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Dispersion relation of excitation mode

in spin-polarized Fermi gas∗
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We study the dispersion relation of the excitation mode in a spin-polarized Fermi gas. In the frame of the imaginary-

time finite temperature field theory, the polarization tensor is calculated by taking the random phase approximation. The

population imbalance effects on the dispersion relation of the excitation mode and the spin–spin correlation susceptibility

are investigated. The numerical results in terms of the imbalance ratio indicate the polarization effects on the dispersion

relation and susceptibility χ.
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1. Introduction

The interacting atomic Fermi gas becomes the fo-
cus topic in contemporary physics with the realization
of the artificial degeneracy of the Fermi atom gas.[1,2]

It is expected that the Fermi atom system can be used
to explore the physics hidden in the realistic complex
system.

The relevant thermodynamics of strongly inter-
acting fermions has attracted much attention in recent
years. For cold fermions, one can control the interac-
tion strength between the Fermi atoms through the
Feshbach resonance by tuning the external magnetic
field.[3] For a dilute system, the two-particle interac-
tion can be characterized by the scattering length a.
By changing the external magnetic field strength, the
scattering length a can be ±∞ at the Feshbach res-
onance point. At resonance, scattering reaches the
unitarity limit, and the scattering cross section will
be saturated as σ ∼ 4π/k2, where k is the relative
momentum of the Fermi atoms.[4−6] The relevant uni-
versal thermodynamics of the strongly interacting uni-
tary Fermi gas is the focus of theoretical and exper-
imental studies in the literature.[7−11] In our previ-
ous work, we have tried a quasilinear approximation
method to investigate the finite temperature thermo-
dynamics of the unitary Fermi gas.[12−16]

In addition to the general finite temperature ther-
modynamics and the zero-temperature ground state
energy, the dispersion relation of the excitation mode

characterizes the collective property of the interacting
fermions. Most of the important physical quantities
can be represented by the dispersion relation, such
as the width of the energy spectrum and the particle
lifetime. In principle, the kinetic transport and finite
temperature field theory can be used to explore the
dispersion relation excited in the interacting fermion
system. In the language of the finite temperature field
theory, the dispersion relation of the excitation mode
is determined by the full fermion propagator. Techni-
cally, the full propagator can be obtained by using the
Dyson–Schwinger equations through the proper self-
energy or the polarization tensor.[17] In Ref. [18], we
have studied the dispersion relation of the excitation
mode for the spin-balanced case with equal spin-up
and spin-down components.

In the meantime, the polarized fermion matter
has attracted lots of attention from both theoretical
and experimental sides.[19−24] It remains an intrigu-
ing task to study the population imbalance effects on
the dispersion relation of the excitation mode. In this
work, we will use the imaginary-time finite tempera-
ture field theory formalism to investigate the effects of
the imbalance ratio and temperature/density as well
as the interaction strength on the dispersion relation.

This paper is organized as follows. In Section 2,
the polarization tensor is calculated with the Dyson–
Schwinger equation formalism. In Section 3, we give
the particle number density expressions in terms of
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the corresponding chemical potentials, and the dis-
persion relations of the excitation mode with different
imbalance ratios are discussed with two particle inter-
action Ur. The spin–spin correlation susceptibility is
obtained in the static infrared limit of the polariza-
tion tensor in Section 4. The conclusion is made in
the final section. The natural units kB = ~ = 1 are
employed throughout this paper.

2. Polarization tensor obtained

with Dyson Scwhinger equa-

tions

The Hamiltonian of a spin-polarized Fermi gas
with a finite contact interaction is usually taken to be

Ĥ = −
∑

σ

ψ†
σ

∇2

2m
ψσ + Uψ†

↑ψ
†
↓ψ↓ψ↑ − µ(ψ†

↑ψ↑ + ψ†
↓ψ↓)

−h(ψ†
↑ψ↑ − ψ†

↓ψ↓), (1)

where U = 4π~2a/m is the coupling constant, a is the
scattering length, m is the bare fermion mass, and
σ = ↑, ↓ represents the spin projection. For the con-
venience of the discussion, we define µ = (µ↑ + µ↓)/2
and h = (µ↑ −µ↓)/2, where µσ is the chemical poten-
tial of spin component σ. In this paper, we will set
the spin-up fermions as the majority component, i.e.,
h > 0 with µ↑ > µ↓.

