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Based on the integral representation of the Bessel functions and the generating function of the Tricomi function,

an analytical expression of the Wigner distribution function (WDF) for a coherent or partially coherent Bessel-Gaussian

beam is presented. The reduced two-dimensional WDF's are also demonstrated graphically, which reveals the dependence

of the reduced WDFs on the beam parameters.
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1. Introduction

The Wigner distribution function (WDF) was
originally aimed at understanding the quantum cor-
rections to the classical behavior of certain statistical
systems described by the Boltzmann formula.!) Since
then, it has become a powerful tool in many fields.
For example, it is extensively applied in the descrip-
tions of both coherent and partially coherent beams
and their passage through first-order systems.[2—10l
The WDF that corresponds to a Hermite—Gaussian
mode has been known since the early days of quan-
tum mechanics. Later, WDFs associated with other
beam modes including the Laguerre-Gaussian modes
were obtained,'’'2l and the light beams passing
through a circular or rectangular aperture were also
determined.[*3-14]

However, to the best of our knowledge, the WDF
that corresponds to a Bessel-Gaussian mode has not
been studied. In fact, the Bessel-Gaussian beam is
one of the typical examples of singularity beams carry-
ing orbital angular momentums and has attracted a lot
of attention because of its nondiffracting property in
free propagation and the advantages over other hollow
light beams for guiding or trapping atoms.!'5=19 In
this paper, we obtain an analytical form of the WDF
for the Bessel-Gaussian beam by virtue of the inte-
gral representation of the Bessel function. Based on
the integral representation of the Bessel function and
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the generating function of the Tricomi function, we ob-
tain the analytic expression of the Wigner distribution
function associated with a partially coherent Bessel—
Gaussian beam in Section 2. And in Section 3, some
demonstrations on the dependence of the Wigner dis-
tribution function on the beam parameters are given
with numerical and graphical methods. Finally, in

Section 4, some conclusions are presented.

2. The analytical Wigner distri-
bution function of partially co-

herent Bessel-Gaussian beams

A partially coherent Bessel-Gaussian beam is

characterized by the cross-spectral density!9!
I'(p1,p2) = Jn (Bp1) Jn (Bp2)
< exp {_ p%;rgp% _ (912;(%02)2
sin(0- o) 1)

where p; = (pai, pyi) = (picosb, p;siné;) (¢ =1 or
2) are two arbitrary points in the transverse plane,
wp is the beam waist width of the fundamental Gaus-
sian mode, (3 characterizes the oscillatory variation in
the radial direction, n is the topological charge asso-
ciated with the coherent Bessel-Gaussian beam, o is
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the transverse coherence length, and J,(z) is the n-
th order Bessel function of the first kind. Equation
(1) reduces to a complete coherent Bessel-Gaussian
beam under the condition of o9 — oo, and just rep-
resents a Gaussian—Schell model beam for n = 3 = 0,
which has been widely studied in the free space and
turbulent atmosphere propagation.[QO_Q?’]

Based on the Bessel integral representation

2m
/ exp (izcosf —ind)dd = 27i"J, (2),
0

the cross-spectral density (1) may be rewritten as

I (p1,p2) /% /% d0d0' Ty (p1, po)
xeXpln(G 0], (2)
with
pi+ 03

Lo = —
vor (P1,P2) exp w2 203

(- P2)2]

X exp[i B(pz1 cos O + py1 sinb
— paacos@ — pyosind’)). (3)

The WDF is defined as(!-?]

