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We have investigated theoretically the field-driven electron transport through a single-quantum-well semiconduc-

tor heterostructure with spin–orbit coupling. The splitting of the asymmetric Fano-type resonance peaks due to the

Dresselhaus spin–orbit coupling is found to be highly sensitive to the direction of the incident electron. The splitting

of the Fano-type resonance induces the spin-polarization dependent electron current. The location and the line shape

of the Fano-type resonance can be controlled by adjusting the energy and the direction of the incident electron, the

oscillation frequency, and the amplitude of the external field. These interesting features may be used to devise tunable

spin filters and realize pure spin transmission currents.
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1. Introduction

Recently, spin-dependent quantum transport has
become one of the most evolving fields in semiconduc-
tor science due to its potential extensive applications.
It may provide a controllable way to orient, manip-
ulate, and detect spins in semiconductors by electri-
cal means, and it is an indispensable basis guiding
the designs of spintronic devices, such as the spin fil-
ter. A natural way to control the spin orientation
in experiment is the injection of spin-polarized car-
riers from magnetic materials. Although significant
progress hasbeen made in experimental and theoret-
ical investigations of the spin-polarized transport in
magnetic tunneling junctions (see Refs. [1] and [2] and
references therein), the small spin injection efficiency
from a ferromagnetic metallic contact into a semicon-
ductor due to the conductivity mismatch[3] is still a
fundamental obstacle. Rashba showed that this prob-
lem could be resolved by using a tunneling contact

at the metal–semiconductor interface.[4] The achieve-
ment of spin filtering by means of the intrinsic spin-
dependent effects in semiconductors is highly desirable
and also very intriguing from the viewpoint of fun-
damental science. Voskoboynikov et al.[5,6] proposed
that an asymmetric nonmagnetic semiconductor bar-
rier itself could serve as a spin filter. The effect of spin-
dependent tunneling in nonmagnetic semiconductor
heterostructures was supposed to be applicable for the
spin injection[7−10] and the detection of spin-polarized
carriers.[11,12] Devices based on the spin-dependent
tunneling were suggested to be utilized as compo-
nents of the spin field-effect transistor.[11] Recently,
Yassievich et al.[13,14] have demonstrated that in the
heterostructures made of nonmagnetic semiconductor
material with bulk inversion asymmetry, the k3 Dres-
selhaus spin–orbit interaction, which couples the spin
states and the space motion of the conduction elec-
trons, could lead to a clear spin-dependent splitting of
the transmission resonances through a double-barrier
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system. The applied oscillating field in the spin–
orbit coupling region provides a feasible scheme for
controlling the spin-dependent transport through the
system.[15−19] In the system with a periodically driven
field, the quantum interference between a bound state
and the band continuum leads to the appearance of
the asymmetric Fano-type resonance.[15−19] In order
to acquire an obvious splitting of the asymmetric
Fano-type resonance peaks due to the Dresselhaus
spin–orbit coupling, k|| (the wave vector of the inci-
dent electron parallel to the well) is fixed to a rela-
tively large value of 0.1 nm−1[15−18] or 0.2 nm−1.[19]

From the experimental and the theoretical points of
view, k|| should be variable. In this work, on the basis
of Ref. [15], we investigate how to affect the splitting of
the asymmetric Fano-type resonance peaks due to the
Dresselhaus spin–orbit coupling by changing the inci-
dent angle of the electron. The results demonstrate
that the splitting of the asymmetric Fano-type res-
onance peaks due to the Dresselhaus spin–orbit cou-
pling is highly sensitive to the direction of the incident
electron. It may be used to devise tunable spin filters
and realize pure spin transmission currents by control-
ling the external parameters.

2. Model and formalism

We consider the transmission of a single electron
with incident wave vector

(
k|| = k sin θ, kz = k cos θ

)
above a single potential well made of three layers of
semiconductors InP/GaSb/InP, where k is the wave
vector of the incident electron, kz is the wave vector
normal to the well plane pointing along the direction
of transmission, and θ ∈ (−π/2, π/2) is the angle be-
tween kz and k. One applied oscillating field is con-
fined in the well formed by a layer of narrow band gap
semiconductor (GaSb) with a large Dresselhaus spin–
orbit coupling. The electron passes three regions I, II,
and III respectively from left to right (see Fig. 1). The
effective masses of electron outside and inside the well
are µ1 and µ2, respectively. The oscillating potential
is

V (z, t) =

 0,

−V0 + V1 cos(ωt),

other,

−a/2 6 z 6 a/2,
(1)

where V0 is the static well depth, V1 and ω denote
the amplitude and the frequency of the applied oscil-
lating field, respectively. We assume the temperature
to be low enough so that the electron–phonon inter-
actions can be neglected. Thus the electron motion

in each layer of the semiconductor structure may be
described by a time-dependent Schrödinger equation

i ~
∂

∂t
Φ(z, s, t) = ĤΦ(z, s, t), (2)

