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This paper is concerned with the constrained consensuses problem for a group of agents in disconnected topologies.

By dividing the communication topology into a combination of directed trees, some necessary and sufficient conditions
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1. Introduction

In recent years, the consensus problem for multi-

agent systems has attracted a lot of interest due to its

broad applications including flocking, rendezvous, for-

mation control, swarm aggregation, sensor network-

s, etc.[1−8] The formal study of consensus problems

can be traced back to the 1970’s in management sci-

ence and statistics.[9] In networks of agents, consensus

means to reach an agreement regarding a certain quan-

tity of interest that depends on the update protocol

and the initial states of all agents. Vicsek et al.[10]

investigated the emergence of self-ordered motion in

systems of particles with biologically motivated inter-

action. In their model, the particles were driven by

a constant absolute velocity and each agent’s heading

is updated according to a local rule that based on the

average of its own heading plus the headings of its

neighbors. The theoretical framework for posing and

solving consensus problems was introduced by Olfati-

Saber and Murray in Refs. [11] and [12]. They stud-

ied the consensus problems for networks of dynamic

agents with fixed and switching topologies and intro-

duced two consensus protocols for networks with and

without time-delays. A direct relation between the

algebraic connectivity of the network and the perfor-

mance of a linear consensus protocol was established,

which required the generalization of algebraic connec-

tivity in undirected graphs to digraphs. Tanner[13]

studied the controllability of nearest neighbor inter-

connections and pointed out that the connectivity had

an adverse effect on the controllability.

Note that the aforementioned results only con-

sidered that all the agents in a system could reach

a single consensus. Moreover, the hidden condition,

which should not be neglected, that the communica-

tion topology graph is supposed to contain a spanning

tree when consensus is achieved. Yu and Wang[14]

investigated a couple-group consensuses problem in

networks of dynamic agents, where the agents could

reach more than one consistent value asymptotical-

ly, but the communication topology graph was still

connected. Moore[15] studied the coordination of mul-

tiple agents via nearest-neighbor negotiations over a

consensus variable and extended the existing results

for single consensus variable to the case of forced con-

sensus. However, the topology graph related to single

consensus problem still contains a spanning tree and

the communication links between groups only consist

in the root vertexes.

Inspired by the analyses mentioned above, some

further extensions are considered in this paper. First,

owing to the existence of packet drops, limited com-

munication channels, external disturbances and other

influencing factors, the hidden condition in a consen-

sus problem that the communication topology graph

contains a spanning tree is too strict in the real world.
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However, to the best of our knowledge, few result-

s have broken this restriction, which motivates us to

investigating the consensus problem in disconnected

topologies. Secondly, in most existing results, the con-

sidered consensus is often fixed once the initial states

of the agents are given. In some practical application-

s, however, the anticipant consensus may be expected

to turn to a new one during the process, which may be

impossible to be achieved through the original update

protocol. Moreover, it should be pointed out that it

is wasteful and impracticable to add a controller on

every agent. To deal with this problem, we divide the

communication topology graph into a combination of

directed trees, based on which the indexes and the

amount of the controlled agents are determined. Fur-

thermore, the multiple consensuses problem (i.e., the

agents are required to reach more than one homoge-

neous stationary states) in a disconnected topology is

also investigated in this paper.

The organization of this paper is arranged as fol-

lows. In Section 2, some preliminary knowledge of

graph theory and matrix theory is introduced. Sec-

tion 3 is devoted to the analyses and syntheses of single

consensus. The main results for multiple consensuses

are given in Section 4. Illustrative examples are pro-

vided in Section 5. Finally, the conclusion is given in

Section 6.

2. Preliminaries

The node indexes belong to a finite index set

I = {1, 2, . . . , N}. Let G = (V ,E ,A ) be a

weighted directed graph with N nodes, where V =

{v1, v2, . . . , vN} is the set of nodes, E ⊆ V × V is the

set of edges, and A = [ai,j ] is a weighted adjacency

matrix. An edge of G is denoted by (vi, vj), which

means that the agent vi can obtain information from

the agent vj and (vi, vj) ∈ E if and only if ai,j ̸= 0.

