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We investigate the projective synchronization of different chaotic systems with nonlinearity inputs. Based on the
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1. Introduction

In 1990, Pecora and Carroll presented the con-
cept of ”chaotic synchronization” for the first time[1]

and introduced a method to synchronize two identi-
cal chaotic systems with different initial conditions.[2]

Nowadays chaotic synchronization has been inten-
sively studied.[3−9] Different types of chaotic synchro-
nization methods have been achieved, such as com-
plete synchronization, generalized synchronization,
phase synchronization, and lag synchronization.[10−15]

In coupled partially linear systems, Mainieri and Re-
hacek reported that the two identical systems (drive
and response) could be synchronized up to a scaling
factor. This type of chaotic synchronization is referred
to as projective synchronization.[16] In applications
to secure communications, projective synchronization
can be used to extend binary digital to M -nary digi-
tal communication for achieving fast communication,
so projective synchronization has raised great concern
and been further studied.[17−29] For example, Xu and
Li[17,18] have presented the stability criterion of pro-
jective synchronization of three-dimensional chaotic
systems, the judge criterion of projective synchroniza-
tion of any dimensional continuous chaotic systems
and the necessary condition of projective synchroniza-
tion of any dimensional discrete chaotic system; the
projective synchronization technique has been applied

to chaotic secure communications.[19−21] Recently, by
Lyapunov stability theory, the adaptive control law
and the parameter update law have been derived
to make the states of two different chaotic systems
asymptotically synchronized up to a desired scaling
function.[22] Zhang and Lu[28] also extended the con-
cept of projective synchronization to the one of full
state hybrid projective synchronization in two differ-
ent chaotic systems. Hung et al.[29] have designed
the adaptive sliding mode controller to achieve the
projective synchronization of Chua’s systems with a
dead-zone in the control input. However, in the stud-
ies mentioned above and many other existing projec-
tive synchronization studies, the projective synchro-
nization of different chaotic systems and nonlinearity
input are not considered simultaneously.

In practical situations, in systems such as laser
array, biological systems and cognitive processes, it is
hardly the case that every component can be assumed
to be identical. In addition, in recent years, more
and more applications of chaos synchronization in se-
cure communications make it much more important
to achieve the projective synchronization of the two
different chaotic systems. In addition, in practical ap-
plications, owing to physical limitations, there always
exist nonlinear effects in the control actuators.[30] Ne-
glecting the effect of input nonlinearities usually re-
sults in degeneration of system performance.
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Variable structure controllers with a sliding mode
were proposed by Utkin,[31] and have been widely rec-
ognized as a powerful approach to control problems.
The main advantage of this approach is that the vari-
able structure can be potentially exploited to improve
control performance such as robustness and fast time
response. The variable structure control strategy is
based on the concept of an attractive manifold, upon
which the underlying state of vector space and the de-
sired dynamic is assured. During the sliding motion,
the system has invariance properties and is indepen-
dent of parameter uncertainty and disturbance.

Therefore, in this paper, we study the projec-
tive synchronization of different chaotic systems, in
the presence of parameter uncertainty, noise dis-
turbance and nonlinearity inputs. A proportional-
integral switching surface is designed to guarantee the
stability of the projective synchronization error dy-
namics system in sliding mode, and an adaptation law
is given to estimate the bound values of system un-
certainties and noise disturbance. Consequently, by
applying the adaptation law, a robust adaptive slid-
ing mode controller can be constructed to ensure the
occurrence of a sliding motion. The different chaotic
systems with nonlinearity inputs can be rapidly syn-
chronized up to the given scaling factor, even with-
out knowing the boundary of parameter uncertainties
and noise disturbance. Finally, numerical simulations
for uncertain unified chaotic systems are performed

to demonstrate the effectiveness and feasibility of the
proposed scheme.

2. System description and prob-

lem formulation

We consider two different chaotic systems de-
scribed by

ẋ = Ax + h(x), (1)

and

ẏ = By + g(y) + ∆f(y) + d(t) + Φ(u), (2)

where x ∈ Rn is an n-dimensional state vector of
system (1), the A ∈ Rn×n is the coefficient ma-
trix of the linear part of system (1), h(x) : Rn →
Rn is a nonlinear smooth function and is the non-
linear part of system (1). Correspondingly, y, B

and g(y) are n-dimensional state vector, the coef-
ficient matrix of the linear part and nonlinear part
of system (2), respectively. The ∆f(y) and d(t)
are the parameter uncertainty and noise disturbance
applied to system (2), respectively. The Φ(u) =
[φ1(u1), φ2(u2), . . . , φn(un)]T, φi(ui) (i = 1, 2, . . . , n)
is a nonlinear function, φi(ui) = 0 for −ui0− ≤ ui ≤
ui0+, and φi(ui) is assumed to satisfy the following
inequalities:

