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A backstepping approach is proposed for the synchronization of chain networks of multi-spatiotemporal chaotic

systems with topologically equivalent structures. The synchronization of multi-spatiotemporal chaotic systems is imple-

mented by adding the control only to a terminal node, and the controller is designed via a corresponding update law.

The control law is applied to spatiotemporal Gray—Scott systems. Numerical results demonstrate the effectiveness and

the feasibility of the proposed approach.
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1. Introduction

Since the pioneering work of Ott et alll and
Pecora and Carroll (PC),!? who proposed a success-
ful method to synchronize two identical chaotic sys-
tems in the early 1990s, chaos synchronization has
aroused considerable interest in many areas owing to
its great potential for applications. Various types of
approaches have been revealed to investigate chaos
synchronization, such as adaptive control,[® impulsive
control, sliding mode control,®! open-plus-closed-
loop control,l®7 and backstepping control. In partic-
ular, the backstepping-design technique has become
one of the most popular methods in chaos control.
In the backstepping control of two systems, Mas-
colo and Grassil® controlled chaos via the backstep-
ping design. Njah et al®! proposed the generalized
control and synchronization of chaos in the RCL-
shunted Josephson junction using the backstepping

[10] realized the chaos control of

design. Laoye et al.
four-dimensional (4D) chaotic systems using a recur-
sive backstepping nonlinear controller. Sharma and

Karl*!! studied the contraction theory based adaptive
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synchronization of chaotic systems using the backstep-
ping design. Pishkenari et al.l'?! discussed the robust
adaptive backstepping control of the uncertain Lorenz
system. Yu and Lil'3 introduced the adaptive hy-
brid projective synchronization of uncertain chaotic
systems based on the backstepping design.

The small-world model was proposed by Watts
and Strogatz!'¥ in 1998.  Then, Newman and
Watts(®! (1999) modified it to generate another vari-
ant of the small-world model. The scale-free network
was introduced by Barabdsi and Albert!*®l in 1999.
Since then, the synchronization of complex networks
has attracted much attention among scientists.[!7—23]
In the backstepping control of complex networks,
Chen et al.l?* discussed backstepping control for pe-
riodically time-varying systems using the high-order
neural network and the Fourier series expansion. Lin
et al.?) introduced the dynamic fuzzy neural network
model and the adaptive backstepping tracking control
of uncertain chaotic systems.

Time-varying chaotic systems are selected as net-
work nodes for demonstration in most papers, though
a large number of natural systems are spatiotempo-
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ral chaos systems. Spatiotemporal chaos synchro-
nization has potential applications in many fields,
such as secure communication, physics, auto control,
fluid, chemistry, and biological systems. Therefore,
the synchronization of spatiotemporal chaos has at-
tracted much attention among scientists.26—28] How-
ever, the backstepping synchronization of complex
networks with spatiotemporal chaos is still rarely re-
ported. Research into spatiotemporal chaos synchro-
nization via backstepping design has a vast unknown
space to explore.

Many colossal complex networks, such as railway
networks, the world wide web (WWW), the food web,
communication networks, and biological neural net-
works, each are composed of a chain structure. There-
fore, the research of the synchronization of a chain
network is valuable. However, it is impossible to
add controllers to a lot of nodes in the network to
achieve synchronization. To reduce the number of con-
trollers becomes a key issue, very few results exist in
this crucial aspect of network synchronization.29-31]
In this paper, a backstepping approach is proposed
for the synchronization of chain networks between
multi-spatiotemporal chaotic systems with topologi-
cally equivalent structures. The synchronization of
the multi-spatiotemporal chaotic systems is imple-
mented by adding the control only to a terminal node,
and the controller is designed via a corresponding up-
date law. The control law is applied to spatiotemporal
Gray—Scott systems. Numerical results demonstrate
the effectiveness and the feasibility of the proposed

approach.