Here, it is assumed that there are no self-loops, i.e.,

ai,i = 0 for all i ∈ I . The set of neighbors of sen-

sor i is denoted by Ni = {vj ∈ V |(vi, vj) ∈ E }. For

the edge (vi, vj), vj is the parent node and vi is the

child node. A directed path is a sequence of ordered

edges of the form (vi1 , vi2), (vi2 , vi3), . . . , (vim−1 , vim).

A directed tree is a directed graph, where every ver-

tex, except the root vertex, has exactly one parent and

the root vertex can transmit information to any oth-

er vertices through paths. Denote T (vi) as a directed

tree with a root vertex vi. A spanning tree of the di-

rected graph G is a directed tree formed by E ′ ⊂ E

that includes all the vertices of the graph.

3. Single consensus

The consensus problem studied in this section

consists of N agents, with the labels 1 through N .

All the agents update their information through the

following linear protocol:

ẋi(t) =
∑
j∈Ni

αi,j(xj(t)− xi(t)), i = 1, 2, . . . , N, (1)

where xi is the state of agent vi and αi,j > 0 is a

weighted value of the transmission channel from vj to

vi.

Rewrite Eq. (1) in a matrix form as

ẋ(t) = −Lx(t), (2)

where L = [lij ] is a Laplacian matrix1) with the ele-

ments

lij =

 − αi,j , j ̸= i;∑
j∈Ni

αi,j , j = i.
(3)

The single consensus is defined that the states of

the N agents asymptotically converge to a homoge-

neous stationary value x∗. In this paper, the link be-

tween any two agents in the communication topology

graph is allowed to be both unidirectional and bidi-

rectional. Thus, the related Laplacian matrix is not

necessarily symmetric.

First, we introduce the following definition of s-

panning communication topology, which is different

from the actual communication topology.

Definition 1 (spanning communication topol-

ogy g(n)): Suppose that the actual communication

topology is G , then the spanning topology g(n) is

defined as g(n) =
∪n

i=1 Ti with V (g(n)) = V (G ),

E (g(n)) ⊂ E (G ), and
∑

i ̸=j |Ti ∩ Tj | = 0, where |Ti|
represents the number of vertexes contained in the

directed tree Ti. Furthermore, denote ⟨g(n)⟩ by the

amount of different directed trees Ti in g(n).

According to Definition 1, the spanning commu-

nication topology is a combination of disjoint directed

trees that cover all the nodes in G . Obviously, there

is a spanning tree that covers every vertex in G when

minn ⟨g(n)⟩ = 1. Then, the following lemma holds.

1)Note that the Laplacian matrix L is diagonally dominant with zero row sums, that is to say, 0 is an eigenvalue of L with the

associated eigenvector 1 = [1, . . . , 1]T and all of the nonzero eigenvalues of L have positive real parts.[16] Furthermore, 0 is a simple

eigenvalue of L if the associated directed graph is strongly connected.[17]
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Lemma 1 The following statements are equiva-

lent:

(i) minn ⟨g(n)⟩ = 1.

(ii) The consensus strategy (1) achieves global

consensus asymptotically for V (G ).

(iii) The Laplacian matrix L of the graph associ-

ated with G has a simple zero eigenvalue.

Proof The proof is followed by the Theorem 3.8

in Ref. [18] and thus omitted here.

Consider the case that minn ⟨g(n)⟩ = 1, i.e., there

exists a spanning tree g(1) = T1(vi1) in the topology

graph G . If there is an additional link (vi1 , vi0) with

weighted value αi1,i0 added to G and denoted G̃ by

the new communication topology, then the following

two lemmas hold.

Lemma 2[19] Let L and L̃ be the Laplacian ma-

trices of G and G̃ , respectively. If V (G ) = V (G̃ ) and

L has a simple eigenvalue 0, then so does for L̃.

Lemma 3 If the consensus strategy (1) achieves

global consensus asymptotically for V (G ), then the

consensus can still be reached for V (G̃ ).

Proof

Case 1 vi0 ∈ V (G )−{vi1} and (vi1 , vi0) /∈ E (G ).