 αi1(ui − ui0+)2 ≤ (ui − ui0+)φi(ui) ≤ αi2(ui − ui0+)2,

αi1(ui + ui0−)2 ≤ (ui + ui0−)φi(ui) ≤ αi2(ui + ui0−)2,

(ui > ui0+),

(ui < −ui0−),
(3)

where αi1 and αi2 are nonzero positive constants. For
the i-th input ui, the nonlinear input function φi(ui)
is shown in Fig. 1.

φi↼ui↽

αi

αi

αi

αi

ui⇁
↩ui↩ ui

Fig. 1. Nonlinear function φi(ui) for the i-th input ui.

System (1) and system (2) are defined as the drive
and response systems, respectively. The projective
synchronization error between system (1) and system
(2) is defined as e = y − λx, so the error dynamics
system is determined by the following equation:

ė = ẏ − λẋ = (B − A)y + Ae + g(y) − λh(x)

+∆f(y) + d(t) + Φ(u), (4)

where λ is a nonzero constant, and is a scaling factor
defining a proportional relation between the synchro-
nized systems. Hence, complete synchronizations and
anti-synchronizations are the special cases of projec-
tive synchronization when the scaling factor λ = 1 and
λ = −1, respectively.

The aim of this study, without the requirement

030503-2



Chin. Phys. B Vol. 21, No. 3 (2012) 030503

of bounds of uncertainties and disturbances, is to de-
sign an adaptive sliding mode controller for holding
the following formula:

lim
t→∞

‖e‖ = lim
t→∞

‖y − λx‖ = 0. (5)

Thus, system (1) and system (2) can be synchronized
up to the given scaling factor even with parameter
uncertainties, external noise disturbance and nonlin-
earity inputs.

3. Design of the switching surface

and adaptive sliding mode con-

troller

Achieving projective synchronization of system
(1) and system (2) involves two major steps. The
first step is to select an appropriate switching surface
which can guarantee the asymptotic stability of the
projective synchronization error dynamics system in
the sliding mode. The second step is to determine an
adaptive sliding mode controller which can guaran-
tee the occurrence of sliding motion, can be strongly
robust to nonlinearity inputs, and can estimate the
bounds of parameter uncertainties and noise distur-
bance. To achieve this aim, a proportional-integral
switching function is suggested to be

S(t) = e(t) −
∫ t

0

(A − K)e(τ)dτ, (6)

where S(t) = [s1(t), s2(t), . . . , sn(t)]T is a switching
surface vector. The K ∈ Rn×n is a constant matrix
and K is chosen such that the real part of the eigen-
values of (A − K) are all negative.

It is well known that when the system operates
in the sliding mode, the following equations must be
satisfied:[31,32]

S(t) = e(t) −
∫ t

0

(A − K)e(τ)dτ = 0, (7)

and
Ṡ = ė − (A − K)e = 0. (8)

From Eq. (8), we have

ė = (A − K)e. (9)

From Eq. (9), it reveals that when the pair (A, I) is
controllable, using a pole assignment technique, we
find that there exists a constant gain matrix K such
that the real part of the eigenvalues of (A − K) are

all negative. Therefore, according to the stability cri-
terion of a linear system, Equation (5) is satisfied.
Furthermore, the convergence rate of Eq. (9) can be
determined by K.

To ensure the occurrence of sliding motion, a slid-
ing mode controller is designed as

ui(t) =


−γiηi sign(si(t)) − ui0−, (si(t) > 0),

0, si(t) = 0,

−γiηi sign(si(t)) + ui0+, si(t) < 0,

(10)
where ηi = |(bi − ai)y + gi(y) − λhi(x)| + |kie| + θ̂i,
(i = 1, 2, . . . , n); ai and bi are the i-th row vector
of matrices A and B, respectively; γi = β/αi1, β

is a positive constant and larger than 1, αi1 is the
same as that of Eq. (3); si(t) (i = 1, 2, . . . , n) is the
component of the switching surface vector S(t) =
[s1(t), s2(t), . . . , sn(t)]T; sign(si(t)) is the sign func-
tion of si(t), (if si(t) > 0, sign(si(t)) = 1; if si(t) = 0,
sign(si(t)) = 0; if si(t) < 0, sign(si(t)) = −1); θ̂i

is an estimate parameter which satisfies the following
adaptive law:

