Chin. Phys. B Vol. 21, No. 3 (2012) 030501

Pitchfork bifurcation and circuit implementation
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In this paper, a novel four dimensional hyper-chaotic system is coined based on the Chen system, which contains

two quadratic terms and five system parameters. The proposed system can generate a hyper-chaotic attractor in wide

parameters regions. By using the center manifold theorem and the local bifurcation theory, a pitchfork bifurcation is

demonstrated to arise at the zero equilibrium point. Numerical analysis demonstrates that the hyper-chaotic system can

generate complex dynamical behaviors, e.g., a direct transition from quasi-periodic behavior to hyper-chaotic behavior.

Finally, an electronic circuit is designed to implement the hyper-chaotic system, the experimental results are consist

with the numerical simulations, which verifies the existence of the hyper-chaotic attractor. Due to the complex dynamic

behaviors, this new hyper-chaotic system is useful in the secure communication.
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1. Introduction

In recent years, research into chaos has made

remarkable progress in nonlinear science, 13!

engi-
neering, and other fields.*=8] Chaos can be benefi-
cial to many real-world applications, such as secure
communication,®= % fluid mixing, and some other

(11-12] Hyper-chaos charac-

engineering applications.
terized with more than one positive Lyapunov expo-
nents expands in two or more directions simultane-
ously, which indicates that hyper-chaos has more com-
plex dynamical behaviors than chaos. This property
gives hyper-chaos a broader application prospect in
secure communication and other chaos-based fields.
Recent research on hyper-chaos is mainly concerned
with the generation of hyper-chaotic systems,!'3—16!
e.g., Yu et al. investigated multi-scroll hyper-chaotic
attractors in four dimensional systems;!!” Liu et al.
designed a circuit of a novel autonomous hyper-
chaotic system;!*®! Qi et al. presented a new hyper-
chaotic system, which has two large positive Lyapunov
exponents. [19]

The bifurcation analysis of hyper-chaotic systems

DOI: 10.1088/1674-1056/21/3 /030501

is challenging work, because of their higher dimen-
sions and complexities. However, it is meaningful to
analyze the bifurcation phenomena of hyper-chaotic
systems. In this paper, the pitchfork bifurcation of a
new four-dimensional hyper-chaotic system is investi-
gated.

By using the center manifold theorem and the
bifurcation theory, a pitchfork bifurcation is demon-
strated to arise at the zero equilibrium point. Be-
sides, by means of numerical simulations, rich dynam-
ical behaviors are found in this system. Moreover, for
engineering applications, a circuit implementing this
hyper-chaotic system is designed. The experimental
results show great consistence with the numerical sim-

ulations.

2. Novel Chen hyper-chaotic sys-
tem
In 1999, the famous Chen system was discover-

ed.[2% By introducing a new state variable w and cou-
pling it to the second equation of the Chen system,
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a novel four-dimensional Chen hyper-chaotic system

was coined, its mathematical model reads

&= aly —z),
y=cx+hy—xz—w,
z =2y —dz,
W = z2 + ew,

(1)

where (7,y,z,w) € R% and a, ¢, d, e, h are all

real constant parameters and assumed to be positive.
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Fig. 1. Hyper-chaotic attractors for system (1) with a =35, ¢c=7,d=6,e =2, h =12 in (a) z—y, (b) z—2, (c) z—w, (d)

z—w planes.

2.1. Equilibrium
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By solving the following equations:

aly—xz)=0, cx+hy—zz—w=0, zy—dz=0, ew+zz=0,

This new system contains two quadratic terms and

five system parameters.

