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The Fourier slice transformation of the Wigner operator
and the quantum tomogram of the density operator∗
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Using the Weyl quantization scheme and based on the Fourier slice transformation (FST) of the Wigner operator,

we construct a new expansion formula of the density operator ρ, with the expansion coefficient being the FST of ρ’s

classical Weyl correspondence, and the latter the Fourier transformation of ρ’s quantum tomogram. The coordinate–

momentum intermediate representation is used as the Radon transformation of the Wigner operator.
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1. Introduction

Quantum states can be expressed in the conven-
tional Heisenberg and Schrödinger representations.[1,2]

For example, pure quantum states can be expressed by
wave functions or vectors in the Hilbert space. Mixed
quantum states are associated with density operator
ρ. However, in quantum mechanics it is not possible to
directly observe a quantum state. Instead, one is usu-
ally interested in reconstructing density matrix ρ[3−5]

by using the quantum tomography method.[6] The to-
mogram of a quantum state can be considered as a
primary object, which contains complete information
of the quantum state and can serve as an alternative
to the density operator. The quantum tomogram is
also an important component of quantum phase space
theory.

In this paper, we pay attention to the Weyl quan-
tization scheme in the quantum phase space and find
a route from it to the quantum tomogram theory. In
other words, we shall point out that the formalism
of the quantum tomogram can be deduced directly
from the Weyl quantization rule. This will deepen
our knowledge about the essence of the quantum to-
mogram.

To be concrete, and based on the Weyl correspon-
dence of the density operator, we shall derive an ex-
pansion formula of ρ in terms of the Fourier slice trans-

formation (FST) of the Wigner operator, with the ex-
pansion coefficient being the FST of ρ′s classical Weyl
correspondence. The latter is also the Fourier trans-
formation of ρ′s quantum tomogram.

Let us briefly review the Fourier slice theorem of
an arbitrary classical function.[5] It states that the re-
sulting F (g, ϕ) produced by the following transforma-
tion of f (p, x)

F (g, ϕ)

≡ 1
2π

∫ ∞

−∞
dxdpf (p, x) e−ig(x cos ϕ+p sin ϕ) (1)

can be the Fourier transform of Pϕ (t)

F (g, ϕ) =
∫ ∞

−∞
dt e−igtPϕ (t) , (2)

where g is a real parameter, ϕ indicates the di-
rection of a projection line, and Pϕ (t) is a projec-
tion of f (p, x) along the line determined by function
δ (t − x cos ϕ − p sinϕ)

Pϕ (t) =
∫ ∞

−∞
dxdpf (p, x) δ(t − x cos ϕ − p sinϕ) . (3)

In our previous work,[7] we extended the above
type of transformation to the Wigner operator
∆ (p, x), i.e. we proposed the following Fourier slice
transform:∫ ∞

−∞
dxdp∆ (p, x) e−ig(λx+νp) = e−ig(λX+νP ), (4)
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where X and P are the coordinate and the mo-
mentum operators, respectively, [X,P ] = i, ~ = 1.
This equality holds because

∫ ∞
−∞ dxdp∆ (p, x) = 1,

and e−iλ(xµ+pν) is only the Weyl correspondence[8] of
e−iλ(Xµ+Pν). The Wigner operator is expressed as[9]

∆(x, p) =
1
2π

∫ ∞

−∞

∣∣∣x − v

2

〉〈
x +

v

2

∣∣∣ e−ipv dv, (5)

where |x〉 is the eigenvector of coordinate operator X.
Similar to the form of Eq. (2), we know that the right-
hand side of Eq. (4) can be expressed as

e−ig(Xλ+Pν) =
∫ ∞

−∞
dx e−igx |x〉λ,ν λ,ν 〈x| , (6)

where |x〉λ,ν λ,ν 〈x| is a projection operator similar to
Pϕ (t) in Eq. (2), and by analogy with Eqs. (2) and
(3), we have

|x〉λ,ν λ,ν 〈x|

=
∫ ∞

−∞
dx′dp′∆ (p′, x′) δ (x − λx′ − νp′) . (7)

Substituting the normally ordered form of the Wigner
operator[10−12]