In a many-body environment, the interaction be-
tween particles will be inflected by the medium, which
can be taken into account by the polarization correc-
tion. With the proper polarization Π∗, which is a
polarization that cannot be separated into two parts
by cutting a single interaction line, the interaction be-
tween two particles can be written as an equation of
the exact interaction, the lowest-order interaction, and
the proper polarization using the Dyson–Schwinger
equation formalism. For a homogeneous system, the
corresponding algebraic equation takes the form

U(ω, p) = U0(ω, p) + U0(ω, p)Π∗(ω, p)U(ω, p)

=
U0(ω, p)

1 − Π∗(ω, p)U0(ω, p)
, (2)

where U(ω, p) and U0(ω, p) denote the exact and the
lowest-order interactions, respectively, and Π∗(ω, p)
is the proper polarization.

There is no suitable perturbation method in the
strongly interacting unitary regime. In quantum
many-body theory, the random phase approximation

(RPA) is usually taken to replace the true interaction
U(ω, p), which is realized by retaining only the lowest-
order proper polarization Π∗ ≈ Π0 shown in Fig. 1.
How to go beyond the RPA is usually considered to be
a formidable task. Within the RPA, the higher-order
self-energy and the other Feynman diagrams are ne-
glected. In this work, we will explore the polarization
effect in the RPA framework.

Fig. 1. In-medium interaction with Dyson–Schwinger

equation, and random phase approximation.

In addressing the polarization effects in a many-
body environment with the RPA, the fundamen-
tal ingredient is calculating the polarization tensor
Π0(ωn,p). In the momentum space, it is given by

Π0(ωn,p)

= T
∑
ωm

∫
k

G↑(ωm,k)G↓(ωm + ωn,k + p)

= T
∑
ωm

∫
k

1
iωm − (εk↑ − µ↑)

× 1
i(ωm + ωn) − (εk+p↓ − µ↑)

, (3)

where
∫

k
= 1/(2π)3

∫
d3k represents the momentum

integral.
In order to perform the above summation, one can

insert a convergent factor e iωmη, η → 0+ to ensure its
absolute convergence. With the Matsubara discrete
frequency summing formulae for fermions,[17]

lim
η→0

∑
n

e iωnη

iωn − x
=

β~
eβ~x + 1

, (4)

the polarization tensor Π0(ωn,p) can be reduced to

Π0(ωn,p) =
∫

k

fk↑ − fk+p↓

iωn + εk↑ − εk+p↓ − 2h
. (5)

In Eq. (5), we have employed the Fermi–Dirac distri-
bution function

fkσ =
1

eβ(k2/2m−µσ) + 1
, (6)

where β = 1/T , and σ = ↑, ↓ represents the spin pro-
jection.
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Substituting
∫

d3k =
∫ ∞
0

k2dk
∫ π

0
sin θdθ

∫ 2π

0
dφ

into Eq. (5), we can get the final expression for the
polarization tensor

Π0(ωn,p) =
m

2π2

×
∫ ∞

0

kdk

2p

(
fk↑ ln

∣∣∣∣p2 − 2pk − 2miωn + 4mh

p2 + 2pk − 2miωn + 4mh

∣∣∣∣
+fk↓ ln

∣∣∣∣p2 − 2pk + 2miωn − 4mh

p2 + 2pk + 2miωn − 4mh

∣∣∣∣ )
, (7)

where p = |p|, and k = |k|.
In addition to the many-body medium effect man-

ifested by the temperature and the chemical potential,
the polarization tensor is an explicit function of h. In
the limit h → 0, the polarization tensor will return
to the result of the symmetric system. In the follow-
ing sections, we will explore the polarization effects on
the dispersion relation of the excitation mode and the
susceptibility in detail.

3. Particle number density and

dispersion relation with differ-

ent spin polarization strengths

Before further discussion, let us give the expres-
sion for the particle number density. It can also be
given by the fermion propagator as[17]

nσ = T

∫
k

∑
e iωnηGσ(ωn,k), (8)

which can be further presented with the standard
Fermi integral formalism as

nσ =
1
λ3

f3/2( eµσ/T ), (9)

where λ =
√

2π/mT is the thermodynamical wave-
length, and fν(z) = 1/Γ(ν)

∫ ∞
0

xν−1dx/(z−1 ex + 1)
is the Fermi–Dirac integral function. For the sym-
metric case with µ = µ↑ = µ↓, the total parti-
cle number density n = n↑ + n↓ can be reduced to
n = (2/λ3)f3/2( eµ/T ).

Now we discuss the dispersion relation of the col-
lective excitation mode. After the analytical continu-
ation of the discrete frequency ωn in the polarization
tensor in terms of iωn → ω + iε with ε → 0+, we
can obtain the in-medium two-particle effective inter-
action Ur depending on frequency ω and momentum
p

Ur(ω, p) =
U0(ω, p)

1 − Π0(ω, p)U0(ω, p)
. (10)

In the linear response theory, the pole of Eq. (10)
determines the dispersion relation of the collective ex-
citation mode

1 − ReΠ0(ω, p)U0(ω, p) = 0, (11)

where U0 is the lowest-order effective contact inter-
action. According to the Born approximation, U0 is
related to the S-wave scattering length a in terms of
U0(ω, p) = 4πa/m.