˙̂
θi = |Si| , θ̂i(0) = θ̂i0, (11)

where θ̂i0 is the positive and bounded initial value
of θ̂i. Let |∆fi(y) + di(t)| be bounded, that is,
|∆fi(y) + di(t)| < θi, but θi is an unknown positive
constant value. Now define the adaptation error of θ̂i

as
θ̃i = θ̂i − θi. (12)

Since θi is an existing constant, it yields

˙̃
θi = ˙̂

θi = |Si| . (13)

In what follows, the proposed adaptive sliding
mode controller (10) will be proved to be able to en-
sure the existence of sliding motion and achieve the
projective synchronization of system (1) and system
(2).

Theorem 1 Consider the drive system (1) and
response system (2) controlled by the sliding mode
controller (10). Then the trajectory of the projective
synchronization error dynamics Eq. (4) converges to
the sliding surface S = 0.

Proof Consider the following Lyapunov function
candidate as

V = 0.5(ST(t)S(t) + θ̃Tθ̃).

Using differentiation and substituting Eqs. (4) and (8)
into the time derivative of V , we obtain
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V̇ = ST(t)Ṡ(t) + θ̃T ˙̃
θ

= ST(t)(ė − (A − K)e) + θ̃T ˙̃
θ

= ST(t)((B − A)y + Ae + g(y) − λh(x) + ∆f(y) + d(t) + Φ(u) − (A − K)e) + θ̃T ˙̃
θ

= ST(t)((B − A)y + g(y) − λh(x) + Ke + ∆f(y) + d(t)) + ST(t)Φ(u) + θ̃T ˙̃
θ

=
n∑

i=1

[si(t)((bi − ai)y + gi(y) − λhi(x) + kie + ∆fi(y) + di(t)) + si(t)φi(ui)i + θ̃i
˙̃
θi]

≤
n∑

i=1

[|si(t)| (|(bi − ai)y + gi(y) − λhi(x)| + |kie| + θi) + θ̃i
˙̃
θi + si(t)φi(ui)]

=
n∑

i=1

[|si(t)| (|(bi − ai)y + gi(y) − λhi(x)| + |kie| + θ̂i − θ̃i) + θ̃i|si(t)| + si(t)φi(ui)]

=
n∑

i=1

[|si(t)| (|(bi − ai)y + gi(y) − λhi(x)| + |kie| + θ̂i) + si(t)φi(ui)]

=
n∑

i=1

[|si(t)| ηi + si(t)φi(ui)]. (14)

When si > 0, we obtain

(ui + ui0−)ϕi(ui) = −γiηi sign(si(t))ϕi(ui)

≥ αi1(ui + ui0−)2

= αi1γ
2
i η2

i [sign(si(t))]2. (15)

when si < 0, we have

(ui − ui0+)ϕi(ui) = −γiηi sign(si(t))ϕi(ui)

≥ αi1(ui − ui0+)2

= αi1γ
2
i η2

i [sign(si(t))]2. (16)

Since s2
i (t) ≥ 0, from Eqs. (15) and (16), we have

−γiηisi(t)2 sign(si(t))φi(ui)

≥ αi1γ
2
i η2

i si(t)2[sign(si(t))]2.

Therefore, we obtain{−γiηisi(t)φi(ui) ≥ αi1γ
2
i η2

i |si(t)| ,
si(t)φi(ui) ≤ −αi1γiηi |si(t)| .

(17)

By replacing inequality (17) with (14), we obtain

V̇ = ST(t)Ṡ(t) + θ̃T ˙̃
θ

≤
n∑

i=1

(1 − αi1γi)ηi |si(t)| ≤ 0. (18)

Let w(t) =
n∑

i=1

(αi1γi − 1)ηi |si(t)|, we have

V̇ ≤ −w(t) ≤ 0. (19)

Integrating the above equation from zero to t, we have

V (0) ≥ V (t) +
∫ t

0

w(ν)dν ≥
∫ t

0

w(ν)dν. (20)

As t goes to infinity, the above integral is always less
than or equal to V (0). Since V (0) is positive and
finite, lim

t→∞

∫ t

0
w(ν)dν exists and is finite. Thus, ac-

cording to Barbalat lemma,[33] we obtain

lim
t→∞

w(t) = lim
t→∞

n∑
i=1

(αi1γi − 1)ηi |si(t)| = 0. (21)

Since (αi1γi − 1)ηi > 0, we have lim
t→∞

n∑
i=1

|si(t)| =

lim
t→∞

s(t) = 0. Hence, the proof is completely achieved.

