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We study the quasibound states in a graphene quantum-dot structure generated by the single-, double-, and

triple-barrier electrostatic potentials. It is shown that the strongest quasibound states are mainly determined by the

innermost barrier. Specifically, the positions of the quasibound states are determined by the barrier height, the number

of the quasibound states is determined by the quantum-dot radius and the angular momentum, and the localization

degree of the quasibound states is influenced by the width of the innermost barrier, as well as the outside barriers.

Furthermore, according to the study on the double- and triple-barrier quantum dots, we find that an effective way to

generate more quasibound states with even larger energy level spacings is to design a quantum dot defined by many

concentric barriers with larger barrier-height differences. Last, we extend our results into the quantum dot of many

barriers, which gives a complete picture about the formation of the quasibound states in the kind of graphene quantum

dot created by many concentric potential barrier rings.
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1. Introduction

Graphene, a typical single layer of carbon atoms
with a hexagonal lattice, is attracting more and more
attention due to its peculiar electronic properties.!' =7
As it is well known, the conduction and valence bands
of graphene touch in a linear manner at two inequiv-
alent Dirac points, and the charge carriers may be
thought of as massless chiral fermions or massless “rel-
ativistic” electrons.® Thus, the so-called Klein’s tun-
neling of a relativistic particle should be observed in
graphene.*~1 Furthermore, this indicates that the
electrons can penetrate through the potential barri-
ers of any heights without any damping.!'” Imme-
diately, a serious challenge appears that the conven-
tional way of fabricating electronic devices, such as
quantum wells and quantum dots (QDs), by using
electrostatic potentials to trap electrons will not be
feasible any more.

In order to fulfill switching from the Si-base de-

DOI: 10.1088/1674-1056,/21/2/027303

vices to the graphene-base ones, the primary step
should be the reproduction of the basic unit devices.
Therefore, how to fabricate QDs based on graphene is
of great fundamental significance. In recent years, four
different kinds of approaches of creating QDs are pro-
posed so as to localize the electrons in the desired area:
i) mechanical cutting the graphene layer into the de-
sired shapes;12-18] il) switching the zero-gap band to
the finite-gap one;!19~21] iii) traping electrons via mag-
netic confinement potential induced by the magnetic
field;2=26] iv) quasi-bounding electrons via the elec-
trostatic potential induced by the electric field.27—33]
As a direct analog to the usual QD fabricated in a two-
dimensional electron gas, the scheme of using the elec-
trostatic potential has generated great interest due to
its feasibility in adjusting and manipulating, though
only quasibound states (QBS) with a finite lifetime
can be obtained. Moreover, the electrostatic poten-
tial QDs can be classified according to the geometries
of the QD and the shapes of the applied confinement
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potentials. In the continuum limit, only two typical
kinds of QDs with rectangular and circular shapes are
extensively investigated. The rectangular single, dou-
ble, and triple QD setups have been discussed and
suggested as spin qubits.®¥ On the other hand, the
circular single, double, and multiple QD setups de-
fined by the smooth or sharp potentials are studied
to explore their QBS. Silvestrov and Efetov studied
the confinement of the quasiparticles in a QD made of
a graphene strip and found that transversal electron
motion plays a crucial role in electron confinement.?”!
Chen et al.*® investigated the Fock-Darwin states of
the massless chiral fermions confined in a parabolic
graphene QD with a cylindrically symmetric confine-
ment potential and analysed the condition for the con-
finement of Dirac fermions. By investigating the lo-
cal density of states (LDOS) of a QD confined by a
cylindrically symmetric electrostatic potential with a
step profile, Matulis and Peters found that some QBS
are formed close to the potential barrier height.[?9!
In this case the larger the angular momentum, the
stronger electron confining the potential exhibits. An-
other mechanism of electron confining is attributed to
interference effects, which enable the trapping of elec-
trons with both large and small angular momenta."]
Furthermore, the study on the graphene QD has been
extended to the double-layer QD, as well as the cou-
pled multiple QD systems. However, to the best of our
knowledge, no attention has been paid to the graphene
QD formed by many concentric potential barriers with
finite widths and heights.

