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We apply the energy momentum and angular momentum tensor to a tetrad field, with two unknown functions

of radial coordinate, in the framework of a teleparallel equivalent of general relativity (TEGR). The definition of the

gravitational energy is used to investigate the energy within the external event horizon of the dyadosphere region for

the Reissner—Nordstrom black hole. We also calculate the spatial momentum and angular momentum.
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1. Introduction

Energy momentum, angular momentum and elec-
tric charge play central roles in modern physics. The
conservation of the first two is related to the homo-
geneity and isotropy of spacetime respectively while
charge conservation is related to the invariance of the
action integral under internal U(1) transformations.
Local quantities such as energy momentum, angu-
lar momentum and charge densities are well defined
if gravitational fields are not present in the system.
However, in general relativity theory a well-behaved
energy momentum and angular momentum densities
have not yet been defined, although total energy mo-
mentum and total angular momentum can be defined
for an asymptotically flat spacetime surrounding an
isolated finite system. The equality of the gravita-
tional mass and the inertial mass holds within the
framework of general relativity.' =3 However, such
equality is not satisfied for the Schwarzschild metric
when it is expressed in a certain coordinate system. !

At present, teleparallel theory seems to be popu-
lar again, and there is a trend of analysing the ba-
sic solutions of general relativity with teleparallel the-
ory and comparing the results. It is considered to
be an essential part of generalized non-Riemannian

5—12]

theories such as the Poincaré gauge theoryl or
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metric-affine gravity.'¥ as well as a possible phys-
ical relevant geometry by itself-teleparallel descrip-

y.114=191 A teleparallel approach is used

tion of gravit
for positive-gravitational-energy proof.2’! A relation
between spinor Lagrangian and teleparallel theory is
established.[?!]

For a satisfactory description of the total energy
of an isolated system, it is necessary that the energy
density of the gravitational field is given in terms of
the first- and/or second-order derivatives of the grav-
itational field variables. It is well-known that there
exists no covariant, nontrivial expression constructed
out of the metric tensor. However, covariant ex-
pressions that contain a quadratic form of first-order
derivatives of the tetrad field are feasible. Thus, it is
legitimate to conjecture that the difficulties regarding
the problem of defining the gravitational energy mo-
mentum are related to the geometrical description of
the gravitational field rather than being an intrinsic
drawback of the theory.[2223 Mgller has shown that
the problem of an energy-momentum complex has no
solution in the framework of gravitational field theo-
ries based on Riemannian spacetime.?4 In a series of
papers,[24=27] Mgller was able to obtain a general ex-
pression for a satisfactory energy-momentum complex
in the teleparallel spacetime.

We investigate the irreducible mass M;,, of the
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charged dyadosphere. It is the total mass of the black
hole at the final stage of Penrose’s process of energy
extraction, considering that the maximum possible en-
ergy is extracted. It is also related to the energy con-
tained within the external event horizon E(r;) of the
black hole (the surface of the constant radius r = ry
defines the external event horizon). Every expression
for local or quasi-local gravitational energy must nec-
essarily yield the value of E(r;) in good agreement
with 2M;.;, since we know beforehand that the value
of the latter is a function of the initial angular mo-
mentum of the black hole.[28] The evolution of 2M;,,
is a crucial test for any expression for the gravita-
tional energy. F(r)) has been obtained by means of
different energy expressions in Ref. [29]. The gravita-
tional energy used in this article is the only one that
yields a satisfactory value for E(ry) and that arises in
the framework of the Hamiltonian formulation of the
gravitational field.

The event horizon of a charged black hole is sur-
rounded by a special region called the dyadosphere
where the electromagnetic field exceeds the Eular—
Heisenberg critical value for electron—positron pair
production.%31 It is the aim of this study to re-
formulate the correction of the Reissner—Nordstrom
black hole from the first contribution of the Eular—
Heisenber Lagrangianl®? in the teleparallel equiva-
lent of general relativity (TEGR).[?3] We also use
the energy-momentum tensor and angular momen-
tum tensor which is independent of the coordinate of
the gravitational field established in the Hamiltonian
structure of the TEGR to calculate energy, momen-
tum and angular momentum.

In Section 2, we briefly review the derivation of
the field equations for the coupled gravitational and
electromagnetic fields. The tetrad field with two un-
known functions of the radial coordinate in spherical
polar coordinates is applied to the field equations and
a form of the correction of Reissner—Nordstrom metric
is obtained in Section 3. In Section 4, we give a brief
review of the derivation of the energy momentum and
angular momentum. In Section 5, we calculate the
energy momentum and angular momentum. The fi-
nal section is devoted to discussion and conclusion.
Computer algebra system Maple 13 is used in some

calculations.