With appropriate parame-

ters, system (1) may have two positive Lyapunov ex-

ponents, one zero Lyapunov exponent, and one nega-

tive Lyapunov exponent, which means that system (1)

is hyper-chaotic. For example, when a = 35, ¢ = 7,

d=6,e =2 h =12, system (1) has two positive

Lyapunov exponents, the hyper-chaotic attractors are

shown in Fig. 1.

w
=]

—100

—150

10

(2)

we can easily find that system (1) has equilibrium point s; = (0,0,0,0). If a > 0, ¢ >0,d > 0, e > 1, h > 0,
then it has two other nonzero equilibrium points

e

cde + deh \/cde+deh ceteh  (cth)\edc+h)(e—1)
e—1 e—1 7 e—-1" (e —1)2
_ [ Jcde+deh  [cde+deh  ce+eh  (c+h)y/ed(c+h)(e—1)
3= e—1 7 e—1 7 e—-1" (e —1)2 '

2.2. Symmetry

Note that system (1) is invariant under the coordinate transformation

)

(x?yvzaw) - (—I, —Y,z, —U}),
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i.e., the system is symmetrical about the z axis,
so if (z,y,z,w) is a solution of system (1), then
(—z,—y, z,—w) is also a solution.

2.3. Dissipation
For the new system (1), it meets the equation

_9i 9y

+%+a—w:—a+h—d+6,

0z Ow (3)

that is, the system is dissipative with an exponential

contraction rate

dVv

E:—(a—l—d—h—e)

For any ¢ € R and a + d > h + e, this means that

a volume element Vj is contracted by the flow into a
volume element Vy e~ (@Td=h=¢) a¢ time ¢.

3. Pitchfork bifurcation analysis

The Jacobian matrix at s; is given by

—a a 0 O
hoo —1
Jg=|° , (4)
0 0 —d 0
00 0 e

and its characteristic equation is

M4 (a+d—e—h)N\ + (ad + eh — ac — ae — ah
— ed — dh + ace + aeh + deh — acd — ade

— adh)A + ade(c+ h) = 0. (5)

Obviously, the four roots of Eq. (5) do not always have
negative real parts according to the Routh—Hurwitz

3.1. Pitchfork bifurcation at s;

When e = 0, the characteristic equation at s; =
(0,0,0,0) is simplified to

FO) = AN+ (a+d—h)A\?
+ (ad — ac — ah — dh)\ — ad(c + h))

=0, (6)
and the eigenvalues of Eq. (6) are
A1 =0, A= —d,
) h—a— a2+ 2ah + 4ac + h2
3 = )
2
Ny h—a+ Va2 + 2ah + 4ac + h2
4= 5 .
The corresponding eigenvectors are
— 1 -
c+h 0
L 0
V1 = c+ h , U2 = 1 )
0
0
__a+h+\/a2+2ah+4ac+h2 i
2c
U3 = 1 )
0
L 0 -
__a+h—\/a2+2ah+4ac+h2 i
2c
V4 = 1
0
L 0 -
Let T = [v7 vy v3 w]Y, [v y 2z wt =

T|r, 2o w3 x4]T, system (1) is transformed into the

condition. standard form, we obtain
_ [0 0 0 0 ]
T L1 fi
. 0 —d 0 0
T2 T2 fa
e h —a — Va2 + 2ah + 4ac + h? + )
xrs3 0 0 5 0 x3 f3
Iy h—a+ Va2 + 2ah + dac + h2 T4 fa
0 0 0
L 2 J
and
flomem gy, AR 2TR A
L= et Tty % 203 % 2T4,
fy = 1 mQ—a+h+Ax2—a+h_Ax2 QC_a_h_Amx+20_a_h+Axx CH_hxx
> e+ h2t 2c 3 2c 4 2(c+h) P 2(c+n) c
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£y = e(a ‘;(hi‘s)CA_ A)xl z3 = ha(z1,€e), 1= hs(z1,6€),
c 1] <8, le| <8, hi(0,0) =0,
2c+(c+h+1)(a+h—AQ) .
2(c + h)2A 122 Dh;(0,0) =0, i=1,2,3}, (8)
a—h+2ah 4+ 2ac— A
o3 —
2(c+h)A where § and § are sufficiently small. We compute the
(a+h—A)2%(c+h+1)+2c(a+h—A) . center manifold and derive the vector field on the cen-
- 2T4,
de(c+h)A ter manifold. We assume
e(a+h+2c+ A)
e e+ m)A - Ty = hy(x1,€) = a12? + asxre + aze® + - -
_2C+(C+h+1)(a+h+A)x$ 2 1 41, 141 241 3 )
2(C+h)2A e x3 :hg(xl,e) :blx%+b2$1€+b362+-n s
(a+h+A)2(c+h+1)+2c(a+h+A) , ,
* dc(c+ h)A 2% w4 = ha(x1,€) = 10} + comre + e + -+ (9)
_ a—h+2ac+2ah—|—A$ .
2(c+h)A 2 According to the center manifold theorem,?!l the cen-
where A = a2 + 2ah + 4ac + h2. ter manifold must satisfy
In order to investigate pitchfork bifurcation be-
havior, we reduce the system dimensions by applying N(h(z,e)) = Dh[Az1 + f1i] — BH —g =0, (10)
the center manifold theorem
We(0) = {(x1, 9, 23, 24, €) € R?|xy = hy(21,¢), where A =0,
|
—d 0 0
hy f2
h—a— Va2 + 2ah + 4ac + h2
B = 0 9 0 3 H = h2 , 9= fJ
0 0 h—a+ va> —&—22ah—|—4ac—i—h2 hs fa