L00ARA

l2n—1 lgn

Fig. 1. (colour online) Schematic illustration of the multi-
barrier graphene QD structure with circular geometrical
symmetry created by the electrostatic potentials, where n
denotes the number of barriers and the width of the n-th
barrier is defined as the difference d,, = lay, — l2n—1.

In this work, we studied QBS in the graphene QD
created by the circularly symmetric single-barrier, as

well as the multi-barrier (see Fig. 1). It is shown that
QBS are closely dependent on the height of poten-
tial barriers. In the case of multiple barriers with
equal heights, they together form QBS. However, if
the heights of the barriers are largely different, they
are inclined to form QBS separately. Moreover, it is
demonstrated that a single barrier only generates QBS
QBS with rela-

tively large energy level spacings can be created by

with limited energy level spacings.

designing the multi-barrier potential with large differ-
ences among the heights of the barriers.

The paper is organized as follows. In Section
2 we list the general procedure of determining QBS
in a single-barrier QD. The corresponding discussion
about the influences of the barrier parameters and the
angular momentum on the bound states is carried out
in detail in Section 3. Then in Section 4, we discuss
QBS in double- and triple-barrier QD and finally gen-
eralize the results to the QD formed by many barriers.
A conclusion is summarized in Section 5.

2. Formulation for single-barrier

quantum dot

The graphene QD can be created by a single po-
tential barrier with n = 1 as shown in Fig. 1. For sim-
plicity, we adopt the dimensionless variables by intro-
ducing the unit length {) = 0.1 pm and the unit energy
Ey = hop/lp ~ 6.58 meV with vp ~ 10° m-s™! the
Fermi velocity. On account of the circular geometric
symmetry, it is convenient to describe the QD system
in the polar coordinates. Therefore, the corresponding
confinement potential has the following form:

0, r<ly
V(T‘) = Vi, L <r<ls
O7 lo<r<R

(region I),
(region II), (1)
(region III).

Here V7 > 0 denotes the barrier height, dy = ls — I3
the barrier width, [; the QD radius, and R the radius
of the whole graphene sample. Thus the Dirac-type
Hamiltonian of a single electron in graphene is given

by the expression!10:28-30]

H=-i0V+V(r), (2)

where o are the Pauli matrices, and V = (0, 9)
the in-plane gradient operator. For the Hamiltonian
of the system in Eq. (2), we consider a single valley
only, since the energy spectrums in two valleys near
the Dirac point are degenerate. Thus we can obtain
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the quasibound energy levels by solving the stationary
equation

Hp(r) = Ey(r). (3)

Then, the Hamiltonian in Eq. (3) can be rewritten as

. V(r) —i(0/0x —10/0y) @
—i(0/0x +19/0y) V(r)

The wavefunction ¢ (r), corresponding to the Hamil-
tonian in Eq. (4), is a two-component function, where
the two components correspond to the two different
sublattices of the graphene honeycomb lattice. Tak-
ing into account the cylindrically symmetric confine-
ment potential the wavefunction can be expressed in

the following form![28—30]

: a(r)
¢ T" = Hme . 9 5
(rip) =e | etbr) (5)

where r and ¢ are the polar coordinates and the in-
teger m is the orbital angular momentum. By substi-
tuting ¢ (r, ¢) into Eq. (3) we can obtain

db 1)b
— 4+ w +Via = Ea, (6&)
dr T

da ma
——+ — + Vib= Eb. 6b
dr+ r TN (6b)

Eliminating b (or a) in the coupled differential
equations in Eq. (6), we can obtain Bessel’s differen-
tial equations about a (or b). Thus, the general so-
lutions of Eq. (6) in the case of E > 0 are readily
obtained in three regions. In region I, the solutions
are expressed as a; = AJ,(Er) and by = AJ,1(Er)
with J,, being the Bessel function of the n-th or-
der; In region II, we have a;p = B J,(er) + C Y, (er)
and by = sgn(E — V1)[B Jyq1(er) + C Ypq1(er)] with
Y, being the Neumann function of the n-th order
and e = |E — Vi|; In region III, we further obtain
arr = GJn(ET) +HYn(ET’) and by = GJn_H(ET) +
HY41(Er). According to the continuity condition of
the wavefunction at the boundaries r = I; and r = Iy
we derive the following relations:

AJ,(ElL) = Bl,(el) + C Yn(el), (7a)
AJn+1 (Ell) = BJn+1<El1) + CYn+1(El1), (7b)
B Jn(Elg) + CYn<El2)

— G (Els) + HY(El), (7¢)
B Jn+1(812) + CYn+1 (Elg)
= GJn+1(El2) +HY 41 (Elg) (7d)

To extract the information about the quasibound
levels we need to impose the boundary condition
a(R) = 0, indicating

GJ.(ER)+ HY,(ER) = 0. (8)

In the limit case R — oo, by using the Bessel function
asymptotic expressions we have G cos(ER — nw/2 —
w/4) + Hsin(ER — nw/2 — 7 /4) = 0, which can be
further written as

cos<ER—””—”—e)= 9)

with @ = arctan(H/G). This demonstrates that the
energy level separation is AE = 7/R, which is the
size-confinement effect induced by R. Therefore, the
energy spectrum would be continuous in the limit
R — oo, which eliminates the influences caused by
the sample border at R. For simplicity, the condition
of Eq. (8) can be replaced by

G+ H?=1. (10)

In order to understand the peculiar properties of
QBS in a QD, we closely follow the approach presented
by Matulis and Peeters and obtain the LDOS as[?”]

o(E) = L E(F). ()

Here the integral &(E) is defined as &(E) =
2 [, rdrE(r)|¢(r)[?, where F(r) is determined by
the interaction between the electron and the QD. For
simplicity, we substitute F(r) for the aperture func-
tion F(r) = al2e=*"" with a = ;2 In 10.[26]

Now, solving Egs. (7) and (10) we can obtain
the expressions of the coefficients A, B, C, G, and H
with energy F, which are shown in Appendix A. Then
inserting those coefficients into the wavefunctions in
regions I, I, and III, we obtain the specific forms of

the wavefunctions, which enables us to calculate the
LDOS in Eq. (11).

3. Numerical results and discus-
sions for a single-barrier quan-

tum dot

In this section we first consider the LDOS of a
single-barrier QD for the different angular momenta
m, and then discuss the influences on the LDOS in-
duced by the QD size [y and the barrier width d;
(see Fig. 2). For the QD with [y = 1, d; = 1, and
V1 = 20, the LDOS for m = 0,1,...,5 are plotted in
Fig. 2(a). Obviously, some sharp peaks—the hallmark
that the energy levels of QBS come into being—can
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be observed in the proximity of £ = V;, clearly show-
ing that QBS are formed in the QD with the energy
levels near the barrier height V. Also, the peaks be-
come sharper with the increase of m, indicating that
the localization in the graphene QD is enhanced for
the large angular momentum. This can be attributed
to the fact that the orbital momenta of the electron
with larger m will suppress tunneling through the bar-
rier more strongly.?=3% A closer look at the curves
m = 1,3,5 and m = 2,4 shows that the peaks be-
come much sharper when the peak appears closer to
the barrier height V;. As proposed in Ref. [29], the
incident electron and refracted electron satisfy the re-
lation E'sing = (V4 — E)sint where ¢ and 1 are the
angles of incidence and refraction, indicating the exis-
tence of a complete reflection critical angle ¢, a small
value in the case of E — Vj. This is why the states
are localized strongly in the vicinity of the top of the
barrier even for orbital momentum m = 0.

30 .
(a)
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Fig. 2. (colour online) LDOS in graphene single-barrier
QD with Vi = 20. (a) The LDOS of the QD with I; =1
and lo = 2 for different orbital momenta m=0, 1, ..., 5;
(b) variation of the LDOS as l2 increases from 1.1 to 15
with [ = 1 and m = 2, while the topmost curve corre-
sponding to the LDOS of the QD confined by the infinite-
width barrier; (c) variation of the LDOS as l; increases
from 0.25 to 9 with d; = 1 and m = 2. For clarity, all the
curves from bottom to top are shifted above by 0, 5, ...,
25, respectively.