Ĥ = − ~2

2µ

∂2

∂z2
+

~2k2
||

2µ
+ V (z, t) + ĤD, (3)

where µ is the effective electron mass, and ĤD de-
notes the spin-dependent Dresselhaus term in the
Zinc-blende structure semiconductor.[20] Assume that
the kinetic energy of the incidence electron is substan-
tially smaller than the well depth V0, then the Dres-
selhaus term ĤD is simplified to[13,14]

ĤD =

 0,

γ (σ̂xkx − σ̂yky)
∂2

∂z2
,

other,

−a/2 6 z 6 a/2,
(4)

where γ is a material constant describing the strength
of the spin–orbit coupling, and σ̂i (i = x, y) is the
Pauli matrix. For the InP/GaSb/InP quantum struc-
ture, γ in the well is much larger than that outside the
well, so we have assumed that γ ≈ 0 outside the well.
Inserting Φ(z, s, t) = ψ(z, t)χs with χs being the spin
wave function into Schrödinger Eq. (2), we obtain

χ± =
1√
2

(
1

∓ e− i ϕ

)
, (5)

where χ± are two pure spinor states, and ϕ de-
notes the polar angle of the wave vector k‖ =(
k‖ cos ϕ, k‖ sinϕ

)
in the xy plane. The orientations of

electron spin s±(k||) = χ+
±σ̂χ± = (∓ cos ϕ,± sinϕ, 0)

corresponding to the eigenstates χ± depend on the di-
rection of wave vector k‖. In equilibrium, the momen-
tum distribution of the incident electrons is isotropic
in the xy plane, and therefore the average spin of the
transmitted electrons vanishes.[13] In order to obtain a
net spin polarization in the transmitted electrons, we
consider the case that the in-plane wave vector of the
incident electron is along a fixed direction, for example
ϕ = 0, which may be achieved by applying an electric
field along the −x direction. In the spin subspace, the
Hamiltonian reduces to

Ĥ± = χ+
±Ĥχ± = − ~2

2µ±

∂2

∂z2
+

~2k2
‖

2µ2
+ V (z, t), (6)

where the modified effective mass of electron is given
by

µ± = µ2

(
1 ± γ2µ2k||/~2

)−1
. (7)

Although the modification to the effective mass of
electron is very small, it plays an important role in
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the generation of the asymmetric Fano resonance peak
splitting.

k

kz

k

θ

I  µ1 III  µ1II  µ2

V0

V1cos(ωt)

↩a/ a/

z[]

Fig. 1. Schematic diagram of the model for electron trans-

mission through (001)-grown single well structure under

applied oscillation field V1 cos(ωt).

Using the Floquet theory,[21−23] we obtain the
wave function inside the potential well[15]

ΦII
±(z, t)

= χ±

+∞∑
n=−∞

+∞∑
m=−∞

[a±
m ei q±

mz + b±m e− i q±
mz]Jn−m

(
V1

~ω

)
× e− i E±

znt/~ exp(ik|| · ρ − iE±
|| t/~), (8)

where a±
m and b±m are constant coefficients, ρ(x, y) is a

vector parallel to the plane of the potential well, Jn(x)
is the ordinary Bessel function, and

q±m =

[
2µ±

~2

(
E±

F + m~ω −
~2k2

||

2µ2
+ V0

)]1/2

,

with m being an integer.
Since the electrons incident to the oscillating re-

gion are scattered inelastically into an infinite number
of Floquet sidebands, so the wave function outside the
well can be written as the superposition of waves with
all values of energy

Φ
(i)
± (z, t) = χ±

+∞∑
n=−∞

(c(i)±
n ei k±

znz + d(i)±
n e− i k±

znz)

× e− i E±
znt/~ exp(ik|| · ρ − iE±

|| t/~), (9)

where i = I, III, E±
z0 + E±

‖ = E±
0 , E±

‖ = ~2k2
‖/2µ1,

k±
zn =

√
2µ1

~2
(E±

z0 + n~ω),

and c
(i)±
n and d

(i)±
n are the probability amplitudes in

the i-th region. The incoming and the outgoing waves
(channels) of the Floquet scattering form the side-
bands (or Floquet channels) with energy spacing ~ω

according to E±
n = E±

F + n~ω (n is the sideband in-
dex). The mode with En < 0 is an evanescent mode,
and the corresponding sideband is called an evanes-
cent sideband, because such a mode has an imaginary
kn and can not propagate.[24,25]