2. Design of the synchronization

controller

The backstepping approach of complex networks
is a multi-systematic control technique, which is char-
acterized by a step-by-step interlacing procedure. At
each step, a coordinate transformation and a design of
the virtual control based on the Lyapunov technique
are required. Finally, the true terminal controller is
obtained under the global stability. Here, our atten-
tion is focused on the spatiotemporal chaos systems.
In this section, we give a terminal synchronization con-
troller via the backstepping design.

Suppose that a complex chain network consists of
N nodes, and the state equations of the nodes are spa-
tiotemporal chaos systems. When the coupling action

is not considered, each node can be described by

Xi(rt) = F(X;(r,t), i=1,2...,N, (1)

where X;(r,t) = [Xi1(r,t), Xia(r,t),..., Xin(r,t)]T €
R"™ is the n-dimensional state variable of node i at
time ¢, r is the spatial variable, and F : R® — R"™ is
continuously differentiable. Coupling to other nodes
is added by using single state variables, and the state
equation (1) of the i-th node is rewritten as

N
Xi(’l“, t) = F(Xi(’l“, t)) + (XZPinj(T, t)

+ﬂiU(T, t)a (2)

where « is the coupling strength between nodes of the
network, and « = 1 in this work; P;; is the matrix
element of the inner coupling matrix, whose specific
form depends on the connection type of the network;
0; is the terminal adding design, if there is a terminal
adding, then §; = 1, otherwise §; = 0; and U/(r,t)
is the terminal synchronization controller. The unidi-
rectional chain connection is discussed in the following
parts.

The first error state variable of the chain network
between the first and the second nodes is defined as

61(7“, t) = XQ(“ t) _Xl(r7 t) (3)
The first partial Lyapunov function is constructed as

m:%mmw? (4)
The derivative of V; is
Vi = ei(r,t)éi(r,t)
= —ey(r,t)> +ei(r,t)(ei(r,t) + eéi(r,t). (5)
Letting

ex(r,t) = ey(r,t) + é1(r,t)
= F(X3(rt)) — F(Xy(r,1))
+ (X3(r,t) — Xa(r,t)), (6)

and introducing function W5 as
Wy(r,t) = F(Xa(r,t)) — F(X1(r,t)) + Xs(r,t), (7)
we have

es(r,t) = Wa(r,t) — Xa(r,t). (8)

The second partial Lyapunov function is constructed
as

1
Vo=V + 5(32(7‘, t)2. (9)
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The derivative of V5 is
‘./2 = ‘/1 + 62(7’, t)éQ(T, t)

—e1(r,t)* — ex(r,t)* + ex(r, t)(e1(r,t)
+62(T7 t) + é2(7’, t)) (10)

Letting
es3(r,t) = ei(r,t) + ea(r,t) + éx(r,t), (11)
and introducing function W3 as
Wi(r,t) = ei(r,t) + ex(r,t) + F(za(r,1))

— F(:cl(r, t)) + F(.’Bg("", t))
+ X4 (r,t) — Xa(r,t), (12)
we have
es(r,t) =

Wg(T, t) — X3(T, t). (13)

The ¢ — 1 partial Lyapunov function is constructed as

1
‘/;—71 = ‘/;—72 =+ Eei,l(r, t)2 (14)

The derivative of V;_q is

"/i—l = - S eq(rv t)z + ei—l(rv t)
=1
X ((167;_2(7", t) + 61‘_1(7“, t) + éi_l(T', t)) (15)
Letting
ei(r, t) = ei,g(r, t) + 62'71(7"7 t) + éi71(7", t), (16)

and introducing function W; as

Wi(’f’, t)
23 gi—2-u
= ei—2(r,t) +ei—1(r,t) + Z Well(r t)
11=1
—2 gi—1-l2 oi—2
+ Z Wela(ﬁt) - WF(Xl(T’t))
lo=2
v ot
+ Z WF(XJ& (r,t)) + Xiy1(r,t)
j1:2
oIz i
- Z 81‘51 j2 J2 t) _X2 2(T’ t)a (17)
Jj2=3
we have
e;(r,t) = Wi(r,t) — X;(r, 1), (18)
where (%172[16[1(7“ t) is the ¢ —2 — Iy order derivative

of e, (r,t) with respect to t, and X;?(r, t) is the ¢ —2

order derivative of Xs(r,t) with respect to t.
The N — 2 partial Lyapunov function is constructed
as
1 2
VN2 =VN_s+ 561\172(7", t)°. (19)