Next, we examine the effect of the barrier width
d; on QBS in Fig. 2(b).
Vi = 20, and Iy = 1. For the narrow barrier (e.g.,

Here we select m = 2,

with d; = 0.1) no sharp peaks appear, indicating that
QBS with along lifetimes do not exist. Increasing the
barrier width, sharp peaks come into being, verifying
the appearance of long lifetime QBS. However, a fur-
ther increase of d; after a certain barrier width (e.g.
dy = 7) will not have a remarkable effect on the LDOS
any more. This also verifies that the QD studied here
in the limit di — oo can recover the results obtained

by Matulis and Peeters,/?? as it should be, and shown
Actually, by ob-
serving the wavefunctions of the QD (not shown here),

by the topmost curve in Fig. 2(b).

though the mechanisms of forming bound states are
different, the decaying behaviors of the wavefunctions
in the barrier area are the same as the wavefunction
of the conventional QD confined by electrostatic po-
tential, indicating partial information on QBS can be
understood according to the picture of a conventional
QD. Because the wavefunction decays quickly to al-
most zero in a finite barrier width and thus QBS come
into being, QBS will not change any more even if dy
is further increased.

Finally, we study QBS of the QD with different
sizes 1. For a small QD with [; = 0.25, only one quasi-
bound state is formed near £ = V;. When the QD be-
comes larger in diameter, more QBS come into being.
At the same time, however, the height of the LDOS
peaks corresponding to QBS becoming lower, indicat-
ing that the localization of QBS become weaker. In
the case of I; — oo, all QBS disappear. This depen-
dence of QBS shows the qualitative similarity to the
energy levels of the electron localized in the conven-
tional potential well sandwiched between two barri-
ers, where the energy levels will become closer to each
other when the inter-barrier distance increases.

4. Results for

quantum dot

multiple-barrier

Aiming at the extension to the multiple-barrier
QD case, we next intend to study, as examples, the
double-barrier QD, as well as the triple-barrier one.
Then we generalize the results to the QD with IV bar-
riers.

4.1. Double-barrier quantum dot

The double-barrier QD can be fabricated by ap-
pending another outside barrier around the barrier of
the single-barrier QD. Thus the corresponding con-

finement potential has the following form:

0, r<h (region I),
Vi, 11 <r<ly (region II),

V(ir)=4 0, lh<r<l3 (regionII), (12)
Vo, I3 <r<ly (regionIV),

0, ly<r<R (regionV),

where V;(V2) > 0 denotes the barrier height and
dy =1y — l1(d2 = Iy — I3) the barrier width for the in-
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ner (outer) barrier. Then the solutions of the system
in different regions can be obtained readily as given
in Appendix B. At the borders r = [y, I, I3, and
ly, the wavefunction components between adjacent re-

gions are required to be equal and thus we obtain

AJn(Ell) :BJn(€1ll)—|—CYn(E1l1), (13&)
AJps1(El) = BJnta(e1l) + CYngi(erly), (13b)

BJn(e1ls) + CYn(e1la)

= GJn(El) + HY,(El), (13c)
B Jni1(e1le) + CYnya(erls)

= G Jnp1(Bl) + HY a1 (El), (13d)
G Jn(El3) + HY,(El3)

= M Jn(eals) + N Yn(eals), (13e)
G In+1(El3) + H Yn41(Els)

= M Jni1(e2ls) + N Ynya(e2ls), (13f)
M Jn(e2ls) + N Yo (e2ls)

= P Jn(Ely) + QYn(El), (13g)
M Jpyi(e2ls) + N Ynyi(eals)

= P Jn1(Ely) + QYns1(Ely), (13h)
PJ,(ER)+QY,(ER)=0. (13i)

Note that the condition P2 + Q2 = 1 is still valid
here, and e; = |E — V| and €2 = |E — V4.