2. The TEGR theory and regular

solutions

In a spacetime with absolute parallelism the par-
allel vector fields e,* define the nonsymmetric affine
connection

def.

F/\,uu = eaAeau,w (1)
where eq,, = 0yeq,. The curvature tensor defined by
I'*,.,, given in Eq. (1), is identically vanishing, how-
ever. The metric tensor g, is given by

Guv = nabea,u,eblu (2)

with the Minkowski metric 7., = diag(—1, +1, +1,
+1). Latin indices are rising and lowering with the
aid of 74, and n?®.

The Lagrangian density for the gravitational field
in the TEGR, in the presence of matter fields, is given
by (Throughout this paper, we use the relativistic

units, ¢ = G = 1 and k = 8)2233

g@ = eLG
e TabcTabc Tabchzc "
T 16w ( 4 T
e
= — =X Tye — L, 3
167 b 3)

where e = det(e®,,), and Ly, represents the Lagrangian
density for matter fields. The tensor X% is defined
by

def.

Zabc (Tabc + Tbac _ Tcab)

RN

1 ac a C

5 (1T = n'T) (4)
where T%¢ and T are the torsion tensor and the basic
vector field defined by

def. N
a a a a
T = e"\T" ), = 0ue, — 0ve’y,

def. +p
T < b,

a

(5)
It can be shown that the quadratic combination
T, is proportional to the scalar curvature R(e),

except for a total divergence term.??

The electromagnetic Lagrangian density Lem s>

Lem =€ Loy =€ gungUFMVFp(” (6)

with F),, being the Maxwell field associated with a
U(1) subgroup of Eg x Eg and is defined by F),, def.
OuA, — 0,A,.

will be used throughout this paper.

Heaviside-Lorentz rationalized units
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The gravitational and electromagnetic field equa-
tions for the system described by Lg 4 Len are as
follows:

ea)\ebp,au (eEb)\V)

1
= ~keT,
2:‘66

1
—€ (EbyaTbl/u - 4eauTbcdszd) apy

V. (V=gF") =0, (7)

where 1
Ty = 9o FupF7P — Zg,WF?.

It is possible to prove by explicit calculations that the
left hand side of the symmetric field equation (7) is

A 0

0 Bsinfcos¢
(ef) =

0 Bsinfsin ¢

0 Bcosf

where A and B are unknown functions of r =
(z*xz*)/2.  Applying Eq. (8) to the field equa-
tion (7), we obtain a system of nonlinear differential
equations. 3¢
Now we are interested in solving the following dif-
ferential equations. %!
A non-trivial solution can be obtained by solving
for A(r) and B(r), then we obtain[3¢!
I 1
B(R)  \/1—2M/R+Q?/R?’
where R is a new radial coordinate defined by R =
r/B. Using Eq. (9) in Eq. (8), we find that the asso-
ciated Riemannian metric has the form
2 2M | Q? 2
ds® = _<1_R+RQ> dt
dR?

+ 20 /R T Q2R + R?dN?, (10)
and d2? = d#? +sin?6d¢?, which is the Reissner—
Nordstréom black hole. "]

Ruffini® introduced a new concept of dyado-

A(R) =

(9)

sphere of an electromagnetic black hole to explain
gamma ray bursts. The dyadosphere is defined as the
region in which the outside of the horizon of a charged
black hole whose electromagnetic field strength is
larger than the well-known Heisenberg—Eular criti-

2.3
cal value eqip = ¢

for electron—positron pair

exactly given by[2?!

1
5 | Benle) = GeanR(e)
3. Spherically symmetric solu-
tions and correction from

the first contribution of the

Eular—Heisenberg

Let us begin with the tetrad having a spherical

symmetry[35]
0 0
E(3089(308(1) _Bs'ln(;ﬁ
T rsin 0 .
B . Bcos ¢ ’ (8)
— cosfsin ¢ 8
r rsin 6
B
——sinf 0

r

\
production, where m, and e denote the mass and
charge of an electron respectively. The dyadosphere
of Reissner—Nordstrom spacetime is described by the
radial interval ry < 7 < rgs, where the horizon
ry = M{1+ /1 —¢%/M?} forms the inner radius

of the dyadosphere, while its outer radius is given by

- (&)

with M and @ being the mass and charge parame-
ter, m, = /he/G and q. = V/hc being the Planck

mass and Planck charge respectively.[3%:31] de Lorenci

et alB? calculated the electron correction for the
Reissner—Nordstrom metric from the first contribution
of the Eular—Heisenberg Lagrangian and obtained

1

i (r)

ds? = —p2(r)dt® + dr? 4 r2d0?,

where

s (11)

de Lorenci et al.? showed that the correction term
oQ*/5r5 is of the same order of magnitude as the
Reissner—Nordstrom term Q2/r%. We are going to find
a correction from the first contribution of the Eular—
Heesenberg to the solution of Eq. (9) which has the
form
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m(R)

(e;"') =

where 71 (R) is defined by Eq. (11) by replacing r = R.