In this case, according to Lemma 1, if the consensus

can be asymptotically achieved under the communi-

cation topology graph G , then the Laplacian matrix

L has a simple zero eigenvalue. This leads to the fact

that L̃ also has a simple zero eigenvalue according to

Lemma 2, which follows that minn ⟨g̃(n)⟩ = 1. Thus,

with the statements in Lemma 1, the consensus can

also be asymptotically achieved under the communi-

cation topology graph G̃ .

Case 2 vi0 /∈ V (G ). In this case, (vi1 , vi0) ∪
T1(vi1) = T̃1(vi0) = g̃(1), which implies that g̃(1) is

a directed tree with root vertex vi0 . In this way, one

has minn ⟨g̃(n)⟩ = 1, and then the consensus can be

achieved asymptotically for V (G̃ ). Thus, the proof is

completed.

According to Lemma 3, if there is a spanning tree

T (vi1) in G , then the consensus strategy (1) can still

achieve global consensus asymptotically if the weight-

ed values αi,j are adjusted (positive). Furthermore, if

a new vertex links to the root vertex, then the N + 1

agents still can reach a consensus. Thus, the consen-

sus analysis on G can be simplified to the analysis on

one of the spanning trees in G .

Before proceeding further, the consensus invari-

ability of a spanning tree with different label sequences

is given as follows.

Lemma 4 Suppose T (vr) is a spanning tree of

communication topology graph G , with the labels 1

through N . If we relabel the vertexes with 1′ to N ′,

such that the labels of vertexes in depth i are greater

than those of vertexes in depth i − 1, then the new

Laplacian matrix L′ is a lower triangular matrix, and

rank(L′) = N − 1.

The following example visually shows the mean-

ing of Lemma 4.

Example 1 Considering the topology graph

that given in Fig. 1(a). It is easy to obtain that

minn ⟨g(n)⟩ = 1 and one of the spanning trees is shown

in Fig. 1(b), with the associate Laplacian matrix

L =



α1,5 0 0 0 −α1,5

0 α2,5 0 0 −α2,5

0 −α3,2 α3,2 0 0

−α4,1 0 0 α4,1 0

0 0 0 0 0


.

Relabel the vertexes with 1′ to 5′, such that the labels

of vertexes in depth i are greater than those of vertex-

es in depth i − 1 (Fig. 1(c)), then the new Laplacian

matrix L′ is a lower triangular matrix

L′ =



0 0 0 0 0

−α2′,1′ α2′,1′ 0 0 0

−α3′,1′ 0 α3′,1′ 0 0

0 −α4′,2′ 0 α4′,2′ 0

0 0 −α5′,3′ 0 α5′,3′


.

Obviously, 0 = λ1(L
′) < λ2(L

′) ≤ λ3(L
′) ≤ λ4(L

′) ≤
λ5(L

′) and the consensus still can be achieved since

the topology has not been changed.

Fig. 1. The relabeling process: (a) topology graph with five vertexes, (b) one of the spanning trees, (c) the spanning

tree after relabeling.
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Note that the consensus depends on the initial

states of all the agents. Once the initial states are

given, the consensus under the strategy (1) is fixed.

In some practical applications, however, the consen-

sus may be expected to turn to a new one in some

cases, which is tough to achieve under the consensus

strategy (1). Inspired by these, we add an additional

controller on some of the vertexes and the consensus

strategy (1) is translated into

ẋi(t) =
∑
j∈Ni

αi,j(xj(t)− xi(t))− diui(t), (4)

where di ≥ 0, ui(t) = xi(t)− x∗, i = 1, 2, . . . , N .

First, we consider the case that minn ⟨g(n)⟩ = 1.

Assume that the spanning topology g(1) = T1 of G is

non-unique. Denote V̂ (g) = {v11 , v21 , . . . , vk1} by the

set of root vertexes of T1(vi1), i = 1, 2, . . . , k, where

k is the number of different g(1). Then the following

theorem holds.

Theorem 1 If minn ⟨g(n)⟩ = 1, and there are

k different spanning topology g(1) in G , then the

consensus strategy (4) achieves global consensus x∗

asymptotically for V (G ), if and only if there is at

least one di1 > 0, where di1 relates to vi1 ∈ V̂ (g),

i = 1, 2, . . . , k.

