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With the help of similarity transformation, we obtain analytical spatiotemporal self-similar solutions of the nonau-

tonomous (3+1)-dimensional cubic–quintic Gross–Pitaevskii equation with time-dependent diffraction, nonlinearity,

harmonic potential and gain or loss when two constraints are satisfied. These constraints between the system parame-

ters hint that self-similar solutions form and transmit stably without the distortion of shape based on the exact balance

between the diffraction, nonlinearity and the gain/loss. Based on these analytical results, we investigate the dynamic

behaviours in a periodic distributed amplification system.
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1. Introduction

In the past few decades, the construction of exact
solutions for nonlinear partial differential equations
(NLPDEs) has made a tremendous amount of progress
in mathematics and physics.[1−6] According to previ-
ous studies, a vast variety of methods has been devel-
oped to obtain exact solutions to a given NLPDE,
such as the Jacobian elliptic function method,[1,2]

the improved projective approach,[3,4] the mapping
method,[5] (G’/G)-expansion method,[6] and the Hi-
rota method.[7]

Among the most important models in modern
nonlinear sciences, the nonlinear Schrödinger equa-
tion (NLSE) and Gross–Pitaevskii equation (GPE)
play important roles in numerous branches of physics,
such as nonlinear optics, Bose–Einstein condensates
(BECs), plasma physics, and hydrodynamics. The
(1+1)-dimensional ((1+1)D) NLSE with distributed
coefficients[8−10] has been extensively discussed, but
less research work for higher-dimensional NLSE was
carried out. Part of the reason may be that all lo-
calized solutions are usually unstable for (2+1)D and
(3+1)D constant-coefficient NLSE due to weak and

strong collapses.[11] However, different situations are
found in BECs and nonlinear optics with temporally
or spatially modulated parameters. In a variational
and numerical treatment, Adhikari[12] has shown that
the spatiotemporal optical solitons can be stabilized
by a rapidly oscillating scattering length or the dis-
persion coefficient in a Kerr medium with cubic non-
linearity. Moreover, alteration of the atomic scat-
tering length achieved by Feshbach resonance has
been used to dynamically stabilize higher-dimensional
bright solitons.[13]

Nowadays, spatiotemporal structures for higher-
dimensional NLSE or GPE have flourished into a re-
search area of great importance and interest in many
different contexts of nonlinear optics[14,15] and Bose–
Einstein condensations (BECs).[16,17] As one of them,
solitons stem from the fine balance of diffraction and
nonlinearity in various nonlinear systems. Recent
progress haa generated novel concepts such as the
similariton,[9,14,15] which appears when the coaction of
nonlinearity, diffraction and gain in a high-power fiber
amplifier causes the shape of an arbitrary input pulse
to converge asymptotically to a pulse whose shape
is self-similar. In this paper, we will develop a uni-
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fied way to find the similarity transformation for the
(3+1)D NLSE or GPE with distributed coefficients.
Based on the similarity transformation, we analyti-
cally obtain spatiotemporal similaritons and solitons.
It is sufficient to mention that these solutions found
here depend on the exact balance between different
terms in GPE. It is expected that the stability of lo-
calized multidimensional solutions will be enhanced
in GP systems with oscillating dispersion/diffraction
and/or sign-changing nonlinearity.[8,9,14] Finally, we
discuss the dynamical behaviours of self-similar solu-
tions.