Figure 3(a) shows the LDOS for the double-
barrier QD with different barriers. We first con-
sider QBS of a QD with two barriers having different
heights (V; = 20, V5 = 40) in curve B. Clearly two
groups of peaks are observed near energies £ = 20
and F = 40, which correspond to the heights of the
two barriers V; and V5, respectively. This again veri-
fies that the formation of QBS is strongly dependent
on both the barrier heights and the barrier number.
Furthermore, we can find that the two sharp peaks in
the vicinity of £ = V; show a qualitative similarity
to those of the curve in the single-barrier QD with
m =2and V =V [see Fig. 2(a)]. However, the peaks
near Vo = 40 have more quasibound energy levels
with smaller level spacings and lower heights. This
decreasing of the level spacings is attributed to the
increase of the QD radius. Then we come to Fig. 3(c)
and an intuitive picture about the formation of QBS
It is the de-

caying of the wavefunction components a and b (with

from the wavefunction can be found.

E =~ 39.92) in regions IV that localizes the electron
mainly in the QD with radius » = 3. The decaying

of the wavefunction is caused mainly by the barrier
with the height Vo = 40 and seems to be immune to
the barrier with V; = 20. As a comparison, we con-
sider the QD constructed by the two barriers with the
same heights (V3 = V, = 40), see curve A in Fig. 3(a).
Clearly the peaks at E = 20 disappear and the num-
ber of the peaks at E = 40 decreases. Note that the
peaks become higher in LDOS, indicating the local-
izations of the electron in the QD become stronger.
As shown in Fig. 3(b), the two wavefunction compo-
nents a and b decrease in regions II and IV, indicating
that both the two barriers together contribute to the
formation of QBS. Thus we can conclude that in the
case of a large enough barrier height difference the

two barriers form QBS separately, while for the two

20

(a)

LDOS

30 40 50

(b)

Fig. 3. (colour online) (a) LDOS in the case of m = 2,
1 =1,1l2 =2,13 = 3, l4 = 4 for the barriers V1 = Vo = 40
(curve A, blue), Vi = 20 and Vo = 40 (curve B, red).
Components a (solid curve) and b (dashed curve) of the
wavefunctions with m = 2 at £ =~ 39.92 in curves A and
B are shown in panels (b) and (c), respectively.

barriers with the same heights both barriers together
take part in the formation of QBS. Also, these results
suggest a method used to generate QBS with large
energy level spacings.

Next, to further differentiate the influences of the
two barriers on QBS, we plan to elongate the dis-

tance l3 — lo between the two barriers. In Fig. 4 we
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show the variations of the LDOS versus the distance
l3—I5 for the different barrier potential configurations.
First consider the QD with the two equal barriers
Vi = Vo = 20. Sharp LDOS peaks near the barrier
top are observed, and seemly change little as l3 in-
creases from 5 to 150, even to an infinite value. This
indicates that QBS are mainly caused by the inner
barrier with a tiny contribution from the outer barrier
in the large distance lo — ;. Then we study the QD
with two different barriers Vi # V4 in Figs. 4(b) and
4(c). Clearly in the small distance cases (e.g. I3 = 5),
two groups of peaks are observed, with one group high
and sharp, and the other low and dense. The sharp
peaks are almost immune to the distance I3 — I3, while
the low peaks are inclined to vanish as the distance in-
creases. Moreover, the sharp peaks are always induced
by the inner barrier, while the other low peaks are in-
duced by the outer barrier. By comparing Fig. 4(a)
and Fig. 4(b), it can be found that the sharp peaks
near £ = 20 are almost kept the same, independent
of the height of the outer barrier. Also, the inner bar-
rier always forms the stronger QBS with the sharper
LDOS peaks than the outer one. This further demon-
strates that in the large |V; — V,| limit the two barriers
form QBS separately, while in the V; & V5 limit QBS

are formed together by both barriers.