Proof Sufficiency: Denote ei(t) = xi(t) − x∗,

then

ėi(t) =
∑
j∈Ni

αi,j(ej(t)− ei(t))− diei(t). (5)

Denote e = (e1, e2, . . . , eN )T, then ė(t) = −(L +

D)e(t), where D = diag {d1, d2, . . . , dN}.
For a specific spanning topology g(1), since

minn ⟨g(n)⟩ = 1, then g(1) is a spanning tree of

G . Relabel the vertexes with 1′ to N ′, such that

the new Laplacian matrix L′ is a lower triangu-

lar matrix, then the eigenvalues of L′ satisfy 0 =

λ1(L
′) < λ2(L

′) ≤ · · · ≤ λN (L′). Thus, ė′(t) =

−(L′+D′)e′(t), where e′ = diag {e1′ , e2′ , . . . , eN ′} and

D′ = diag {d1′ , d2′ , . . . , dN ′}. Without loss of gener-

ality, suppose vs1 is the root vertex, then vs1 = v1′ ,

ds1 = d1′ and all the elements of the 1st row in L′

equal 0. If ds1 > 0, then

|λIN×N − (L′ +D′)|
= (λ− ds1)

∣∣λI(N−1)×(N−1) − (L′[1, 1] +D′[1, 1])
∣∣

= (λ− ds1)
N∏
j=2

(λ− λj(L
′)− dj′),

where L′[1, 1] and D′[1, 1] are sub-matrices that

formed by deleting the 1th row and 1th column of

L′ and D′, respectively.

Since λ1(L
′ +D′) = ds1 , λj(L

′ +D′) = λj(L
′) +

dj′ ≥ λj(L
′) > 0, j = 2, . . . , N , then λi(L

′ +D′) > 0,

i = 1, 2, . . . , N , i.e., all the eigenvalues of L′ +D′ are

positive, so the error system (5) is asymptotically sta-

ble. Thus, the consensus strategy (4) achieves global

consensus x∗ asymptotically for V (G ).

Necessity: The consensus strategy (4) achieves

global consensus x∗ asymptotically for V (G ) implies

that the error system (5) is asymptotical stable, which

requires that all the eigenvalues of L+D have positive

real part. If di1 = 0, i = 1, 2, . . . , k, then the row sums

in L+D equal 0, i.e., L+D has an eigenvalue 0, which

is a contrary with Re(λ(L +D)) > 0. Then, there is

at least one di1 > 0. Thus, the proof is completed. �
Next, we will consider the case that minn ⟨g(n)⟩ >

1. In this scenario, the spanning communication

topology is g(n) =
∪n

i=1 Ti with n ≥ 2, which im-

plies that all the vertexes of V (G ) cannot be con-

nected by one directed tree. Suppose minn ⟨g(n)⟩ =

p ≥ 2, then each Ti can be augmented to Gi, with

V (Ti) = V (Gi), V (G ) = V (G1)∪V (G2)∪ . . .∪V (Gp),

E (Gi) ⊂ E (G ), and V (Gi) ∩ V (Gj) = ∅, i ̸= j. Obvi-

ously, minn ⟨gi(n)⟩ = 1, i = 1, 2, . . . , p. Then, accord-

ing to Theorem 1, if there is no communication link

between Gi and Gj , i ̸= j, the consensus strategy (4)

achieves global consensus x∗ asymptotically for V (G )

if and only if there are at least one dis1 > 0 in each Gi,

where dis1 relates to the root vertex vis1 of Ti(v
i
s1). Of

course, it is an ideal status that Gi and Gj are inde-

pendent. When information exchanges exist between

Gi and Gj , the consensus strategy (4) is translated into

ẋi(t)

=
∑

j∈Ni,i

αi,j(xj(t)− xi(t)) +
∑
k ̸=i

∑
j∈Ni,k

αi,j(xj(t)

− xi(t))− diui(t), (6)

where di ≥ 0, ui(t) = xi(t) − x∗, Ni,i is the set of

neighbors of node vi ∈ V (Gi) in Gi and Ni,k is the

set of neighbors of node vi ∈ V (Gi) in Gk, k ̸= i,

i = 1, 2, . . . , p.