4. Energy, momentum and angu-

lar momentum

The Hamiltonian formulation of TEGR is ob-
tained by establishing phase space variables. The La-
grangian density does not contain the time deriva-
Therefore, this
quantity will arise as a Lagrange multiplier.l*®! The

tive of the tetrad component egyq.

momentum canonically conjugated to e,; is given by
1% = §L/8¢é,;. The Hamiltonian formulation is ob-
tained by rewriting the Lagrangian density in the form
L =p ¢— H, in terms of ey, I* and the Lagrange
multipliers. The Legendre transformation can be suc-
cessfully carried out and the final form of the Hamil-
tonian density has the form[®”!

H = 400" + i I'™* + B, T", (13)

plus a surface term. Here, «;; and [y are Lagrange

multipliers that are identified as
1

§(ka + Troi),

and C%, I'** and I'* are first class constraints. The

Poisson brackets between any two field quantities F’

B = Took, (14)

Qi =

and G is given by
OF oG
F = [ dp) —
{£.c} / x(éeai(a:) ST (1)
OF G )

dIT* (x) beqi(x) (15)

We recall that the Poisson brackets {I"(z), " (z)}
reproduce the angular momentum algebra. (22!

The constraint C® is written as C* = —0,IT% +
h®, where h® is an intricate expression of the field vari-
ables. The integral form of the constraint equation
C* = 0 motivates the definition of the gravitational

energy momentum P? four-vector!?2!

Pe=— / d3z0, 1T, (16)
\4

0 71 (R) sin 6 cos ¢
0  m(R)sinfsing

0 m (R) cosd

0 0
cos 6 cos ¢ _ sing
R Rsin6 7 (12)
cos @ sin ¢ cos ¢
R Rsin
sin ¢
— 0
R

where V' is an arbitrary volume of the three-
dimensional space. In the configuration space we have

Hai — _41%\/_792&01'7
1
au(\/ _gza/\l/) = E \% _gea#(t)\ﬂ + T)\N)v (17)

where

t}\u =k (42bc)\TbC/L _ g)\uzbchbcd) .

The emergence of total divergences in the form of
scalar or vector densities is possible in the framework
of theories constructed out of the torsion tensor. Met-
ric theories of gravity do not share this feature. By
making A = 0 in Eq. (17) and identifying I7% in the
left side of the latter, the integral form of Eq. (17) is
written as

Pt = / d®zy/=ge®, (t +T). (18)
1%
Equation (18) suggests that P® is now understood as
the gravitational energy momentum.??l The spatial
component P forms a total three-momentum, while
the temporal component P(©) is the total energy.*"]

It is possible to rewrite the Hamiltonian density

of Eq. (13) in the equivalent form[*!]
a 1 ab

H = eaoc + EAabF 5 (19)
where \;p = —Apq are the Lagrangian multipliers that
are identified as \;p = oy and Aoy = —Agg = Bx. The
constraint 1'% = — 1239 embodies both constraints

I'** and I'* by means of the relation
Fk: — FOk —e Oebk[vab
= =eq .

't =e,'e," 1, (20)

The constraint ' can be read as
I = M + 4r/=ge )" (2“<0)b - 2*’“”“) . (21)

Similar to the definition of P%, the integral form

of the constraint equation I'*® = 0 motivates the new
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definition of the spacetime angular momentum. The

equation I'*’ = 0 implies
M® = _4x/—ge,® (Eacb _ Ebca) . (22)

Maluf et al.?2* defined
L% = /V d3x e, %e," MM (23)

as the 4-angular momentum of the gravitational field
for an arbitrary volume V of three-dimensional space.
In Einstein—Cartan type theories, there also appear
constraints that satisfy the Poisson bracket as given
by Eq. (15). However, such constraints arise in the
form IT(%] = 0, and so a definition similar to Eq. (23),
i.e., interpreting the constraint equation as an equa-
tion for the angular momentum of the field, is not
possible. Definition (23) is a three-dimensional inte-
gral. The quantities P* and L% are separately invari-
ant under general coordinate transformations of three-
dimensional space and under time reparametrizations,
which is an expected feature since these definitions
arise in the Hamiltonian formulation of the theory.
Moreover, these quantities transform covariantly un-
der global SO(3,1) transformations.*!]