Substituting Eq. (9) into Eq. (10) and equating the like powers to zero, we obtain

9 1

= b =0, ¢ =0;
R R AR @

a+2c+ h — Va2 + 2ah + dac + h2
(c+h) (a—h+\/a2+2ah+4ac+h2) Va2 + 2ah + dac + h2’

r1e: as =0, by =

a+ 2¢+ h+ Va2 + 2ah + dac + h2 )
(c+h) (a—h—\/a2+2ah+4ac+h2) Va2 + 2ah + dac + h2’

Coy —

e“: a3=0, b3=0, c3=0.
Then we obtain
$2:h1(1‘1,€)=a15€¥+"', 133:h2(1‘1,8)=b21‘1€+"', 1‘4=h3($1,6)262$18+"'. (11)

Substituting Eq. (11) into the expression of fi, we obtain the vector field reduced to the center manifold

) 3 er(a+h+\/a2+2ah+4ac+h2)+026(a+h7\/a2+2ah+4ac+h2) 1
Tl = €er; — a1xq 2 — h+c

é =0. (12)

+...’

According to the bifurcation theory, we can easily verify that the following conditions are satisfied for the
equilibrium point (z1,e) = (0,0) of Eq. (12) to undergo a pitchfork bifurcation at e = 0. Let (z1,e) = (0,0),
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then at s; = (0,0,0,0), we have

or or
0z " e

0*F
=0, =10,
(0,0) Ox10e (0,0)

0’F
T Ox?

(0,0)

(0,0)

F(0,0) =0,

PF 6
a3 =370
o3 00 dlc+h)?

where

boe(a + h + Va2 + 2ah + 4ac + h?) + cae(a + h — Va2 + 2ah + 4ac + h?) 1
2¢ h+c

F(z1,e) = ex; — a3 l

Thus, the conditions of the pitchfork bifurcation are satisfied, system (1) undergoes a pitchfork bifurcation at
s1 =(0,0,0,0). Therefore, we obtain the following theorem.

Theorem 1 For e = 0, system (1) undergoes a pitchfork bifurcation at s; = (0,0,0,0). Moreover, for
e < 0, there is only one stable equilibrium point s; = (0,0,0,0), for e > 0, there are three equilibrium points

S1 = (0707070)7

(e—1)2

B \/cde+deh \/cdeereh ce+eh  (c+h)yed(c+h)(e—1)
2= e—1 "~ e—1 " e—-1" ’

e—1 "~ e—1

< \/cdeereh \/cd6+deh ce+eh (c+h)
S3 — — —

where s; is unstable, and both s; and s3 are stable

near e = 0.

3.2. Numerical simulation

In order to observe pitchfork bifurcation behav-
ior, we set a = 35, c = —15, d = 6, h = 12, and vary
parameter e in [—1, 0.6]. As shown in Fig. 2, we ob-
tain the pitchfork bifurcation behavior. According to
Theorem 1, system (1) has only one stable equilibrium
point s; when e < 0; and when e > 0, system (1) has
three equilibrium points s1, s, and s3, s; is unstable,
So, S3 are stable.