According to Lemma 3, the consensus analysis on

Gi can be simplified to the analysis on one of the s-

panning topology of Gi. Denote ei(t) = xi(t) − x∗,

then

ėi(t) =
∑

j∈Ni,i

αi,j(ej(t)− ei(t)) +
∑
k ̸=i

∑
j∈Ni,k

αi,j(ej(t)
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− ei(t))− diei(t). (7)

Denote L1, L2, . . . , Lp by the Laplacian matrix re-

lated to G1,G2, . . . ,Gp, respectively, then equation (7)

can be rewritten in a matrix form as

ė(t) = −(L+A+D)e(t), (8)

where L = diag (L1, L2, . . . , Lp), D = diag (D1, D2,

. . . , Dp) and

A =


A11 −A12 . . . −A1p

−A21 A22 . . . −A2p

...
...

...

−Ap1 −Ap2 . . . App

 ,

whereAii = diag
{∑

k ̸=i

∑
j∈N i

1,k
αi,j ,

∑
k ̸=i

∑
j∈N i

2,k
·

αi,j , . . . ,
∑

k ̸=i

∑
j∈N i

p,k
αi,j

}
and Aij is the adjacency

matrix of Gi and Gj , i ̸= j, i = 1, 2, . . . , p.

Denote V̂ (gi) =
{
vi11 , v

i
21 , . . . , v

i
ki1

}
by the set of

root vertexes of Ti(v
i
s1) related to Li, s = 1, 2, . . . , ki,

where ki is the number of different gi(1), i =

1, 2, . . . , p. Then, the following theorem holds.

Theorem 2 The consensus strategy (6) achieves

global consensus x∗ asymptotically for V (G ), if and

only if for each i ∈ {1, . . . , p}, there is at least one

dis1 > 0, where dis1 relates to vis1 ∈ V̂ (gi), s =

1, 2, . . . , ki.

Proof Sufficiency: Obviously, A is diagonally

dominant, has zero row sum and nonnegative diago-

nal elements. Then, Re(λi(A)) ≥ 0, i = 1, 2, . . . , N .

Relabel the vertexes of G with 1′ to N ′, such that

the new Laplacian matrix L′ is a lower triangular ma-

trix. Since vis1 is the root vertex of Ti(v
i
s1), according

to the definition of root vertex, all the elements of the

1st row in L′
i equal 0. If there exists a dis1 > 0 for

any i ∈ {1, . . . , p}, similar to the proof in Theorem

1, we have λi(L
′ + D′) > 0, i = 1, 2, . . . , N . Thus,

Re(λi(L
′ + A′ +D′)) > 0, i = 1, 2, . . . , N , i.e., all the

eigenvalues of L′ +A′ +D′ have positive real part. In

this way, the error system (7) is asymptotical stable,

which implies that the global consensus x∗ is asymp-

totically achieved.

Necessity: The consensus strategy (6) achieves

global consensus x∗ for V (G ) implies that the error

system (7) is asymptotically stable, which follows that

all the eigenvalues of L + A + D have positive re-

al part. According to the definition of root vertex,

all the elements of the row related to vis1 in L and

A equal 0, so L + A + D has a eigenvalue 0 if all

the dis1 = 0, s = 1, 2, . . . , ki, which is a contrary to

Re(λi(L + A + D)) > 0. Thus, there is at least one

dis1 > 0. This completes the proof.

Note that owing to the choice of different Ti(v
i
si),

the spanning communication topology g(p) =
∪p

i=1 Ti

is non-unique for a specific p. Suppose there are m

different g(p), the related augmented topology graphs

are

S1 :
(
G 1
1 ,G

1
2 , . . . ,G

1
p

)
,

S2 :
(
G 2
1 ,G

2
2 , . . . ,G

2
p

)
,

...

Sm :
(
G m
1 ,G m

2 , . . . ,G m
p

)
,

where minn
⟨
gli(n)

⟩
= 1, i = 1, 2, . . . , p, l =

1, 2, . . . ,m. Then Theorem 2 is developed into the

following one.