2. The model and self-similar so-

lutions

We concentrate on the (3+1)D cubic–quintic(CQ)
GPE with time–space modulation[18]

iψt +
β(t)
2

4ψ + g3(t)|ψ|2ψ + g5(t)|ψ|4ψ + V (t)r2ψ

= iγ(t)ψ, (1)

where t is time, 4 = ∂2
x + ∂2

y + ∂2
z is the 3D Lapla-

cian, r2 = x2 + y2 + z2, ψ(t, x, y, z) denotes the or-
der parameter with N =

∫
|ψ|2dt being the number

of atoms in the condensate, g3(t) and g5(t) are the
two-body and three-body attractive (> 0) or repul-
sive (< 0) interaction functions, V (t) stands for the
strength of the harmonic potential. It is strictly as-
sumed that V 6= 0; otherwise, we are back to the
generalized CQNLSE.[19] The functions β(t) and γ(t)
represent the dispersion/diffraction and gain or loss
coefficients, respectively. All coordinates are made di-
mensionless by the choice of coefficients.

Our first objective is to transform Eq. (1) into a
traceable CQNLSE

iΨT +
B

2
ΨXX + G3|Ψ |2Ψ + G5|Ψ |4Ψ = 0, (2)

where T = T (t), X = X(t, x, y, z), parameters B, G3

and G5 are three real constants. Note that we reduce
the (3+1)D CQGPE (1) into the CQNLSE with con-
stant coefficients, which is much more general than
the stationary CQNLSE in Ref. [8].

To connect Eq. (1) with Eq. (2), we construct the
similarity transformation[14]

ψ(t, x, y, z) = ρ(t) eiϕ(t,x,y,z)Ψ(T,X). (3)

The substitution of Eq. (3) into Eq. (2) leads to
Eq. (1), and after some algebra we obtain the follow-
ing simplest particular solutions for the similarity vari-
able, the width of the pulse, position, amplitude and

phase:

X =
Xc

W (t)
=

ζ − ζc(t)
W (t)

, W (t) =
3Bg3 exp(2Γ )

β
, (4)

ζ = k1x + k2y + k3z, ζc(t) = −9W

∫ t

0

B2β(τ)
W 2(τ)

dτ,

(5)

A =

√
G3
B

(∑3
i=1 k2

i

)
W

√
β

g3

,

T =
∫ t

0

(∑3
i=1 k2

i

)
β(τ)

BW 2(τ)
dτ, (6)

ϕ =
Wt

2βW
r2 − 3B2

W
(

x

k1
+

y

k2
+

z

k3
)

− 9B4

2

(
3∑

i=1

1
k2

i

)∫ t

0

β(τ)
W 2(τ)

dτ, (7)

where Γ (t) =
∫ t

0
γ(τ)dτ , k1 ≡ k, k2 ≡ l and k3 ≡ m

are three real constants.
The existence of such solutions should satisfy the

following constraints for V and g5:

V =
βWtt − βtWt

2β2W
, g5 =

G5Bg2
3W 2

G2
3

(∑3
i=1 k2

i

)
β

. (8)

Note that the existence of the coefficient V (t)
makes the solution of Eq. (1) more difficult than
that of the corresponding generalized CQNLSE in
Ref. [18]. For vanishing external potential, Eq. (8)
hints W = 1 + s0

∫ t

0
βdτ . Then the second expression

of Eq. (8) is the constraint expressed as Eq. (16) in
Ref. [19] when t and z are exchanged here. Also note
that the coefficient β(t) cannot be zero, otherwise this
solution will vanish from Eqs. (4)–(8).

The one-to-one correspondence Eq. (3) admits us
to obtain abundant solutions of Eq. (1). Via the sim-
ilarity transformation Eq. (3), Eq. (1) can be reduced
to the constant-coefficient CQNLSE (2). Then by the
transformation Eq. (3), we derive the following self-
similar solutions:

ψ(t, x, y, z) = ρ(t)
√

λ ± λΘ(θ,m0) exp [iφ(t, x, y, z)] ,
(9)

where θ = X−vT , φ(t, x, y, z) = ϕ(t, x, y, z)+pT +vX

and the function Θ(θ,m0) is one of the Jacobian ellip-
tic functions in Table 1 with modulus m0 (0 < m0 <

1) describing the degree of the energy localization of
waves. Parameters λ and v are arbitrary form-factors,
and G3, G5 and p related to Jacobian elliptic functions
Θ(θ,m0) are shown in Table 1.
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Table 1. Jacobian elliptic function solutions.