To verify the theoretical analysis, we set a = 35,
¢c = —15,d = 6, h = 12, e = —0.5, and choose
i1 =(1,1,1,1) and is = (—-1,—1,—1,—1) as two dif-
ferent initial points, which are not in the neighborhood
of the zero equilibrium point. As shown in Fig. 3(a),
we find that the system trajectories converge to the
stable equilibrium point s;.

Let a =35,¢c=—15,d =6, h =12, and e = 0.5,
the equilibrium points s,, s3 should be stable. We

w
w

1.0

. 0
—0.5 _
y Y1010 U5 ]

T -1 -1 x

e—1"

ed(c+ h)(e—1)
(e—1) ’

choose is = (—1,—1,—1,—1) as the initial point, Fig-
ure 3(b) shows that the system orbit runs away from
equilibrium point s; and is attracted to equilibrium
point so. When we choose i; = (1,1,1,1) as the ini-
tial point, the system orbit is attracted to equilibrium
Thus, all the results

of the numerical simulations are in accord with The-

point sz as shown in Fig. 3(c).

orem 1, that is to say, system (1) doe indeed undergo
a pitchfork bifurcation.

S1

T
o
—>

-6

—-1.0 —-0.6 —-0.2 0.2 0.6

€

Fig. 2. Pitchfork bifurcation diagram near e = 0, with
a=235c=—-15,d=6, h=12.

5 -5 z

Fig. 3. Dynamical behaviors of system (1) with a = 35, ¢ = —15, d = 6, h = 12, (a) e = —0.5, initial points 41 = (1,1,1,1)

and ip = (—1,-1,-1,

—1), (b) e = 0.5, initial point i3 = (—1,

—1,-1,—1), and (c) e = 0.5, initial point 47 = (1,1,1,1).
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4. Numerical bifurcation analysis

For a hyper-chaotic system, its dynamical prop-
erties can be illustrated by the Lyapunov exponent
spectrum and the numerical bifurcation diagram. In
this section, we choose parameters ¢ and e as the ad-
justable parameters.

4.1. Analysis with respect to ¢

In this section, a = 35, d = 6, e = 2, h = 12,
and c is varied, we find that the system can gener-
ate hyper-chaotic dynamical behaviors in a wide re-
gion of ¢. As shown in Fig. 4, system (1) can evolve
into chaotic and hyper-chaotic behaviors alternately.
When ¢ € [0,2.4] U (11, 26], only the largest Lyapunov
exponent is positive, which implies that the system

3

ba

Lyapunov exponents

0 20 40 G0 80 100

[&

Fig. 4. (a) Lyapunov exponent spectrum and (b) bifurcation

0 < ¢ < 100.

80

G0

20

=20 0 20 40

is chaotic; when ¢ € (2.4,11] U (26, 100], system (1)
has two positive Lyapunov exponents, which indicates
that the system is hyper-chaotic. Figure 5 shows the
different attractors of system (1) with different c.

4.2. Analysis with respect to e

Let a=35,¢c=7,d=06, h =12, and vary e, we
find that system (1) can generate complex dynamical
behaviors. Especially, the phenomenon of direct tran-
sition from quasi-periodic behaviors to hyper-chaotic
behaviors is found. As shown in Fig. 6, system (1) can
evolve into quasi-periodic and hyper-chaotic attrac-
tors. When e € [—2,0.5], the two largest Lyapunov
exponents of system (1) are approximately equal to
zero, which indicates that the system is quasi-periodic.

150

100

0 20 40 60 80 100

o

diagram obtained when a = 35, d = 6, e = 2, h = 12, and

140

100

20

— G0 ~40 -20 0 20 40 60

Fig. 5. (a) Chaotic attractor with ¢ = 20 in z—=z plane, and (b) hyper-chaotic attractor with ¢ = 40 in z—z plane, where

a=35d=6,e=2 h=12.

1

]

Lyapunov exponents

40

(b)
20

Ymax

—20

—40

Fig. 6. (a) Lyapunov exponent spectrum and (b) bifurcation diagram whena =35,¢c=7,d=6,h =12, -2 <e < 2.
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Fig. 7. Various attractors in system (1) with a =35, ¢ =7, d =6, h = 12, (a) e = —0.5, quasi-periodic attractor in y—z

plane; (b) e = 0.5, quasi-periodic attractor in y—z plane; (c¢) e = 1.0, hyper-chaotic attractor in y—z plane; and (d) e = 1.5

hyper-chaotic attractor in y—z plane.

