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High-order harmonic generation with
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We theoretically investigate the electron dynamics of the high-order harmonics generation process by combining

a near-infrared 800 nm driving pulse with a mid-infrared 2000 nm control field. We also investigate the emission time

of harmonics using time-frequency analysis to illustrate the physical mechanisms of high-order harmonic generation.

We calculate the ionization rate using the Ammosov–Delone–Krainov model and interpret the variations in harmonic

intensity for different control field strengths and delays. We find that the width of the harmonic plateau can be extended

when the control electric field is added, and a supercontinuum from 198 to 435 eV is generated, from which an isolated

61-as pulse can be directly obtained.
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1. Introduction

The interactions of an intense laser pulse with
atoms, molecule clusters and solids can lead to high-
order harmonic generation (HHG). This forms two
new physics research fields, strong field physics and
nonlinear physics. HHG opens the possibility for
a new source of coherent radiation in the extreme
region,[1] and the recent applications of such coher-
ent sources are now in progress.[2] HHG may be used
as a table-top source of coherent ultrafast extreme-
ultraviolet (XUV) radiation up to the water window
spectral range.[3] The high-order harmonic spectrum
generated by an intense laser field interacting with an
atom or a molecule can be used to synthesize a sin-
gle attosecond pulse or a train of attosecond pulses.
Recent advances[4,5] have demonstrated that an iso-
lated attosecond pulse can be generated by few-cycle
driving pulses, polarization gating (PG) with a stabi-
lized carrier phase,[6−8] and a two-color laser with an
extreme ultraviolet attosecond pulse.[9] The tunable
high-order harmonic is generated by controlling the
quantum path.[10] The process of HHG can be well
understood in terms of the semiclassical three-steps
model:[11] first the electron tunnels through the bar-
rier formed by the Coulomb potential and the laser

field, then it oscillates quasi freely driven by the laser
field and acquires the oscillation energy, and finally it
recombines with the parent ion. During the recombi-
nation, a photon with energy equal to the ionization
potential plus the kinetic energy of the recombining
electron is emitted. The maximum photon energy is
given by E = Ip+3.17Up,[12] where Ip is the ionization
potential of the atom, and Up is the ponderomotive
energy of the electron in the laser field. This equa-
tion implies that the harmonic cutoff can be extended
through enhancing the intensity of the driving field.
Thus it is interesting to expand the limiting cutoff
law to the higher order.[13]

However, an extremely high driving field will lead
to the ionization saturation of the target atom and
limit the harmonic yields. On the other hand, the high
ionization rate also leads to defocusing of the driving
pulse and diphasing of the atomic dipole oscillators
by the plasma, which then decreases the conversion
efficiency.[14] In order to avoid the ionization-induced
mismatching of the harmonics in the ionized medium,
quasi-phase matching (QPM)[15,16] and nonadiabatic
self-phase matching (NSPM)[17] are proposed. How-
ever, the unsatisfactory control abilities of both QPM
and NSPM may limit their applications. Recently, it
has been theoretically[18−21] and experimentally[22,23]
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shown that a mid-infrared driving pulse not only im-
proves the harmonic conversion efficiency but also re-
duces the harmonic chirps, which is beneficial for at-
tosecond pulse generation.[24] In our previous work, we
proposed a method to generate a broadband supercon-
tinuum by using a few-cycle two-color laser pulse and
a high-order pulse, from which an isolated 24-as pulse
could be directly obtained.[25]

In this work, we propose a method to generate
a broadband supercontinuum, from which an isolated
61-as pulse can be obtained directly. The combination
of a near-infrared driving field and a mid-infrared con-
trol field is adopted. The harmonic spectrum is obvi-
ously extended. By accurately adjusting the carrier-
envelop phase (CEP), the delay between the driving
and the control fields, and the intensity of the con-
trol field, the modulations become much more indis-
cernible, which is conducive to the generation of an
attosecond pulse. The ionization probability of an
He is also estimated, by using the Ammosov–Delone–
Krainov (ADK) model, to be below 0.8%, which al-
lows us not only to apply the most appropriate phase-
matching technique, but also to employ an energy scal-
ing scheme.