Solution G3 G5 p Θ m0 = 0 m0 = 1

1 ±Bm2
0

λ
− 3Bm2

0
8λ2

B(1−5m2
0)

8
− v2

2B
sn sin tanh

2 ∓Bm2
0

λ

3Bm2
0

8λ2
B(4m2

0+1)

8
− v2

2B
cn cos sech

3 ∓B
λ

3B
8λ2

B(4+m2
0)

8
− v2

2B
dn 1 sech

4 ±B
λ

− 3B
8λ2

B(m2
0−5)

8
− v2

2B
ns csc coth

5 ∓B(m2
0−1)

λ

3B(m2
0−1)

8λ2
B(4m2

0−5)

8
− v2

2B
nc sec cosh

6 ∓B(m2
0−1)

λ

3B(1−m2
0)

8λ2
B(4−5m2

0)

8
− v2

2B
nd 1 cosh

7 ±Bm2
0

λ
− 3Bm2

0
8λ2

B(1−5m2
0)

8
− v2

2B
cd cos 1

8 ±B
λ

− 3B
8λ2

B(m2
0−5)

8
− v2

4B
dc sec 1

3. Periodic behaviours for self-

similar solutions

In what follows, we will focus on the periodic vary-
ing diffraction and nonlinear parameters[20] β(t) =
β0[1 + ε1 sin(κt)], χ(t) = χ0[1 + ε2 sin(κt)] and a small
constant gain/loss parameter γ(t) = γ0. In practice,
the modulations of β and χ depend on the use of the
optical lattice and Feshbach-resonance techniques by
exerting particular time-dependent optical field and
magnetic field.

The dynamics of the spatiotemporal self-similar
solutions are exhibited in Figs. 1–5. Similar to the spe-
cific soliton management,[7,13,19] the similariton dy-
namics can also be controlled by the corresponding
management functions. From these spatiotemporal
scenarios of the density distributions I = |ψ|2 shown
in Figs. 1–4, we find the novel reversal phenomenon
of gain and loss. For the loss case γ = −0.01, the
intensity of self-similar cnoidal waves and similaritons
is enhanced. For the gain case γ = 0.01, the intensity
of self-similar cnoidal waves and similaritons attenu-

ates instead. The reason to generate this phenomenon
is the appearance of the width function W (t) in the
amplitude, as seen from Eqs. (4) and (6). Note that
an important feature which distinguishes our solutions
from the others reported in Ref. [18] is the universal in-
fluence of the width function W (t) on the solutions of
all other parameters, which generates the novel rever-
sal phenomenon of gain and loss. The width function
W (t) influences not only the form of the amplitude,
the phase and the position, but also the curvature of
the wave-front, the frequency shift and the homoge-
neous phase shift. Quantitatively, from solution (9)
together with Eqs. (4)–(7), we can see that the ve-
locity of self-similar waves is determined by

[
9B2 −

v(
∑3

i=1 k2
i )/B

]
β(t)/W 2(t), the chirps are both related

to Wt/[2β(t)W (t)], the time shifts are both described
by

[
9B2 − v(

∑3
i=1 k2

i )/B
] ∫ t

0
β(τ)

W 2(τ) dτ , and the am-

plitudes are both determined by

√
G3
B

(∑3

i=1
k2

i

)
W

√
β
g3

.

Therefore, we can select the system parameters β(t),
γ(t) and g3(t) to control the formation of self-similar
waves.

