

Vd(E) =
4073.57E

11694.68 + 5.43 × 10−9E1.94
, (2)

which is shown in Fig. 1 with Vd being the drift ve-
locity, and E the electric field. In the whole range
of electric field considered here, a good agreement is
observed between the analytical results (line) and the
EMC calculations (solid squares).[26] Figure 1 gives
us a clear picture of NDM of wurtzite InN. We can
see that the peak velocity is vM

d = 5.05 × 105 m/s
when the electric field increases to FT = 32 kV/cm.
At lower fields than this it is not ohmic, while for
higher intensities nonlinear transport follows. There-
fore, the current increasing less markedly with E, that
is, the differential mobility dVd/dE keeps decreasing
with increasing E. Intensive scattering of the hot elec-
trons with energy beyond the optical phonon scatter-
ing threshold can be considered as the reason of this
decrease.[27]
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Fig. 1. (colour online) Analytical fit for the velocity-field

relation at electron density Nd = 1017 cm−3 and lattice

temperature T = 77 K.

3. Transitions between periodic

and chaotic states in wurtzite

InN

Combining the transient drift-diffusion
equations,[28,29] we can obtain the total current den-
sity. The electrostatic potential φ(x, t) and electron
density n(x, t) are the time- and space-dependent fun-
damental unknown variables that we need to solve.
The total current density is the sum of the conduction
current density j(x, t) and the displacement current
density and expressed as

J(t) = j(x, t) + κε0
∂E(x, t)

∂t
, (3)

where κε0 is the dielectric constant, the n-base length
of the n+nn+ InN diode is set to be l = 0.5 µm and
the lattice temperature is T = 77 K. Here, we deal
with the InN diode subjected to dc and ac voltages in
the form of

V (t) = Vdc + Vac sin(2πfact), (4)

where Vac is the driving amplitude and fac is the driv-
ing frequency of the ac voltage. The boundary condi-
tions for φ(x, t) and n(x, t) are as follows:

φ(xL, t) = 0, φ(xR, t) = V (t), (5)

n(xL, t) = Nd(xL), n(xR, t) = Nd(xR). (6)

When the external ac voltage is applied to the dc volt-
age biased self-oscillating InN system, a typical non-
linear system is constructed and the oscillation fre-
quency of the InN system strongly depends on the
amplitude of the ac voltage bias. Therefore, we choose
the ac amplitude vac as the control parameter to
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investigate the nonlinear dynamics of the InN sys-
tem. In the simulations, 300 space meshpoints are
chosen and the time step is set to be 1/fac/2000.
The ac frequency is fixed to be the inverse golden
mean G [≡ (1 +

√
5)/2 = 1.618 · · · ] times the self-

oscillating frequency fs, i.e., fac = G × fs. The in-
verse golden mean ratio is often used in driving non-
linear systems,[20,30−32] because under this condition
the driving frequency is incommensurate and the rich-
est nonlinear structure of different mode mixings may
appear. Here, we investigate the nonlinear dynamics
of an InN diode at Vdc = 1.8 V, Nd = 1 × 1017 cm−3

and Vdc = 2 V, Nd = 2 × 1017 cm−3, respectively. A
variety of spatiotemporal behaviours have been found
when the n+nn+ InN diode is subjected to a periodic
voltage expressed by Eq. (2), depending on the dc
bias Vdc and ac amplitude Vac.

First, we carry out some simulations with the dc
voltage fixed to be Vdc = 1.8 V and the doping concen-
tration Nd = 1.0×1017 cm−3 at T = 77 K. In this case,
the self-oscillating frequency fs is 1.43 THz. To clar-
ify the periodic and chaotic regions in controlling the
parameter space of Vac, we calculate the Poincaré bi-
furcation diagram and power spectrum diagram with
Vac changing from 0 to 0.45 V. Let Tac = 1/fac be
the period of the ac driving signal. For each value
of ac amplitude Vac, we adopt the current density at
times tm = mTac (m = 1, 2, 3, . . .) as our Poincaré
mapping. The Poincaré bifurcation diagram for the
chaotic solution contains a large number of points,
while the periodic one contains only several points.
Therefore, the chaotic regions can be easily distin-
guished from the periodic ones. Figures 2(a) and
2(b), respectively, show the Poincaré bifurcation di-
agram and power spectrum diagram at Vdc = 1.8 V,
Nd = 1.0 × 1017 cm−3 and fac ≈ 1.43 THz. When
Vac < 0.122 V, the solution of the system is chaotic,
distinguished by having a number of points in the bi-
furcation diagram for each Vac. As Vac approaches
0.122 V, the chaotic behaviour disappears abruptly
and a 5-periodic window appears with the frequency
spectra consisting of m/5 (m = 1, 2, 3, . . .) times the
driving frequency fac. When Vac approaches 0.253 V,
the solutions become seven-periodic and when Vac >