2. Theoretical model

In our calculation, the Lewenstein model[26] is
used to qualitatively give the harmonic spectrum in
the two-color field. In this model, the instantaneous
dipole moment of an atom is described as (in atomic
units)

dnl = i
∫ t

−∞
dt′

[
π

ε + i(t − t′)/2

]3/2

× d∗ [pst(t′, t) − A(t)] d [pst(t′, t) − A(t′)]

× exp[− iSst(t′, t)]Ef(t′)g(t′) + c.c., (1)

where Ef(t) is the electric field of the laser pulse, A(t)
is its associated vector potential, and ε is a positive
regularization constant. pst and Sst are the stationary
momentum and the quasiclassical action, respectively,
which are given by

pst(t′, t) =
1

t − t′

∫ t

t′
A(t′′)dt′′, (2)

Sst(t′, t) = (t − t′) Ip − 1
2
pst(t′, t)(t − t′)

+
1
2

∫ t

t′
A2(t′′)dt′′, (3)

where Ip is the ionization energy of the atom, and
d(p) is the dipole matrix element for the transition
from the ground state to the continuum state. For
hydrogen-like atoms, d(p) can be approximated by

d(p) = i
27/2

π
(2Ip)5/4 p

(p2 + 2Ip)3
. (4)

The g(t) in Eq. (1) represents the ground-state ampli-
tude and is given by

g(t′) = exp
[
−

∫ t

−∞
ω(t′)dt′

]
, (5)

where ω(t) is the ionization rate and is calculated by
the ADK tunneling model as[27]

w(t) = ωp |Cn∗ |2
(

4ωp

ωt

)2n∗−1

exp
(
−4ωp

3ωt

)
, (6)

with

ωp =
Ip

~
, ωt =

e |Ef(t)|√
2meIp

, n∗ = Z

(
Iph

Ip

)1/2

,

|Cn∗ |2 =
22n∗

n∗Γ(n∗ + 1)Γ(n∗)
, (7)

Z being the net resulting charge of the atom, Iph the
ionization potential of the hydrogen atom, and e and
me the electron charge and the electron mass, respec-
tively.

The harmonic spectrum can then be obtained,
which is proportional to the squared modulus of the
Fourier transform of a(t)

PA(ω) =

∣∣∣∣∣ 1√
2π

∫ Tl0

0

a(t) e− i ωtdt

∣∣∣∣∣
2

, (8)

where a(t) is the dipole acceleration a(t) = d̈nl(t), and
Tl0 is the duration of the laser pulse.

3. Results and discussion

In our simulation, the electrical field can be ex-
pressed as

E(t) = E0f0(t) cos(ω0t + φCEP)

+E1f1(t − τ) cos(ω1(t − τ)), (9)

with

f0 = sin2

(
πt

5T0

)
, f1 = sin2

(
πt

2T1

)
, (10)

where Ei, fi, ωi and Ti (i = 0, 1) are the peak am-
plitudes, envelopes, frequencies and optical cycles of
the driving pulse and the control field, respectively, τ

is the time delay between the driving pulse and the
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control field and is set to be 0.05T0, and ΦCEP is the
carrier-envelope phase of the driving pulse and is set
to be π throughout this paper.

In order to demonstrate our scheme, we first in-
vestigate the HHG process in terms of the semiclassi-
cal three-step model,[11] which gives a clear physical
picture. In our calculation, we choose ω0 = 0.057 a.u.
(a.u. stands for arb. units) and ω1 = 0.4ω0 corre-
sponding to λ0 = 800 nm and λ1 = 2000 nm, respec-
tively, which can be produced from a Ti:saphire laser
system via an optical parametric amplifier (OPA),
Tl0 = 551 a.u. corresponds to a duration (full width
at half maximum (FWHM)) of 5 fs, and the intensities
of the driving and control fields are set to be 0.18 and
0.04 a.u., respectively.