(a)

-100
-50

0
50
100

kx⇁ly⇁m
z 0

5

10

15

20

t

0

0.2I

(b)

-100
-50

0
50
100

150
kx⇁ly⇁mz

0

5

10

15

20

t

0

0.1

0.2

I

Fig. 1. (colour online) Evolutions of a self-similar cn-wave with Θ(θ, m0) = cn(θ, m0) in the ”+”-branch of Eq. (9)

with (a) the loss coefficient γ0 = −0.01 and (b) the gain coefficient γ0 = 0.01.
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Fig. 2. (colour online) (a) Evolution of a bright similariton corresponding to Fig. 1(a). (b) The corresponding

sectional view. Here, the red dashed line denotes the initial wave, the green line is the wave at time t = 20, and the

blue line is the translational line corresponding to the green line.
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Fig. 3. (colour online) (a) Evolution of bright similariton corresponding to Fig. 1(b). (b) The corresponding

sectional view. Here, the red dashed line denotes the initial wave, the green line is the wave at time t = 20, and the

blue line is the translational line corresponding to the green line.
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Fig. 4. (colour online) (a) Evolutions of dark similariton with Θ(θ) = sech(θ) in the ”−”-branch of Eq. (9) with

the loss coefficient γ0 = −0.01. (b) The corresponding sectional view. Here, the red dash line denotes the initial

wave, the green line is the pulse for the loss case at time t = 20, and the blue line represents the wave for the gain

case at time t = 20. The other parameters are the same as those in Fig. 1.
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Fig. 5. (colour online) (a) Evolutions of a self-similar sn-wave with Θ(θ, m0) = sn(θ, m0) in the ”+”-branch of

Eq. (9) with the loss coefficient γ0 = −0.01. (b) The corresponding kink similariton. The other parameters are the

same as those in Fig. 1.

From Fig. 1, the period in space of the loss
case (Fig. 1(a)) is smaller than that of the gain case
(Fig. 1(b)), that is, in the same space interval the
wave number for the loss case is bigger than that
of the gain case. Here, the parameters are taken as
ε1 = ε2 = 0.8, β0 = χ0 = G3 = k1 = k3 = 1,
λ = κ = v = 0.5, B = k2 = 2, and m0 = 0.99.
The corresponding bright similaritons for Fig. 1 are
shown in Figs. 2 and 3. From Fig. 2(b), the similari-
ton is compressed, namely the width decreases and
the amplitude increases. For Fig. 3(b), the similari-
ton is stretched, namely the width increases and the
amplitude reduces. Here, the red dash line denotes
the initial pulse, the green line is the pulse at time
t = 20, and the blue line is the translational line cor-
responding to the green line for comparing the final
pulse with the initial pulse. The study shows that the
propagation behaviours of dark similaritons have sim-
ilar behaviours to that of bright similaritons in Figs. 2
and 3. Figure 4 indicates that the pulse is compressed
for the loss case while extended for the gain case. The
red dashed line denotes the initial pulse, the green
line is the pulse for the loss case at time t = 20, and
the blue line represents the pulse for the gain case at
time t = 20. Figure 5 displays the periodic behaviour
of a self-similar sn-wave and the corresponding kink
similariton. Their evolutional behaviours are similar
to cn-waves, bright and dark similaritons in Figs. 1–4,
i.e., the intensity of self-similar sn-waves are enhanced
for the loss case, while they attenuate for the gain case.

4. Conclusions

In conclusion, first we analytically obtained self-
similar solutions of the nonautonomous (3+1)D GPE

with time-dependent diffraction, nonlinearity, har-
monic potential and gain or loss. Then we looked
at the periodic distributed diffraction and nonlinear-
ity with constant gain case to analyse the dynamics
of self-similar solutions. The influence of the width
function on the position, the phase and the amplitude
of solutions is elucidated, and it generates a novel re-
versal phenomenon of gain and loss, that is, the inten-
sity of self-similar solutions enhances for the loss case,
while it attenuates for the gain case. It is also shown
that the pulse can be compressed or extended to a
desired width and amplitude in a controllable manner
by the choice of gain/loss parameter. We expect that
experimental investigation on the predictions of this
paper will be performed in future.
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