∆ (p, x) =
1
π

: e−(x−X)2−(p−P )2 : (8)

into Eq. (7), we can perform the integration using
the integration technique within an ordered product
(IWOP) of operators[13−16] and obtain

|x〉λ,ν λ,ν 〈x|

=
1
π

∫ ∞

−∞
dx′dp′ : e−(x′−X)2−(p′−P)2

:

× δ (x − λx′ − νp′)

= [π(λ2 + ν2)]−1/2 :

× exp
[

−1
λ2 + ν2

(x − λX − νP )2
]

: . (9)

Using the normally ordered form of the vacuum pro-
jector

|0〉 〈0| =: e−a†a : (10)

and X = (a + a†)/
√

2, P = (a − a†)/
√

2i, we know
the explicit form of |x〉λ,ν ,

|x〉λ,ν = [π(λ2 + ν2)]−1/4 exp
[
− x2

2(λ2 + ν2)

+
√

2a† x

λ − iν
− λ + iν

2(λ − iν)
a†2

]
|0〉 . (11)

The above state obeys the eigenvector equation

(λX + νP ) |x〉λ,ν = x |x〉λ,ν , (12)

and the completeness relation∫ ∞

−∞
dx |x〉λ,ν λ,ν 〈x| = 1, (13)

thus |x〉λ,ν is named the coordinate–momentum inter-
mediate representation, and |x〉λ,ν λ,ν 〈x| is the Radon
transformation of the Wigner operator.

Now the following questions arise: in the Weyl
quantization scheme,

ρ =
∫ ∞

−∞
dxdp∆ (p, x) h (p, x) , (14)

h (p, x) is named the classical Weyl correspondence of
density operator ρ, when h (p, x) is replaced by its
Fourier slice transformation function

1
2π

∫ ∞

−∞
dxdph (p, x) e ig(x cos ϕ+p sin ϕ) ≡ S (g, ϕ) , (15)

then what is the expansion formula of ρ in terms of
S (g, ϕ)? and what is the physical interpretation of
S (g, ϕ) and the expansion?

In the following, we shall answer these two ques-
tions, which will lead to the conclusion that this new
expansion of density operator is based on the Wigner
operator’s Fourier slice transformation and the ex-
panding coefficient is the Fourier slice transformation
of ρ′s classical Weyl correspondence. The latter is just
the Fourier transformation of the quantum tomogram
of ρ.

2. The Weyl correspondence of

the density operator in terms

of S(g, ϕ)

Since the Weyl correspondence of e−ig(λX+νP ) is
e−ig(λx+νp), by introducing g′/

√
λ2 + ν2 = g, we can

express Eq. (4) as

e−ig(λX+νP )

=
∫ ∞

−∞
dxdp∆ (p, x) e

−ig′
„

λx+νp√
λ2+ν2

«

=
∫ ∞

−∞
dxdp∆ (p, x) e−ig′(x cos ϕ+p sin ϕ), (16)

where

cos ϕ =
λ√

λ2 + ν2
, sinϕ =

ν√
λ2 + ν2

. (17)

On the other hand, using Eqs. (12), (13) and (16), we
have

e−ig(λX+νP ) =
∫ ∞

−∞
dy |y〉λ,ν λ,ν 〈y| e−igy
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=
∫ ∞

−∞
dxdp∆ (p, x) e−ig′(x cos ϕ+p sin ϕ). (18)

The right-hand side can be considered as a Fourier
transformation, then its inverse transformation leads
to

∆ (p, x)

=
1

4π2

∫ ∞

−∞
dg′|g′|

∫ π

0

dϕ e ig′(x cos ϕ+p sin ϕ)

×
∫ ∞

−∞
dy |y〉λ,ν λ,ν 〈y| e−ig′y/

√
λ2+ν2

=
1

4π2

∫
dy

∫ ∞

−∞
dg′|g′|

∫ π

0

dϕ |y〉λ,ν λ,ν 〈y|

× e−ig′[y/
√

λ2+ν2−(x cos ϕ+p sin ϕ)]. (19)

Multiplying h (p, x) to both sides of Eq. (19) and ref-
erencing to Eq. (15), we have

ρ =
∫ ∞

−∞
dxdp∆ (p, x) h (p, x)

=
1

4π2

∫
dy

∫ ∞

−∞
dg′|g′|

×
∫ π

0

dϕ |y〉λ,ν λ,ν 〈y| e−ig′(y/
√

λ2+ν2)