W(r,u):( )/ Q¢exp (—iku - )

<?°+ & E)
( )/%/%dadowgg,(r )

[in(0— 9 (4)

X exp

where r = (z,y), and ku = (kug, ku,) are the wave
vector components along the z and the y axes, respec-
tively, with k& = 27/\ representing the wave number.
Respectively replacing p1, p2 with r + é{, T — fﬁ in
Eq. (3), we turn Iy (r + %E,r — 75) into

1 1
Lo L
9o <T+2§7T 25)

2r2 A
= exp |:’w2 - 552 +1i (Q_

0

29 o

where A = # + %, and Q4+ formally denotes the
0 0

two-dimensional vectors
Q+ = [ (cos +cos ,sinh +sind’).
We have

ngl (’I“7 u)

2 %)
(;) /_ d%€exp (—iku-§)

1 1
Toor RPN
X 9 (T+2§7"“ 25)

2

= 2(r,u)exp [@9 + 6y — % cos2 (0 — 91)} , (6)

where
2
Q2 (r,u) = Qyexp (— - — k:Nou2> , (7
Wy
O9 = 3 (Uycosf + Uysin®), (8)
k2 B :
QO 27TA p< 4A) Ux*Naum+1z7

Uy = Nouy +1iy, No = Ny/(1+wi/o3),

with N, = %kwg being the Rayleigh range related to

the Gaussian beam, and * representing the complex

conjugate. Inserting Eq. (6) into Eq. (4) and making
o0

S I, (2) el we get

n=—oo

use of exp (zcosf) =

W) = 20 5 b (~3) B G ©)

27
Gm = / dfexp[i(n+2m)0+ Og]. (10)
0

Recalling the generating function exp (t — %) =
o0
S>> t"C, (2) of the Tricomi function C, (2),[24~26l

n=—oo

formally, for arbitrary complex parameters a and 7,
we may have

exp (acosf + nsin b))
:eXp(a;meie—&-a_;me_w)
oo . l 2 2
_ 17 o +n 110
- S (25 o (e e
l=—o00

Therefore, with the help of fOQﬂ el df = 278,,.0, We
can perform the integral in Eq. (10),

Uz+U;
Gm = C—n—Qm ( 62 )
Ux iU —n—2m
)T
U*2 + U*2
G:n = C7L+2m < ﬁ2>
4
U* —iU* n+2m
x <ﬂley> . (13)

Due to C_,, (2) = (—=2)" C,, (2),2472% we have

Con (=0 =) (a—in) ™"
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= C, (e =1?) (a+in)", (14)

and G,, becomes

Gm - Cn+2m ( ﬁ2

. n+2m
“ <5Ux+1Uy> . (15)

U2+U2>

2
Inserting Eqgs. (13) and (15) into Eq. (9), we have

wirw = 2w 3 00 ()

m=—0oQ

Uz +U;
Cn+2m < ﬁQ >‘

ﬁ 2(n+2m)
« <2Uz+in|> . (16)

Additionally, due to the relation between the Tricomi

X

function and the Bessel function[24—26]
Co(z)=4{ " /2( V), or an
(=)L, (2y/=2), forz <0,

we finally obtain

W (r,u)
= 0 (r,u) i (1) In (ﬁ)

2| U, +i0, "
oo (375 0 B2
x y

X . (18)

(a_l) ......-...........:_..
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S
<) .z
— 1 -
3 :
3
—37-3 z/wo
(b-1)
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~ Les H i i :
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s 1_1"}1' i :
Y i S ’I’Irr :
1|1 'rIH i |III|... 5
1 i+ I*HII iy
3 f_ %

3. Numerical and graphical result

analyses

It is a difficult task to directly study four-
dimensional WDF (16) or (18) in detail.
it is possible to reduce it into a function with two

However,

variables by choosing the other two to be specified
WDF can be writ-

ten as six reduced functions, respectively, each in-

values. For different choices,
volving only two variables (2D). The 2D reduced
WDFs may be W;’:uyzo (2,9), Wy==" (ug,uy),
WE==0 (0, u0), WE™0 (g 0,), I (z,u,),
and Wi~ (y,uy). In fact, W= (z,u,) and
Wy="=% (y,u,) are the same in the functional form,
so are WY="==0 (z,u,) and W5=""= (y, u,), so in the
following graphical demonstrations, we only draw four
of the reduced WDFs.