0.418 V, the solutions are attracted to one periodic
orbit. With Vac increasing, 5-, 7- and 1-periodic win-
dows are observed, and the widths of the windows
become narrower and narrower as the frequency of
the solution increases. Outside these periodic win-
dows, the solutions are chaotic. Figure 2(b) shows

the power spectra as a density plot, which is obtained
by Fourier transformation of the time-dependent cur-
rent density J(t). In the Fourier spectrum bifurcation
diagram, light areas correspond to larger amplitudes
of the Fourier spectrum than the dark areas. The
transitions between periodic and chaotic states can
be easily observed from Fig. 2(b). In the chaotic re-
gions, the Fourier spectra are very irregular with many
peaks corresponding to the light area, while for the n-
periodic regions, the Fourier spectra display peaks at
i/n (i = 1, 2, 3, . . .) times the driving frequency fac.
Near the left and right axes of Fig. 2(b), we show
the positions of self-oscillating fundamental frequen-
cies nfs, that is n/G (n = 1, 2, 3), and the driving
frequencies mfac (m = 1, 2). The power spectrum di-
agram clearly indicates the coupling of dc bias and ac
driving voltage and that with the ac voltage increas-
ing, the fac line becomes lighter and thinner while the
fs line becomes darker and thicker and finally disap-
pears, which indicates that the ac voltage plays an
increasing role in the behaviour of carrier motion.
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Fig. 2. (a) Poincaré bifurcation diagram and (b) power

spectrum bifurcation diagram at T = 77 K, Nd = 1 ×
1017 cm−3, Vdc = 1.8 V, fs = 1.43 THz, and fac =

G × fs ≈ 2.313 THz with G being the inverse Golden
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In Fig. 3 the first return maps for four specific ac voltages are given. It provides us with further help to
distinguish the chaotic state from the periodic one in the way that the attractors for m-periodic solutions are
just the m separate points while those for the chaotic solutions are infinite random points (when m → ∞).
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Fig. 3. First return maps at (a) Vac = 0.055 V, (b) 0.15 V, (c) 0.23 V, and (d) 0.27 V, respectively, for the

NDM n+nn+ diode described in Fig. 2.

We also study the self-oscillating InN system bi-
ased at Vdc = 2 V, Nd = 2 × 1017 cm−3. This
dc voltage leads to a natural oscillation frequency at
fs = 0.91 THz and the driving frequency is fixed at
fac = G× fs = 1.47 THz. More complicated Poincaré
and Fourier spectrum bifurcation diagrams are shown
in Fig. 4. From the Poincaré bifurcation diagram we
can see that the oscillation changes its behaviour be-
tween the periodic and chaotic states, that with Vac

increasing the periodic window becomes narrower and
narrower and the number of the periodic solutions be-
comes smaller and smaller. When Vac > 0.882 V,
the temporal solutions of the nonlinear InN system
become synchronous with the driving signal. Figure
4(b) depicts the Fourier spectrum bifurcation diagram
of InN system. As mentioned in the above paragraph,
the peaks of the n-periodic windows appear at frequen-
cies f = (i/n)fac. The 7-periodic solutions are clearly
observed in the region of 0.171 < fac < 0.198 V. While
in the region of 0.376 < fac < 0.556 V, the 2-periodic
solutions can also be clearly observed. For the ac am-
plitude above 0.882 V, the peaks of the solution occur
at f = ifac, which indicates the synchronization be-
tween the nonlinear oscillation and the external driv-

ing oscillation.
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Fig. 4. (a) Poincaré bifurcation diagram and (b) power

spectrum bifurcation diagram at T = 77 K, Nd = 2 ×
1017 cm−3, Vdc = 2 V, fs = 0.91 THz, and fac = G×fs ≈
1.47 THz.

037306-4



Chin. Phys. B Vol. 21, No. 3 (2012) 037306

4. Conclusion

According to the transient drift-diffusion model,
we theoretically investigate nonlinear dynamical char-
acteristics of n+nn+ wurtzite InN diodes subjected
to dc bias and THz electromagnetic radiation. The
NDM effect in wurtzite InN associated with a strong
nonparabolicity of the Γ1 valley has been reported in
the literature. The InN diodes can produce a cooper-
ative nonlinear oscillatory mode which leads to a com-
plicated chaotic dynamics. The Poincaré bifurcation
diagram, power spectrum, and the first return map
are calculated to clarify the transition between the
periodic and the chaotic states. By changing the dc
bias, the doping concentration and ac amplitude, var-
ious types of spatiotemporal behaviours and current-
voltage characteristics have been found. The result-
ing power spectrum pattern displays a very complex
mosaic scenario with a self-similar emergence of high-
order mixing frequencies. The present study may be
useful for utilizing and controlling the possible chaos
in opto-electronic devices with wurtzite InN.
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