Now, we are going to calculate the energy, mo-
mentum and angular momentum associated with the
tetrad field (12). For asymptotically flat space times
PV yields the ADM energy.[*?l In the context of tetrad
theories of gravity, asymptotically flat space times
may be characterized by the asymptotic boundary

condition
-~ 1
€ap = Nap + ihau(l/r)v (24)

and by the condition d,e%, = O(1/r?) in the asymp-
totic limit r — oo. An important property of tetrad
fields that satisfy Eq. (24) is that in the flat space
time limit one has e®,(t,z,y, 2) = 6%, and therefore
the torsion tensor 7', = 0.

Now, we are going to apply Eq. (16) to the tetrad
field (12) to calculate the energy content. We perform
the calculations in the spherical coordinate. Eq. (12)
assumed that the reference space is determined by a
set of tetrad fields e®,, for the flat space time such that
the condition T, = 0 is satisfied. Using Eq. (5) in
Eq. (12), we obtain the non-vanishing components of

the torsion tensor as

/ R)
7O i ( 7
T (R

1—m(R)
7@, @ 2 MUY
2 1 Rni(R)

, (25)

and the non-vanishing component of the tensor 7(®)

as

m(R) (2 —2m(R) — Ry (R))
R )

where 71 (R) is given by Eq. (11).

7)) —

(26)

Now, we are going to apply Eq. (16) to the tetrad
field (12) using Egs. (25) and (26) to calculate the
energy content. We perform the calculations in the
spherical coordinate. The only required component of
YA s

»(0)01 _ Rsin0(1 —n1(R))
4 '
Using Eq. (27) in Eq. (16), we obtain

(27)

PO

E = —7{ dS, I1O%
S—o0

1

- = dSex % = R(1 — 1 (R))
4 S—o0

~ Q* , 0@

=M-5r T o (28)

which is a satisfactory result that is obtained when
o =0.143

Now let us apply expression (16) to the evalua-
tion of the irreducible mass by fixing V' as the volume
within the R = R, surface, where R is the external
horizon, i.e., = 11 (R) = 0. Therefore,

PO —F = — / ds; i
S

_ / d0dsII O (r,0,¢),  (29)
S

where the surface S is determined by the condition

R = R,. The expression of IT(O" will be obtained

by considering Eq. (17) using Eqs. (4) and (5). The

expression of ITO(r, 6, ¢) for the tetrad (12) reads

Ry sinf(1 - mi(R,)
A

Equation (30) is integrated on the surface of constant

mor = . (30)

radius R = Ry, where R, is the external horizon of
the black hole. On this surface, the second term of
Eq. (30) vanishes, i.e., 71 (R4 ). Therefore, on the sur-
face R = R, we obtain

PO —FE=R,, (31)

which is a satisfactory result that is obtained

before.[22:44]
To calculate the momentum and angular momen-
tum associated with the tetrad field given by Eq. (12),

we use Eq. (17) and finally we obtain

ot =o. (32)
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Substituting Eq. (32) into Eq. (16), we obtain
rPW = /V AV o (1M (r, 0, 4))
_ /S AT (r,0,6) = 0. (33)
By the same method, we obtain
ot =g, p? =0, G =0, PO =0. (34)

The results of Egs. (33) and (34) are expected since the
space time given by Eq. (12) is a spherically symmet-
ric static space time. Therefore, the spatial momen-
tum associated with any static solution is identically
vanishing.[!]

The non vanishing components of the tensor
M@ ©®) are given by

Rsin? @ cos ¢ n1(R)(1 — 171 (R))

0)(1) —
M N 4 ’
2O Rsin?@sin ¢ m(R)(1 — m(R))
4 ’
MOB) — Rsinfcos 6 ni(R)(1 —n(R))
47 ’
MO@ _ 06 _ @) _ (35)

Using Eq. (35) in (23), we obtain the angular momen-

tum in the form

T 2 o0
LO0) :/ / / d0dpdrM O (1,0, ¢)
0 JoO Ry
_ Rsin? 6 cos ¢ m1 (R)(1 — 1 (R))

47
T 27 e’}
x// / dfde¢dr =0, (36a)
o Jo JRry

by the same method we can obtain

L@ — LOG) — (1)@ — (1))

=16 =, (36b)

5. Main results and conclusion

The main results of this study are as follows:

1) We have obtained a correction for a charged
solution from the first contribution of the Eular—
Heesenberg in the TEGR.

2) We have calculated the energy distribution as-
sociated with this correction form using the energy
momentum tensor which is independent of coordinate.
The result of energy is satisfactory[*3), since if the cor-
rection term, i.e., o = 0, the form of energy will be

identical to the Reissner—Nordstrom black hole.

3) We have calculated the spatial momentum
and angular momentum associated with the correction
form. The results we have obtained are in agreement
with previous results related to a spherically symmet-
ric static black hole.!!]
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