The numerical result will be rescaled by the Fermi
characterized temperature TF = k2

F/(2m). Here, the
Fermi wave number kF is given by the total particle
number density in terms of n = k3

F/(3π2). For the spin
polarized system, the following notation is convention-
ally taken to measure the population imbalance

P =
n↑ − n↓

n↑ + n↓
, (12)

where P is called spin polarization in the literature.
For given P and n, the corresponding chemical

potentials µ↑(↓) and hence h can be fixed numeri-
cally with Eqs. (9) and (12). The dispersion relation
curves for different spin polarization P are presented
in Fig. 2. As an example, we give the results for the
case at T/TF = 10 with the interaction parameter
1/(kFa) = 0.5 × 10−3.

Fig. 2. Rescaled frequency ω/EF versus rescaled momen-

tum p/kF of excitation mode for different spin polarization

P (T/TF = 10).

As shown in Fig. 2, the population imbalance in-
creases, the energy–momentum curve departs from
that of the symmetric case. For a small spin polar-
ization with P < 0.5, the dispersion relation curves
are very close together. The curves depart from each
other rapidly for large values of population imbalance.

Especially, we can see that the characteristic of
the spin polarized case is quite different from that of
the symmetric one. For the unpolarized symmetric
case, the dispersion curve crosses through the point
of origin (ω = 0, p = 0). However, for the population
imbalance system with P 6= 0, the dispersion curves
will not pass through the origin.
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4. Susceptibility for a spin polar-

ized fermion system

Susceptibility is an important physical quantity
in analyzing the polarized medium. To further ana-
lyze the population imbalance effect on the collective
property, we discuss the susceptibility. In the frame
of the linear response theory, it can be determined by
the calculated proper polarization tensor at the static
infrared limit, i.e., ω = 0, p → 0,

χ ≡ − lim
p→0

Π0(0,p). (13)

Theoretically, spin response susceptibility is dif-
ferent from that of density correlation. In the spin-
balanced case, however, the former is identical to den-
sity response susceptibility. We have investigated den-
sity response susceptibility in Ref. [18]. When P = 0
with n↑ = n↓ = n/2, µ = µ↑ = µ↓, and fk↑ =
fk↓ = fk, the well known result χ0 = f1/2( eµ/T )/Tλ3

can be recovered.[25] At zero temperature, the den-
sity response susceptibility can be reduced to χ00 =
mkF/(2π2).

Using a similar method in discussing the disper-
sion relation, we can give the polarization suscepti-
bility for the spin population imbalance case. The
numerical results in Fig. 3 for the susceptibility are
rescaled by the zero-temperature density susceptibil-
ity χ00 for the ideal symmetric system.

Fig. 3. Spin response susceptibility χ rescaled by χ00

versus spin polarization P . Dotted-dashed line is for

T/TF = 5, solid line for T/TF = 10, and dashed line for

T/TF = 20.

In principle, susceptibility should depend on tem-
perature. With an increase in temperature, suscepti-
bility will be changed to a smaller value. This gen-
eral characteristic of the response susceptibility of the
Fermi gas is shown in Fig. 3. In addition to the tem-
perature effects, the numerical results also indicate the
significant effect of the imbalance population on sus-
ceptibility. As spin polarization increases, the abso-
lute value of susceptibility χ decreases. For a small

polarization, susceptibility χ varies slowly; for a large
polarization or the nearly full-polarized case, P −→ 1,
susceptibility χ varies fast. In particular, as the im-
balance population P approaches 1, there will a clear
trend toward the zero limit value. This numerical re-
sult is consistent with the general expectation that
in the single component spin-up system, there is no
polarization response because there is no interaction
between the spin-up and the spin-down components.

5. Conclusion

In summary, the dispersion relation of the exci-
tation mode in a strongly interacting spin-polarized
Fermi gas is studied in terms of the imaginary-time
finite temperature field theory. With the calcula-
tion of the polarization tensor, the dispersion relations
and the spin response susceptibility of the interacting
fermions are discussed for different spin polarizations.

In addition to the general effects of temperature,
density (chemical potential), and interaction param-
eter, we find that the imbalance population ratio P

plays an important role in describing the dispersion
relation. Different from the result for the ideal sym-
metric case, the dispersion curves of the unequal spin-
up/down polarized system will not pass through the
origin.

As expected, the temperature and the polariza-
tion effects will tend to reduce susceptibility. As the
spin polarization P increases, susceptibility decreases
faster. Especially, when P approaches 1, susceptibility
χ will approach 0.
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