Theorem 3 The consensus strategy (6) achieves

global consensus x∗ asymptotically for V (G ), if and

only if there exists a l ∈ {1, . . . ,m}, such that for each

i ∈ {1, . . . , p}, there is at least one dli,s1 > 0, where

dli,s1 relates to the root vertexes vli,s1 of T l
i

(
vli,s1

)
.

Proof The proof is similar to the one in Theorem

2 and omitted here. �

4. Multiple consensuses

In this section, we consider the multiple consen-

suses problem. Suppose that the system is composed

of p groups of agents, with the related topology graph

G1,G2, . . . ,Gp, respectively. Denote the index set

Ik =

{
1 +

k−1∑
i=1

qi, 2 +
k−1∑
i=1

qi, . . . , qk +
k−1∑
i=1

qi

}
,

and the set of nodes Vk = {vk,1, vk,2, . . . , vk,qk}, where
qk are the amount of agents in group k, k = 1, 2, . . . , p.

The set of the neighbors of agent vk,i in Gl is defined

by N l
k,i = {vk,j ∈ Vl|(vk,i, vk,j) ∈ E }, l = 1, 2, . . . , p.

Then the multiple consensuses can be defined that

each group of agents asymptotically converge to its

own homogeneous stationary state, i.e.,

xi
1 = xi

2 = · · · = xi
qi → x∗

i , as t → ∞, i = 1, 2, . . . , p.

Combining the in-group information transmission

and out-group transmission, the consensus strategy

can be written as
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ẋi(t) =



∑
j∈N 1

1,i

αi,j(xj(t)− xi(t)) +
∑
l ̸=1

∑
j∈N l

1,i

αi,j(xj(t)− xi(t))− diu
1
i (t)− u2

i (t), i ∈ I1;

...
...

...∑
j∈N p

p,i

αi,j(xj(t)− xi(t)) +
∑
l ̸=p

∑
j∈N l

p,i

αi,j(xj(t)− xi(t))− diu
1
i (t)− u2

i (t), i ∈ Ip,

(9)

where u1
i (t) and u2

i (t) are additional consensus compensation laws that will be designed later. Obviously, the

consensus strategy (9) cannot achieve arbitrary consensuses when u1
i (t) = u2

i (t) = 0.

Denote the smallest set of root vertex in G and Gi, respectively, as

V̂ =

{
vs,k ∈ V (G )

∣∣∣∣∣r = min ⟨g(n)⟩ , g(r) =
r∪

k=1

T (vs,k)

}
,

V̂i =

{
vi,k ∈ V (Gi)

∣∣∣∣∣m = min ⟨gi(n)⟩ , gi(m) =
m∪

k=1

Ti(vi,k)

}
,

and the set of the vertex in Gi that links with another one in Gj , i ̸= j, is defined as

⌣

V i = {vi,k ∈ V (Gi) |vi,k can recieve the information from Gj , i ̸= j } .

Then, the consensus compensation laws are designed as

u1
i (t) =


xi(t)− x∗

1, i ∈ I1;
...

xi(t)− x∗
p, i ∈ Ip.

(10)

u2
i (t) =



∑
j∈N k

1,i,k ̸=1

αi,j(x
∗
k − x∗

1), v1,i ∈
⌣

V 1, i ∈ I1;

...∑
j∈N k

p,i,k ̸=p

αi,j(x
∗
k − x∗

p), vp,i ∈
⌣

V p, i ∈ Ip.

(11)

Similarly to the analysis in Section 3, the consensus analysis on G can be simplified to the analysis on the

spanning topology of G . Denote ei(t) = xi(t)− x∗
i , then

ėi(t) =



∑
j∈N 1

1,i

αi,j(ej(t)− ei(t)) +
∑
l ̸=i

∑
j∈N l

1,i

αi,j(ej(t)− ei(t))− diei(t), i ∈ I1;

...
...

...∑
j∈N p

p,i

αi,j(ej(t)− ei(t)) +
∑
l ̸=i

∑
j∈N l

p,i

αi,j(ej(t)− ei(t))− diei(t), i ∈ Ip.

(12)

Rewrite Eq. (12) in a matrix form as

ė(t) = −(L+D)e(t), (13)

where D = diag(D1, D2, . . . , Dp), Di = diag(di,1, di,2, . . . , di,qi),

L =


L1 L12 . . . L1p

L21 L2 . . . L2p

...
...