Based on Eq. (15
be carried out, and some representative results are

), the numerical calculations can

shown in Figs. 1 and 2. From these figures, we can
see that the 2D reduced WDFs sensitively depend
on the topological charge n and the beam parame-
ter 8. For example, from Fig. 1, it can be seen that
for Bwy = 3, the reduced WDFs W3 == (u,, u,) and
W= =0 (z,u,) may be always negative for n = 3 but
may become positive for n = 4. Moreover, as shown
in Fig. 2, the reduced WDF W;”Zuyzo (z,y) evidently

depends on parameter [3.

(a_2) ...................:.-.
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W(z,u,)

W(z,uy)

/{'20
4, -3 -3 x/wo

Fig. 1. Reduced WDFs (a) W;x:uyzo (z,y), (b) W;Zy:o (uz,uy), (c) W2y=uy=0 (z,uz) and (d) Wzyzul':0 (z,uy) (in

arb. units) for Swg = 3, oo = 0 and n = 3 (left), 4 (right).

Fig. 2. Reduced WDF qumzuyzo (z,y) (in arb. units) for Swg

4. Conclusion

In conclusion, the analytical expression for the
Wigner distribution function of a coherent or partially
coherent Bessel-Gaussian beam has been derived for
the first time, and some reduced two-dimensional
WDFs are demonstrated graphically, which reveals
the dependence of the reduced WDFs on the topo-
logical charge index n and the beam parameter (.

References

] Wigner E P 1932 Phys. Rev. 40 749
] Bastiaans M J 1978 Opt. Commun. 25 26
[3] Bastiaans M J 1979 J. Opt. Soc. Am. 69 1710
] Simon R, Sudarshan E C G and Mukunda N 1984 Phys.
Rev. A 29 3273
[5] Simon R, Sudarshan E C G and Mukunda N 1985 Phys.
Rev. A 31 2419
| Bastiaans M J 1986 J. Opt. Soc. Am. A 3 1227
] Dragoman D 1997 Prog. Opt. 37 1
[8] Dragoman D 1994 J. Opt. Soc. Am. A 11 2643
] Almeida J B and Lakshminarayanan V 2003 J. Comput.
Appl. Math. 160 17

(10]
11]
[12]
(13]

[14]
(15]

[16]

[17]
(18]

19]
20]
(21]
[22]
23]
24]
[25]

(26]

034201-4

b 0 x| WO
being (a) 1, (b) 3 and (¢) 6 with n = 3 and o9 = 0.

Rivera A L, Lozada-Cassou M, Rodriguez S and Castano
V M 2003 Opt. Commun. 228 211

Gase R 1995 IEEE J. Quantum Electron. 31 1811
Simon S and Agarwal G S 2000 Opt. Lett. 25 1313
Bastiaans M J and van de Mortel P G J 1996 J. Opt. Soc.
Am. A 13 1698

Sun D and Zhao D M 2005 J. Opt. Soc. Am. A 22 1683
Durnin J, Miceli J J and Eberly J H 1987 Phys. Rev. Lett.
58 1499

Gori F, Guattari G and Padovani C 1987 Opt. Commun.
64 491

Durnin J 1987 J. Opt. Soc. Am. A 4 651

Arlt J, Hitomi T and Dholakia K 2000 Appl. Phys. B 71
549

Seshadri S R 1999 J. Opt. Soc. Am. A 16 2917

Wang F and Cai Y 2010 Opt. Express 18 24661

Yuan Y, Cai Y, Qu J, Eyyuboglu H T, Baykal Y and
Korotkova O 2009 Opt. Exzpress 17 17344

Chen B and Pu J 2009 Chin. Phys. B 18 1033

Ji X L 2011 Acta Phys. Sin. 60 064207 (in Chinese)
Dattoli G and Torre A 1996 Theory and Applications of
Special Functions (Rom: Arachne Editrice)

Rainville E D 1971 Special Functions (New York: Macmil-
lan, Reprinted by Chelsea Publ. Co., Bronx)

Andrews L C 1985 Special Functions for Engineers and
Applied Mathematicians (New York: Macmillan)