The electron dynamics of the HHG process and
the ionization rate calculated by the ADK model[27] in
the driving pulse and in the composed field are shown
in Figs. 1 and 2, respectively. Because the harmonic
efficiency is determined mainly by the ionization rate
(the ground state population is not fully depleted), the
HHG process can be well depicted in terms of classi-
cal electron trajectories. Here we present the electron
trajectory as a function of ionization time and recom-
bination time. In Fig. 1(a), we present the electric
field of the driving pulse, and, as shown in Fig. 1(b),
there are many peaks (marked as P1, P2 and P3) of
trajectories in the laser field. The difference between
the highest (P2) and the second highest (P3) half-
cycle photon energies is so small that the bandwidth
of the supercontinuum[28] is only 27 eV. In Fig. 2(a),
the driving, the control and the synthesized electric
fields are each shown as a function of time. By adding
the control field to the fundamental driving field, the
shape of the electric field is changed, leading to the
expansion of the absolute value of the peak. Figure
2(b) shows the electron kinetic energy as a function of
ionization and recombination time, and the ionization
probability calculated by the atomic ADK model, with
the two-color field shown in Fig. 2(a). Obviously, in
this case, the ionization probability shown in Fig. 2(b)
is much higher than that in Fig. 1(b). This result in-
dicates that the two-color excitation scheme increases
the ionization rate. Moreover, in Fig. 2(b) we can
clearly see that the second and third ionization peaks
are successfully suppressed. The contribution of quan-
tum path P ′

1 to the HHG can be ignored due to its
extremely low ionization rate. Then the bandwidth of
the supercontinuum is directly determined by the en-
ergy difference between P ′

2 and P ′
3, which contributes

to the supercontinuum generation. Thus, a supercon-
tinuum with a bandwidth of 237 eV can be obtained.
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Fig. 1. (colour online) (a) The electric field of the fun-

damental driving pulse, and (b) the dependence of the

electron kinetic energy on ionization time (◦) and recom-

bination time (N), and the dependence of the ionization

probability on time (black line).
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Fig. 2. (colour online) (a) The synthesized laser field

(black solid line) of the fundamental driving laser pulse

(short dotted line) in combination with a low-frequency

laser pulse (short dashed line), and (b) the dependence

of the electron kinetic energy on ionization time (◦) and

recombination time (N) with the driving field, and the de-

pendence of the ionization probability (solid line) on time.

We investigate the harmonic spectrum using the
Lewenstein model[13] to confirm our prediction. The
parameters are the same as those in Fig. 2(b), and the
harmonic spectrum in the two-color field is shown in
Fig. 3(a) (black solid line). For comparison, the har-
monic spectrum in the 800 nm laser field is also given
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(dotted black line). As shown in the figure, the har-
monics from 198 eV to the cut off (435 eV) become
continuous. But the harmonic yield of the generated
supercontinuum is about one-order lower than that of
the same order harmonics in the 800 nm driving pulse.
The bandwidth of the supercontinuum is determined
directly by the energy difference between P ′

2 and P ′
3.

The time-frequency distribution[29] of the HHG shown
by the solid curve in Fig. 3(a) is also presented in
Fig. 3(b) to further understand the harmonic spec-
trum. It is clear that three peaks contribute to the
harmonics, and the branch (short quantum path) un-
der the highest peak is much more dominant than the
upper one, resulting in the broadband supercontin-
uum of the plateau in Fig. 3(a). These results accord
well with those obtain from the classical approaches
shown in Fig. 2(b).
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Fig. 3. (colour online) (a) Harmonic spectra in the few-

cycle fundamental driving pulse (short dashed line) and

in the synthesized laser pulse (solid line), and (b) their

time-frequency distribution in the two-color laser field.