The derivative of Vy_s is

N-2
VN_Q = — Z ei(r, t)2 + eN_g(T, t)
X (;N_g(?", t) + eN_Q(T, t)
+eén—2(r,t)). (20)

Letting
en_1(r,t) = en—3(r,t) + en—_a(r, 1)
+éN72(Ta t)v (21)
and introducing function Wy _; as

WNfl(Tv t)

N—4 GN—3—l
= en_3(r,t) + eny_a(r,t)+ Z 9N—3-T,

=

(Tv t) -

ey (7“, t)

N=3 gN—2-1
+Y GN—a—1; &l
lo=2
N-1
+>
Jj1=2
N-—2 HN—1-32

- Z WXMT, t) —

aNfS

WF(Xl(r,t))

ON—1-i1

WF(XJ& (r,

1)+ Xn(r,t)

Xy (), (22)
Jj2=3

we have
WN,l(r, t) —

en_1(r,t) = Xn-_1(r,1). (23)

The N — 1 partial Lyapunov function is constructed

as
1 2
VN1 =VN_a+ §6N—1(7’, t)=. (24)
The derivative of Vy_1 is
. N-1
Vo1 = — Z ei(r, t)2 + eNfl(T, t)
i=1
X (eN_Q(T, t) + eN—l(Ta t)
+én1(nt)). (25)

Letting

eN(r, t) = eN_g(’I“, t) =+ eN_l(r, t) =+ éN_l(’I”, t), (26)

we have
. N—1
VN—l = - Z 67;(7‘, t)2 + eN—l(Tv t)eN(T7 t) (27)
i=1
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A terminal node of controller U (r, t) is designed in the
chain network as

6N(7"7 t)
= en—a(r,t) +en_1(r,t) + én_1(rt)
N=3 gN-2-1;

= en-2(r,t) +en—1(r,t) + Z Weh(rv t)
=1

N-2 GN—1-l2 oN—2

+ Z Web (r, t) — WF(XI(""y t))
lz=2
3N J1
+Z o= (X, (1) + U (1)
J1=2
N-1 8N_j2 N
WXJZ (’F, t) — X2 (7’, t) <28)
j2=3
The structure of U(r,t) is
U(r,t)
N-3 aN—Z—ll
(eN o(rt) + en—1(r,t) + Z Weh(r,t)
=1
N=2 gN-1-1 oN—2
Z N 112 €l2(’l“,t)— WF(XI(Tvt))
3N J1
b3 O P )
Jj1=2
N-1 aN_j2 Nos
D U} R
J2=

When the structure of synchronization controller
U (r,t) is given in Eq. (29), we obtain

N-1

Vo1 =— Z ei(r,t)*.

=1

(30)

According to the Lyapunov stability theory, the syn-
chronization of the chain network is achieved when
equation (30) is fulfilled.

3. Numerical results

In this section, we present numerical results to
verify the analytical predictions obtained in the pre-
vious section. We use a terminal node controller to
control the spatiotemporal chaos of a complex chain
network. The numerical simulation results provide ex-
cellent validations of our theoretical analysis.

The Gray—Scott system as a producer of the spa-

tiotemporal chaos is described as[32:33]

Xl(r, t) = —X1(r,t) Xa(r, t)? + a(l — Xi(r, 1))
' + d1V2X1(7’, t), (31)
Xo(r,t) = Xq(r, ) Xa(r,t)? — (a + b) Xa(r,t)

+ o V2 X5 (1, 1),

where a and b are the system parameters; X;(r,t)
and Xo(r,t) are the state variables of the system,
X1(r,t) € [0,1], and Xs5(r,t) € [0,1]; di and do are
the diffusion coefficients. System size L is 2.5 x 2.5,
and r € [0,L]. The initial conditions are given as
Xi1(r,0) =1, Xo(r,0) = 1. The time step is At = 1,
the space step is Al = 0.01, and the diffusion coeffi-
cients are d; = 2 x 1075 and dy = 2 x 10~°. The peri-
odic boundary conditions are X;(0,t) = X;(L,t) =1
and X3(0,t) = Xo(L,t) = 0. The spatiotemporal
evolutions of state variables X (r,¢) and Xs(r,t) are
shown in Figs. 1 and 2, respectively.