...

Lp1 Lp2 . . . Lp


028901-6
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with

Li =



∑
j∈N i

i,1

α1,j +
∑
l ̸=i

∑
j∈N l

i,1

α1,j −α1,2 . . . −α1,qi

−α2,1

∑
j∈N i

i,2

α2,j +
∑
l ̸=i

∑
j∈N l

i,2

α2,j −α2,qi

−αqi,1 −αqi,2 . . .
∑

j∈N i
i,qi

αqi,j +
∑
l ̸=i

∑
j∈N l

i,qi

αqi,j


,

and

Lij =


−αî+1,ĵ+1 . . . −αî+1,ĵ+qj

...
...

−αî+qi,ĵ+1 . . . −αî+qi,ĵ+qj

 , î =

i−1∑
k=1

qk, ĵ =

j−1∑
k=1

qk, i ̸= j, i, j = 1, 2, . . . , p.

If V̂ and V̂i, i = 1, 2, . . . , p, are unique, then the

following theorem holds.

Theorem 4 The consensus strategy (9) achieves

multiple consensuses asymptotically for V (G ), if and

only if all the ds,k > 0, where ds,k relates to vs,k ∈ V̂ .

Especially, if
∪p

i=1

(
V̂i ∩

⌣

V i

)
= ∅, then V̂ =

∪p
i=1 V̂i.

Proof Note that the consensus strategy (9)

achieves multiple consensuses

(x∗
1, . . . , x

∗
1︸ ︷︷ ︸

q1

, x∗
2, . . . , x

∗
2︸ ︷︷ ︸

q2

, . . . , x∗
p, . . . , x

∗
p︸ ︷︷ ︸

qp

)T

asymptotically for V (G ) =
∪p

k=1 Vk, is equivalent

that the error update strategy (12) achieves a consen-

sus e∗ = 0 asymptotically for V (G ) =
∪p

k=1 Vk, i.e.,

ei(t) → e∗ = 0, as t → ∞, i = 1, 2, . . . ,
∑p

i=1 qi. Then

the multiple consensuses is translated to a single one

and the state of agent vi is ei, i = 1, 2, . . . ,
∑p

i=1 qi.

Similar to the analysis in Theorem 2, the error up-

date strategy (12) achieves a global consensus e∗ = 0

asymptotically, if and only if all the ds,k > 0, where

ds,k relates to vs,k ∈ V̂ .

If
∪p

i=1

(
V̂i ∩

⌣

V i

)
= O, then minn ⟨g(n)⟩ =∑p

i=1 minn ⟨gi(n)⟩, which implies that V̂ =
∪p

i=1 V̂i.

Thus, the proof is completed.

Not that for given r and m, the g(r) =∪r
k=1 T (vs,k) and gi(m) =

∪m
k=1 Ti(vi,k) can be mul-

tifarious, which leads to the fact that both V̂ and V̂i

may be non-unique. Considering these, denote Ω(V̂ )

as the set of different V̂ . Suppose minn ⟨gi(n)⟩ = pi

and there are mi different gi(pi), then the related aug-

mented topology graphs are

S :
(

⌢

G 1,
⌢

G 2, . . . ,
⌢

G p

)
,

where

⌢

G i ∈
{(

G 1
i,1,G

2
i,1, . . . ,G

pi

i,1

)
,
(
G 1
i,2,G

2
i,2, . . . ,G

pi

i,2

)
, . . . ,

(
G 1
i,mi

,G 2
i,mi

, . . . ,G pi

i,mi

)}
, i = 1, 2, . . . , p.

Then, Theorem 4 is developed into the following

one.

Theorem 5 The consensus strategy (9) achieves

multiple consensuses asymptotically for V (G ), if and

only if there exists a set V̂ ∈ Ω(V̂ ), such that all the

ds,k > 0, where ds,k relates to vs,k ∈ V̂ . Especially,

for the case that

p∪
i=1

mi∪
j=1

(
V̂i(G

r
i,j)−

⌣

V i(G
r
i,j)

) = ∅,

then the multiple consensuses can be achieved if and

only if for each i ∈ {1, 2, . . . , p} and r ∈ {1, 2, . . . , pi},
there exists a j ∈ {1, 2, . . . ,mi}, such that there is at

least one dri,j > 0, where dri,j relates to vri,j ∈ V̂i

(
G r
i,j

)
.