Using the continuities of Φ± and 1
µ

∂
∂z Φ± at inter-

faces z = ±a/2 for Eqs. (8) and (9), we obtain the
scattering matrix for the single potential well[24]

Stotal =

 R T ′

T R′

 , (10)

where R and T are matrices whose elements respec-
tively denote the probability amplitudes of reflection
and transmission for modes incident from the left (re-
gion I). For instance, the matrix element tnm is the
probability amplitude of transmission for an electron
incident from channel m on region I to channel n on re-
gion III. The R′ and T ′ describe the scattering process
incident from the right (region III). For the model, we
take c

(I)±
n = δn0 and d

(III)±
n = 0, the total electron-

transmission probabilities of spin-up and spin-down
components are given by

T± =
+∞∑
n=0

k±
zn

k±
z0

∣∣t±n0

∣∣2 . (11)

The electron conductance can be obtained by means
of the Landauer–Buttiker formula[26−28]

G± =
e2

h
T± =

e2

h

+∞∑
n=0

k±
zn

k±
z0

∣∣t±n0

∣∣2 . (12)

3. Numerical results and discus-

sion

We study numerically the scattering of a single
incident wave through an oscillating quantum well and
calculate the conductivity. The minimum number of
sidebands needed in the sums of Eqs. (11) and (12)
depends on the oscillation amplitude of the potential.
According to Ref. [29], we should take N > V1/~ω. In
Fig. 2, we plot the conductivity G± as a function of the
incident electron energy E for different incident angle
θ and V0 = 300 meV, V1 = 10 meV, ~ω = 10 meV,
a = 60 Å. The parameters of the semiconductor het-
erostructure are γ = 187 eV·Å3, µ = 0.041me (me the
mass of the free electron) for GaSb and γ1 = 8 eV·Å3,
µ1 = 0.081me for InP according to Ref. [13]. In the
actual calculation, we take γ1 ≈ 0, because γ À γ1.
The interaction of the electrons with the oscillating
potential leads to the photon-mediated transmission
resonances. The incident electrons can emit photons

037302-3



Chin. Phys. B Vol. 21, No. 3 (2012) 037302

and drop to the bound states in the potential well.
Similarly, the electrons in the bound states can jump
to the incident channel or another Floquet channel by
absorbing photons. This forms the discrete channel of
scattering required by the Fano-type resonance. Once
the energy difference between the incident electrons
and the bound states in the well is equal to the energy
of one or more photons, the transmission resonance
occurs. Asymmetric Fano type resonances (involving
peaks as well as dips) appear in Fig. 2. According
to Eq. (7), the splitting strength of the Fano reso-
nances between the spin-up and the spin-down states
depends on the Dresselhauss coupling constant γ and
the in-plane electron wave vector k||. The k|| can be
tuned by changing angle θ of the incident electron.
Figure 2 shows that the spin states are degenerate at
θ = 0, the splitting width of the Fano resonances be-
tween the spin-up and the spin-down states increases
as θ increases from 0 to π/2 or as θ decreases from 0
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Fig. 2. Splittings of Fano-type resonances in conduc-

tivity G± at (a) θ = −π/3, (b) θ = −π/6, (c) θ = 0,

(d) θ = π/6, and (e) θ = π/3. The parameters are

a = 60Å, ~ω = 10 meV, µ2 = 0.041me, µ1 = 0.081me,

γ = 187 eV·Å3, γ1 = 0, V = 300 meV, and V1 = 10 meV.

to −π/2, and the asymmetric resonance peaks as well
as the dips move toward the high energy with the in-
crease of the incident angle θ from 0 to π/2 or with

the decrease of the incident angle θ from 0 to −π/2.
Because the sign of k|| can be changed by changing
the sign of θ, the positions of the Fano resonances can
be exchanged for the spin-up and the spin-down states
by changing the sign of θ, as shown in Fig. 2. From
Eq. (7), we can see that the in-plane electron wave
vector k|| has the same role as the Dresselhauss cou-
pling constant γ in the generation of the asymmetric
Fano resonance peak splitting. In general, the Dressel-
hauss coupling constant γ is relatively more difficult
to control than the in-plane electron wave vector k||

in experiment. This feature would allow us to achieve
a simple tuning of the Fano resonance by changing
angle θ of the incident electron.

Figure 3 presents the spin-up and the spin-down
angle resolved conductivity spectra for different inci-
dent energy E. From Fig. 3, we can see clearly that (i)
the asymmetric Fano type resonances appear, and the
dips of the resonances lie on the left-hand sides of the
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Fig. 3. Conductivity G± as a function of incident angle θ

for (a) E = 3 meV, (b) E = 10 meV, and (c) E = 40 meV.