4. Numerical simulation

Using the above adaptive sliding mode controller,
we investigate the projective synchronization of the
two pairs of different chaotic systems (Lorenz–Chen
and Chen–Lü) with nonlinearity inputs. The Lorenz
system[34] is described by the following nonlinear
equations: 

ẋ1 = −ρ1x1 + ρ1x2,

ẋ2 = ρ2x1 − x2 − x1x3,

ẋ3 = x1x2 − ρ3x3.

(22)

When ρ1 = 10, ρ2 = 28 and ρ3 = 8/3, this system
has a chaotic attractor as shown in Fig. 2(a). Chen
system[35] is a typical chaos anti-control model, and it
can be described by

ẏ1 = −ν1y1 + ν1y2,

ẏ2 = (ν2 − ν1)y1 − y1y3 + ν2y2,

ẏ3 = y1y2 − ν3y3.

(23)
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The Chen system indicates the chaotic attractor as
shown in Fig. 2(b) when ν1 = 35, ν2 = 28, and ν3 = 3.
The third chaotic system is Lü system,[36] which con-
nects the Lorenz and Chen attractors and is repre-
sented by 

ż1 = −ω1z1 + ω1z2,

ż2 = −z1z3 + ω2z2,

ż3 = z1z2 − ω3z3.

(24)

The Lü system has a chaotic attractor as shown in
Fig. 2(c), when ω1 = 36, ω2 = 20, and ω3 = 3. In
what follows, we will apply the present control law to
achieve the projective synchronization for two pairs of
the given chaotic systems.
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Fig. 2. Chaos system attractors: (a) Lorenz attractor,

(b) Chen attractor, (c) Lü attractor.

4.1.Projective synchronization between

Lorenz and Chen systems

Chen system with nonlinearity inputs is written
as


ẏ1 = −ν1y1 + ν1y2 + ∆f1(y) + d1(t) + φ1,

ẏ2 = (ν2 − ν1)y1 − y1y3 + ν2y2

+∆f2(y) + d2(t) + φ2,

ẏ3 = y1y2 − ν3y3 + ∆f3(y) + d3(t) + φ3.

(25)

System (22) and system (25) are defined as the drive
and response systems, respectively. Obviously the ma-
trices A, B, h(x) and g(y), respectively, are

A =


−ρ1 ρ1 0

ρ2 −1 0

0 0 −ρ3

 , B =


−ν1 ν1 0

ν2 − ν1 ν2 0

0 0 −ν3

 ,

h(x) =


0

−x1x3

x1x2

 , g(y) =


0

−y1y3

y1y2

 . (26)

Since the matrix
[

I, A × I, A2 × I
]

is in full rank,
(A, I) is controllable. Therefore, we can construct the
gain vector K by the pole placement technique. To
ensure the convergence of system (4), that is to say
that Eq. (5) is satisfied, we select the eigenvalues of
(A − K) as

[
−1, −2, −3

]
. So the gain vector K is

computed as

K =


−9 10 0

28 1 0

0 0 1/3

 . (27)

Furthermore, it is supposed that the uncertainty
term

∆f = [∆f1, ∆f2, ∆f3]
T = [0.1y1, 0.1y2, 0.1y3]T

and external disturbance

d(t) = [d1(t), d2(t), d3(t)]
T

= [0.2 cos(2πt), 0.3 cos(3πt), 0.4 cos(4πt)]T

in these two projective synchronization examples.
Nonlinear function φi(ui) of ui(i = 1, 2, 3) is defined
as

φ1(u1) =


[0.8 + 0.1 sin(u1)](u1 − u10+), (u1 > u10+),

0, (−u10− ≤ u1 ≤ u10+),

[0.8 + 0.1 sin(u1)(u1 + u10−), (u1 < −u10−),

(28)
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φ2(u2) =


[0.8 + 0.2 sin(u2)](u2 − u20+), (u2 > u20+),

0, (−u20− ≤ u2 ≤ u20+),

[0.8 + 0.2 sin(u2)](u2 + u20−), (u2 < −u20−),

(29)

φ3(u3) =


0.9 + 0.3 sin(u3)](u3 − u30+), (u3 > u30+),

0, (−u30− ≤ u3 ≤ u30+),

[0.9 + 0.3 sin(u3)](u3 + u30−), (u3 < −u30−).