×
∫ ∞

−∞
dxdph (p, x) e ig′(x cos ϕ+p sin ϕ)

=
1
2π

∫
dy

∫ ∞

−∞
dg′|g′|

∫ π

0

dϕ |y〉λ,ν λ,ν 〈y|

× e−ig′(y/
√

λ2+ν2)S (g′, ϕ) . (20)

Then using∫ ∞

−∞
dy |y〉λ,ν λ,ν 〈y| e−ig′(y/

√
λ2+ν2)

= e−ig′(λX+νP )/
√

λ2+ν2
, (21)

we have

ρ =
∫ ∞

−∞

dg′

2π
|g′|

∫ π

0

dϕ

× e−ig′(λX+νP )/
√

λ2+ν2
S (g′, ϕ) , (22)

which is the new expansion formula of the density
operator in terms of S (g′, ϕ). When

√
λ2 + ν2 = 1,

equation (22) becomes

ρ =
∫ ∞

−∞

dg

2π
|g|

∫ π

0

dϕ

× e−ig(X cos ϕ+P sin ϕ)S (g, ϕ) . (23)

As indicated by Eq. (15), S (g, ϕ) is the Fourier
slice transformation of ρ′s classical Weyl correspon-
dence, and correspondingly, e−ig(X cos ϕ+P sin ϕ) is the
Fourier slice transform of Wigner operator ∆ (p, x)
(see Eq. (4)). This is the physical meaning of the
expansion of ρ in Eq. (23).

3. S (g, ϕ) as the Fourier trans-

formation of the quantum to-

mogram of ρ

We now analyze S (g, ϕ) in detail. For a pure
state ρ = |ψ〉 〈ψ|, h (p, x) = 2πTr [ρ∆ (p, x)] =
2π 〈ψ|∆ (p, x) |ψ〉. Using Eq. (15) and the Weyl cor-
respondence, we have

S (g, ϕ)

=
1
2π

∫ ∞

−∞
dxdph (p, x) e ig(x cos ϕ+p sin ϕ)

=
〈

ψ

∣∣∣∣∫ ∞

−∞
dxdp∆ (p, x) e ig(x cos ϕ+p sin ϕ)

∣∣∣∣ ψ

〉
=

〈
ψ

∣∣∣ e ig(X cos ϕ+P sin ϕ)
∣∣∣ ψ

〉
. (24)

For a mixed state ρ, from the Fourier slice theorem, we
know S (g, ϕ) can be expressed as a projector’s Fourier
transformation

S (g, ϕ) =
∫ ∞

−∞
dy e igyPϕ (y) . (25)

Referencing Eq. (7), we have

Pϕ (y)

=
1
2π

∫ ∞

−∞
dg e−igyS (g, ϕ)

=
1

4π2

∫ ∞

−∞
dxdph (p, x)

×
∫ ∞

−∞
dg e−ig(y−x cos ϕ−p sin ϕ)

=
1
2π

∫ ∞

−∞
dxdph (p, x) δ (y − x cos ϕ − p sinϕ)

= Tr
[
ρ

∫ ∞

−∞
dxdp∆ (p, x) δ (y − x cos ϕ − p sinϕ)

]
= Tr

(
ρ |y〉ϕ ϕ 〈y|

)
, (26)

thus

S (g, ϕ) =
∫ ∞

−∞
dy e igyTr

[
ρ |y〉ϕ ϕ 〈y|

]
. (27)

Physically, Tr(ρ |y〉ϕ ϕ 〈y|) is just the quantum tomo-
gram of ρ,[2−4] so S (g, ϕ) is its Fourier transforma-
tion. Finally, we mention that in Ref. [17], we have
found the relationship between the optical Fresnel
transformation and the quantum tomography. For the
quantum tomography in the multi-dimensional phase
space, the readers can refer to Ref. [18].
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4. Conclusion

In summary, using the Weyl quantization scheme
and based on the Fourier slice transformation of the
Wigner operator, we have constructed a new expan-
sion formula for the density operator in terms of its
quantum tomogram, and the physical meaning of the
expansion function is explained. The IWOP technique
and the coordinate–momentum intermediate represen-
tation as the Radon transformation of the Wigner op-
erator have been used.
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