The other parameters are given in Fig. 2

asymmetric resonant peaks for the case θ ∈ (−π/2, 0],
corresponding to the resonant case, while the dips of
the resonances lie on the right-hand sides of the asym-
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metric resonant peaks for the case θ ∈ (0, π/2), corre-
sponding to the anti-resonant case; (ii) the asymmet-
ric resonance peaks as well as the dips move toward the
lower incident angle with the increase of the incident
energy, while the asymmetric anti-resonance peaks as
well as the dips move toward the higher incident an-
gle; (iii) the splitting width of the Fano resonances be-
tween the spin-up and the spin-down states decreases
as E increases.

The amplitude of the oscillating field denotes the
strength of the electrons coupling to the external field.
The coupling leads to a broadening of the level in the
well, thus the asymmetric resonance is broadened with
the increasing V1, as shown in Fig. 4. Figure 4 shows
that the asymmetric resonance peaks and dips move
toward the lower incident angle with the increasing
V1, while the asymmetric anti-resonance peaks and
dips move toward the higher incident angle. The re-
sults suggest a method of adjusting the line shapes and
the positions of the Fano-type resonances by external
parameter V1.
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Fig. 4. Conductivities (a) G+ and (b) G− each as a

function of incident angle θ for different V1 with given in-

cident energy E = 3 meV. The other parameters are given

in Fig. 2.

The location of the asymmetric resonance peak in
the incident angle parameter space depends not only
on the width and the depth of the well, but also on the
oscillation frequency of the external field. In Fig. 5,
we plot the angle dependence of the conductivity for
different applied field frequencies. As ~ω increases,
the asymmetric resonance peaks and dips move to-
ward the higher incident angle, while the asymmetric

anti-resonance peaks and dips move toward the lower
incident angle. It is apparent that controlling the lo-
cation of the resonance by changing the oscillation fre-
quency of the external field can be more easily realized
in experiment than that by changing the parameters
of the semiconductor heterostructure.
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Fig. 5. Conductivity (a) G+ and (b) G− each as a func-

tion of incident angle θ for different frequency ~ω with

given incident energy E = 3 meV. The other parameters

are given in Fig. 2.

The spin-polarization dependent splitting of the
Fano-type resonance peaks is advantageous to the
realization of the spin current. Using the formula
P = (T+ − T−)/(T+ + T−), we plot the spin-
polarization dependent transmission of the electrons
as a function of the incident energy E for θ = −π/3
and π/3 in Fig. 6. When θ = π/3, the transmis-
sion current is 100% up polarized at E = 5.19 meV
and 100% down polarized at E = 37.13 meV. When
θ = −π/3, the transmission current is 100% up polar-
ized at E = 37.13 meV and 100% down polarized at
E = 5.19 meV. Figure 7 shows the spin-polarization
dependent transmission of electrons as a function of
incident angle θ for V1 = 30 meV. The transmission
current is over 90% up polarized for the incident an-
gle θ ranging from −30π/100 to −21π/100, and the
transmission current is over 90% down polarized for
the incident angle θ ranging from 21π/100 to 30π/100.
The characteristics of the incident angle θ dependence
of the spin-polarization current suggests that we can
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exploit the Fano-type resonances as the basis for re-
alizing a tunable spin filter and obtain a pure spin
current by adjusting the external parameters, e.g., the
oscillation frequency ω, the incident energy E, and the
amplitude V1 of the external field.
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θ=−π/3
θ=π/3

Fig. 6. Dependence of polarization of the transmission

electrons on the energy of incident electron for given in-

cident angle θ = −π/3 and π/3 with V1 = 20 meV. The

other parameters are given in Fig. 2.

0

1.0

0.5

-0.5

-1.0

P

−π/2 −π/4 π/4 π/20

θ

V1=30 meV

Fig. 7. Dependence of polarization of the transmis-

sion electrons on the orientation of incident electron for

V1 = 30 meV with given incident energy E = 3 meV. The

other parameters are given in Fig. 2.

4. Conclusion

In summary, we have investigated theoretically
the property of the electron transport through a quan-
tum well in the semiconductor heterostructure with
the spin–orbit coupling and an applied field. The
numerical results demonstrate that the splitting of
the asymmetric Fano-type resonance peaks due to the
Dresselhaus spin–orbit coupling is highly sensitive to
the direction of the incident electron. The spin po-
larization arising from the splitting of the Fano-type
resonances exhibits an advantage for obtaining the
transmission spin-polarized current. The location and
the line shape of the Fano-type resonance can be con-
trolled by changing energy E and the direction of the

incident electron, oscillation frequency ω and ampli-
tude V1 of the external field. These interesting fea-
tures not only deepen our fundamental understanding
of the role of the spin–orbit coupling in solids, but also
may be a very useful basis for devising tunable spin
filters and realizing pure spin transmission currents.
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