(30)

From Eqs. (28)–(30), we obtain α11 = 0.7, α21 =
0.6, α31 = 0.6. θ̂10 = θ̂20 = θ̂30 = 1 and β = 1.01
are chosen. It is assumed that u10− = u10+ = 1,
u20− = u20+ = 2, u30− = u30+ = 3. The above pa-
rameters meet the requirement of Theorem 1.

The initial values of the drive system (22) and
response system (25) are (x1(0), x2(0), x3(0)) =
(1, 2, 3) and (y1(0), y2(0), y3(0)) = (5, 8, 12), respec-
tively. The scaling factor λ is respectively selected
as 2, −2 and −0.5. Simulation results of projective

synchronization are shown in Figs. 3–6. From Fig. 3,
we can see that the errors e1(t), e2(t) and e3(t) have
been rapidly stabilized to zero. Namely, system (25)
has synchronized with system (22). Figures 4–6 show
that state variable amplitudes of system (25) are re-
spectively 2 times, 2 times and 0.5 times those of
system (22), whereas the phases of system (25) and
system (22) are in-phase, anti-phase and anti-phase,
respectively, namely the attractors of system (25) and
system (22) synchronize up to the given scaling factor.
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Fig. 3. The projective synchronization errors between system (22) and system (25): (a) λ = 2, (b) λ = −2, (c) λ = −0.5.
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4.2.Projective synchronization between

Chen and Lü systems

Lü system with nonlinearity inputs is described
by 

ż1 = −ω1z1 + ω1z2 + ∆f1(z) + d1(t) + φ1,

ż2 = −z1z3 + ω2z2 + ∆f2(z) + d2(t) + φ2,

ż3 = z1z2 − ω3z3 + ∆f3(z) + d3(t) + φ3.

(31)

System (23) and system (31) are defined as the
drive and response systems, respectively. Therefore,
the matrices A, B, h(y) and g(z), respectively, are

A =


−ν1 ν1 0

ν2 − ν1 ν2 0

0 0 −ν3

 ,

B =


−ω1 ω1 0

0 ω2 0

0 0 −ω3

 ,

h(y) =


0

−y1y3

y1y2

 , g(z) =


0

−z1z3

z1z2

 . (32)

The matrix [ I, A × I, A2 × I ] is in full rank,

therefore, we select the eigenvalues of (A − K) as

[−1, −2, −1 ]. Using the pole placement technique,

the gain vector K is computed to be

K =


−34 35 0

−7 30 0

0 0 −2

 . (33)

Values of nonlinear function φi(ui)(i = 1, 2, 3) are the

same as the ones of 4.1. We choose θ̂10 = θ̂20 = θ̂30 =

2 and β = 1.01. The above parameters meet the re-

quirement of Theorem 1.

The initial values of the drive system (23) and

response system (31) are (y1(0), y2(0), y3(0)) =

(5, 8, 12) and (z1(0), z2(0), z3(0)) = (2, 4, 8), respec-

tively. The scaling factor λ is respectively selected

as 2, -1 and -0.5. Simulation results of projective syn-

chronization are shown in Figs. 7–10, which show that

system (31) and system (23) synchronize up to the

given scaling factor.
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Fig. 7. The projective synchronization errors between system (23) and system (31): (a) λ = 2, (b) λ = −1, (c)

λ = −0.5.
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Fig. 9. The projection of attractors of system (23) and system (31) on the two-dimensional plane when λ = −1. (a)

y1–y2, z1–z2; (b) y1–y3, z1–z3; (c) y2–y3, z2–z3.
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Fig. 10. The projection of attractors of system (23) and system (31) on the two-dimensional plane when λ = −0.5.

(a) y1–y2, z1–z2; (b) y1–y3, z1–z3; (c) y2–y3, z2–z3.

5. Conclusion

In this paper, a novel adaptive projective synchro-
nization scheme of different chaotic systems is pro-
posed to ensure that the drive system and the response
system can be rapidly synchronized up to the given
scaling factor. The results of numerical simulation
for the two pairs of different chaotic systems (Lorenz–
Chen and Chen–Lü) further verify the effectiveness
and feasibility of the proposed scheme.

A comparison with the aforementioned method
shows the advantages of the proposed approach as fol-
lows: 1) the proposed scheme can overcome the con-
troller with input nonlinearity; 2) the design controller

is robust to the parameter uncertainties and noise dis-
turbance, without requiring the bounds of the param-
eter uncertainties and noise disturbance; 3) the pro-
posed method can be further extended to the projec-
tive synchronization of different chaotic systems with
more state variables.
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