5. Simulation results

Example 2 Consider a multi-agent system with

the communication topology graph given in Fig. 2.

From Fig. 2, it is easy to obtain that minn ⟨g(n)⟩ = 1,

and the set of root vertexes of different T (vi1) is

V̂ (g) = {v1, v2}. According to Theorem 2, we know

that under the consensus strategy (4), all the agents

achieve global consensus x∗ asymptotically if and on-

ly if d1 > 0 or d2 > 0. Choose the anticipan-

t consensus x∗ = 6, with the initial state x(0) =

028901-7
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[1, 2, 3, 4, 5, 6, 7, 8, 9]
T
, then the state trajectories of a-

gents are shown in Fig. 3.

From Fig. 4, we can know that when di = 0, all

the agents can achieve a global consensus that con-

sists of the linear combination of xi(0), i = 1, 2, . . . , 9.

And an arbitrary anticipant (static) consensus can be

reached if d1 = 1, or d2 = 1, or d1 = 1 and d2 = 1.

Example 3 Consider a multi-agent system with

the communication topology graph given in Fig. 4.

From Fig. 4, we can get that the minn |g(n)| = 2

and the set of root vertexes of different T (vi1) is

V̂ (g) = {v1, v9} or V̂ (g) = {v2, v9}. According to

Theorem 3, we know that under the consensus strat-

egy (6), all the agents achieve global consensus x∗

asymptotically if and only if d1 > 0 and d9 > 0, or

d2 > 0 and d9 > 0. Choose the anticipant consensus

x∗ = 6, the state trajectories of agents with initial s-

tate x(0) = [1, 2, 3, 4, 5, 6, 7, 8, 9]T are shown in Fig. 5.

Fig. 2. Topology graph (Example 2).

Fig. 3. The state trajectories of nine agents (Example 2).

Fig. 4. Topology graph (Example 3).

From Fig. 5, it can be seen that under the consen-

sus strategy with no constrained control in a discon-

nected topology, all the agents can not reach a global

consensus. And an arbitrary anticipant (static) con-

sensus can be reached if d1 = 1 and d9 = 1, or d2 = 1

and d9 = 1.

Example 4 For a system consists of twelve

agents, the topology graph is given in Fig. 6. All

the agents are divided into three groups, with the

index set I1 = {1, 2, 3, 4}, I2 = {5, 6, 7, 8} and

I3 = {9, 10, 11, 12}, respectively. Both in-group in-

formation communication and out-group information

028901-8
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Fig. 5. The state trajectories of nine agents (Example 3).

Fig. 6. Topology graph (Example 4).

Fig. 7. The state trajectories of twelve agents (Ex-

ample 4).

communication are existing, represented by real line

and broken line in Fig. 6, respectively. It is easy to

obtain that V̂1 = {1}∨{2}, V̂2 = {5}, V̂3 = {9},
⌣

V 1 =

{3, 4},
⌣

V 2 = {6},
⌣

V 3 = {9}, then V̂ = {1, 5} ∨ {2, 5}.
Set the consensus values x∗

1 = 2, x∗
2 = 5, x∗

3 = 8.

According to Theorem 5, choose d1 = d5 = 1 and

d2 = d5 = 1, respectively, the state trajectories of

agents with stochastic initial state xi(0) ∈ [0, 10],

i = 1, 2, . . . , 12, can be obtained as shown in Fig. 7.

6. Conclusion

In this paper, the constrained consensuses prob-

lem is investigated for a group of agents in disconnect-

ed topologies. According to the fact that the consen-

sus analysis on a communication topology can be sim-

plified to the analysis on one of the spanning topology,

the communication topology is divided into a combi-

nation of directed trees, based on which some nec-

essary and sufficient conditions are derived for both

single consensus and multiple consensuses and the in-

dexes and the amount of the controlled agents are de-

termined. The obtained results indicate that arbitrary

anticipant consensuses can be achieved, if additional

constrained controllers are added on those agents with

specific indexes.
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