When e € (0.5,2], system (1) has two positive Lya-
punov exponents, and the system is hyper-chaotic.
System (1) has an interesting dynamical evolution pro-
cess when e increases, Figure 7 shows some typical
attractors of system (1).

5. Circuit implementation

For the convenience of engineering applications,
an electric circuit is designed in this section. As shown
in Fig. 8, the circuit consists of four channels to im-
plement the integration, addition, and subtraction of
the state variables z, y, z, and w respectively. Ob-
viously, state variables z, y, z, and w in system (1)
correspond to the state voltages of the four channels,
respectively. Considering the saturation property of
the analog multipliers and the operational amplifier,
we reduce the state variables of system (1) tenfold by
using a linear transformation. The original system (1)
is transformed into

0.1 = 3.5(§ — @),
0.1 = 0.7 + 1.2 — &2 — 0.1,
0.12 = & — 0.63,

0.1 = 7% + 0.210. (13)

According to Eq. (13), the equations of the circuit can
be described as

RsCii = &g_Rl‘i‘RS Ras z,
Ry Ry R+ Ros
Rg Rog + R10R26 Rg Rg Rog
RyRiyp RgRg + ReRag + RgRag
z Y RoRog .
8 (RS M R6> " RaRyo .
Ry + Ry Rix i
Ry Rii+Ras '
Ris + Ris Ry 3
Ris+ Ri7

R Coj

@jg _
Ry Ris
Ray Ry _

RQQC4UL) = —3zZ— w,
Ry Ros

R13C53% =

(14)

where the values of resistors and capacitors are Rjp,
Ry, Rg, Ri1, Ria, Ris, Rao, Ras, Rag, Rag = 1 k{2,
R3, R7, Ri3, Roo =100 kQ, Rs5, Ros = 3.5 kQ, Ry,
Ry2, Roy = 100 Q, Rg = 7.58 kQ, Ry = 13 kQ,
Ry7 =17.33kQ, Ro3 =5k, Rog =19 kQ, and C1,
Cs, C3, Cy = 470 pF.

As shown in Fig. 9, the hyper-chaotic attractors
observed by an oscilloscope show great consistence
with the attractors in Fig. 1, which demonstrates the

existence of the Chen hyper-chaotic system.
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3.5 %1 ——
Ry 11 u2A F
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7.58 ki 4 o 3+ 108
Ea 4 LF347N |19 ki 4 LF347N 3
131 Ri1 l
AAA, =
| 1 k!
Rys
AAA
y 1 ki
j—\ Ri2 11 UBA
H X VW 2= Ria
/ 100 ki ’ e
; r Rz ¥
0.1V/VOV AR 3 0+ 100 k'
17.33 k! 4 LF347N
Ria
A
1k: £ 4
Rao
-\,
100 k*

LEF34TN

L

Fig. 8. Circuit diagram of the Chen hyper-chaotic system.

b)

Fig. 9. Chen hyper-chaotic attractors in (a) (f) z—w planes measured by an

oscilloscope.
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6. Conclusion

In this paper, a new Chen hyper-chaotic system
is generated by introducing a state variable w into
the Chen system. First, some basic properties of the
new system have been discussed, such as symmetry,
equilibrium, and dissipation. The pitchfork bifurca-
tion behavior of this new system has been investigated
by using the center manifold theorem and the local
bifurcation theory. The theoretical analysis demon-
strates that the new system can undergo a pitchfork
bifurcation at s; = (0,0,0,0). The numerical bifur-
cations have been analyzed when parameter ¢ or e
is varied, and the simulation results show that the
system has complex dynamical behaviors, such as a
wide hyper-chaotic parameter region, a direct tran-
sition from quasi-periodic behavior to hyper-chaotic
behavior. Finally, an electric circuit is designed to
physically implement the new hyper-chaotic system,
the experimental results show great consistence with
the numerical simulations. Due to the complex dy-
namic behaviors, this system has broad application
prospects in the field of secure communication.
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