The sensitivity of the harmonic spectrum to the
variation of electric field E1 of the control pulse is in-
vestigated. The result is shown in Fig. 4(a). The har-
monic spectra with E1 = 0.02 a.u. (short dotted line),
0.04 a.u. (short dashed line) and 0.06 a.u. (blue solid
line) are shown. They reveal that the bandwidth of
the supercontinuum increases with the increase in the
electric field E1 of the control pulse, because the re-
combination kinetic energy increases with the increase
in E1. On the other hand, the ionization rate in peak
P ′

2 is successfully suppressed by the increasing pulse.
Thus, the harmonic yield of the generated supercon-
tinuum decreases with the increase in electric field E1

of the control pulse. We can modulate not only the
duration but also the intensity of the harmonic genera-
tion. This implies that we can obtain the most appro-
priate harmonic spectrum in a reasonable laser field.

Moreover, the modulation of the supercontinuum is
due to the interference of the short and long quan-
tum paths. For the two-color field, the short quan-
tum path becomes more and more dominant with the
increase in the control field. So the modulations be-
come much more indiscernible, as shown in the inset of
Fig. 4(a), which is more conducive to producing the
attosecond pulse. We also investigate the harmonic
spectra with different values of τ ; the harmonic spec-
tra with τ = 0.0T0, 0.05T0 and 0.25T0 are given for
comparison. Figure 4(b) reveals that the bandwidth
of the supercontinuum decreases with the increase in
time delay. Thus, it is important to accurately con-
trol the delay of the two-color field to obtain the broad
supercontinuum.
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Fig. 4. (colour online) HHG spectra with (a) different

laser pulse intensities and (b) different pulse delays. The

insert shows the enlarged spectra of the middle harmonic

order.

Now we further calculate the attosecond pulse
generation in the two-color field. Figure 5 shows the
temporal profiles of the isolated attosecond pulses gen-
erated by the harmonics with different central fre-
quencies. The parameters are the same as those in
Fig. 2(a). As shown in Fig. 5, by adding a frequency
window with a bandwidth (61 eV) of 40-order har-
monics to the supercontinuum, isolated attosecond
pulses with tunable wavelengths can be obtained di-
rectly without any chirp compensation. And we can
see in Fig. 3(a) that during the supercontinuum gen-
eration time, the intensity of the harmonic order de-
creases with the increase in harmonic order time. So
the intensity of the attosecond pulse gradually reduces
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as the central wavelength decreases. The duration of
the attosecond pulse hardly changes with the increase
in central frequency, though the intensity decreases.
This reveals that the pulse duration is not sensitive to
the position of the frequency window. The isolated at-
tosecond pulse with tunable wavelength can be used in
many fields, such as nanolithography, high-resolution
tomography and XUV interferometry.
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Fig. 5. (colour online) Temporal profiles of the iso-

lated attosecond pulses by synthesizing the harmonics of

130th–170th, 150th–190th, 170th–210th, 190th–230th and

210th–250th.

4. Conclusion

We studied the generation of high harmonics
and isolated attosecond pulses by combining a near-
infrared 800 nm driving pulse with a mid-infrared
2000 nm control pulse. The result reveals that the
control laser pulse can simultaneously modulate the
acceleration and the ionization steps of the HHG. We
clearly demonstrate the electronic dynamic mecha-
nism of the harmonic generation, and by adjusting
the intensity and the time delay of the control field to
enhance one quantum path and suppress the other,
we control high-order harmonic generation. So we
can control not only the bandwidth, but also the
yield of the supercontinuum, from which an isolated
61-as pulse can be directly obtained. On the other
hand, we can adjust the control field to make the
modulation become much more indiscernible, which
is more beneficial to the generation of the attosecond
pulse. The ionization probability of He is also esti-
mated by the ADK model to be below 0.8%, which al-
lows us not only to apply the most appropriate phase-
matching technique, but also to employ an energy scal-
ing scheme.
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