Fig. 1. Spatiotemporal evolution of X (r,t).

XQ(’I",t)

Fig. 2. Spatiotemporal evolution of Xs(r,t).

In order to briefly demonstrate the effective-
ness of the synchronization approach to a chain net-
work with N nodes, we first consider a chain net-

work with three nodes. The state equation for each

030506-4



Chin. Phys. B Vol. 21, No. 3 (2012) 030506

node is given by the Gray—Scott model described in
Eq. (31), and the state variables of the three nodes
are (Xll(T,t), Xlg(’l",t)), (le(’l",t), ng(’l",t)), and
(X31(r,t), X32(r, 1)), respectively.

The coupling matrix P is set as

-1 1 0 0
0 -1 0 0
P= (32)
0 0 - -1 1
0 0 0 0|

The coupling is introduced by using the single state
variable X;(r,t) in the Gray—Scott model according
to Eq. (2)

Xll(T‘, t)

= _Xll(’ra t>X12(T7 t)2 + a‘(l - Xll(r’ t))
—.l- d1V2X11(’I", t) + (Xgl(’l“, t) — X11(T, t)), (33)
Xlg(’f‘, t)

= X11(7‘, t)X12<’I‘, t)2 — ((l + b)X12<’I‘, t)
+ d2V2X12(T7 t) + (XQQ(T7 t) - X12(’/‘, t))a
Xgl(r, t)

= —Xo1(r, ) Xoa(r,1)? 4+ a(1 — Xoy (7, 1))
'.i‘ d1V2X21 (1", t) + (X31(r7 t) - le(’f', t))v (34)
XQQ(?", t)

= Xgl(’l", t)XQQ (T, t)2 — (a + b)X22 (T, t)
+ d2 V2 Xoo(r,t) + (Xa2(r,t) — Xoa(r, 1)),
Xa1(r,t)

= —X31 (’f‘, t)ng(T‘, t)2 + Cl(l — X31 (’I‘, t))
—'l—d1V2X31(7”,t) +U1(7”,t), (35)
X32(7‘, t)

= X31 (’I‘, t)ng (’I‘, t)2 — (Cl + b)X32 (’I‘, t)
+ d2V2X32 (T’, t) + U2 ('f', t)'

The iteration of the simulation is initiated at
t = 2800, and the simulation results are shown in
Figs. 3-10.

It can be seen from Figs. 3-10 that all the er-
ror signals, e; = (e11,e12)T and ez = (ea1,€92)7, in
the network approach zero smoothly and rapidly once
the network coupling is added, which means that the

chain network synchronization is realized.
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Fig. 5. Spatiotemporal evolution of error ez (r,t).

622(7”,t)

Fig. 6. Spatiotemporal evolution of error ez (r,t).
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0 1000 2000 3000
t

4000 5000

Fig. 7. State trajectories of error e (r,t).
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Fig. 8. State trajectories of error e12(r,t).

0.4

€21 (’I",t)
o

VYL S - i —
0 1000 2000 3000 4000 5000
t

Fig. 9. State trajectories of error ez (r,t).

4. Conclusion

A synchronization controller is designed to study
spatiotemporal chaotic systems with identical struc-
tures and to realize the synchronization between
multi-Gray—Scott systems. The structure of the ter-
minal synchronization controller and the error equa-
tions of the state variables between spatiotemporal
chaotic systems are presented on the basis of the Lya-
punov stability theory. The error signals approach
zero smoothly and rapidly and the phase maps are ex-
actly the same, which indicate that the chain network
synchronization is achieved. The design of the termi-
nal synchronization controller is simple in principle.

Moreover, it can be widely used in synchronization.
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