(a) Vi=Va=20 (b) V;=20,Va=40 (c) V; =40,V =20

% 150 I
20 UW ' |
50
T |kl J
3 20
(@
i

10 1
10

EETEE
3. ]
e
33

e

= = = =

l3=35

20 0 40 0 20 40
E E E

]
[\~

Fig. 4. (colour online) LDOS of the double-barrier QD in
the case of m = 2,11 = 1, la = 2, and d2 = 1 for different
I3 ranging from 5 to 150 with potentials Vi = Vo = 20 (a),
Vo = 2V; = 40 (b), and Vi = 2V5 = 40 (c).
the curves from bottom to up are shifted up by 0, 5, ...,

For clarity,

and 20, respectively.

4.2. Triple-barrier quantum dot

In order to verify the validity of the conclusion

obtained by studying the double-barrier QD, we inves-

tigated QBS in the triple-barrier QD. The potential of

the triple-barrier QD can be expressed as

0, r<lh
Vi, Lh<r<li
0, L<r<ls

(region ),
(
(
I3<r<ly (regionlV), (14)
(
(
(

region IT),
region IIT),

0, l4§r<l5
Vi, Is <r<lg
O7 l6§7“

region V),
region VI),

region VII),

where V1, V5, and V3 take positive values. The widths
of the three barriers are defined as di = Iy — [y,
d2 = l4 713, and d3 = lﬁ 715.

sults are shown in Fig. 5. By comparing curves A,

The numerical re-

B, and C, we can find that two sharpest peaks are
obtained near E = 20, the top of the inner bar-

rier, in agreement with the conclusion drawn from the

40
A )]
n
B N’m‘-_-_
8 20
- wu JMWW*-»——
0 D 2
0 10 20 30 40 50
1

Fig. 5. (colour online) (a) LDOS of the triple-barrier QD
with m = 2 corresponding to V7 = Vo = V3 = 20 (curve
A); Vl = V2 = 20, V3 =40 (curve B); V1 = 20, V2 = 30,
V3 =40 (curve C); Vi = 30, Vo = 20, V3 = 40 (curve D).
For clarity curves A, B, C, and D are shifted up by 30,
20, 10, and 0, respectively. Components a of the wave-
functions corresponding the typical peaks at E =~ 20.92 in
curve A, at E = 20.92 in curve B, at E ~ 20.90 in curve
C, and at E =~ 30.46 in curve D, are plotted in panels (b),
(¢), (d), and (e), respectively.

double-barrier QD that the strongest QBS are mainly

determined by the inner barrier. When the barrier
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heights V5 or V3 are tuned far away from Vi, addi-
tional LDOS peaks near V5 or V3 will appear and, how-
ever, are lower and denser [see curve C in Fig. 5(a)].
As expected, the peaks near Vi in the LDOS curve
change little, which can also be seen clearly from the
wavefunctions in Figs. 5(b)-5(d). The decaying of the
wavefunction mainly appear in the region of the in-
nermost barrier. The middle barrier, as well as the
outer one, will show considerable suppressing on the
wavefunction only when their heights are almost equal
to V1, otherwise they seem transparent for the wave-
fuctions. It should be emphasized that three groups
of peaks will appear in the case of V; # Vo # V3 [see
curve C' in Fig. 5(a)]. If V5 and V; are exchanged,
the height of the innermost barrier becomes V; = 30
and as expected the sharpest LDOS peaks will appear
near £ = Vi, as shown by curve D in Fig. 5(a).
Taking account of the weak effect of the distances
between the different barriers, we consider a special
case with the interbarrier distances being zero, indi-
cating the triple-barrier QD evolves into a complex
single-barrier QD with three potential steps. Thus

the potential can be expressed as

0, r<h (region I),
Vi, 11 <r <ly (region II),

V(r)=4q Vo, Iy <r <l (region III), (15)
Vs, I3 <r <ly (region IV),

0, l4§7“

(region V),

where three barriers are connected together. In Fig. 6
both the LDOS and the wavefunctions are shown. In
comparison with Fig. 5(a), we can find that LDOS
are similar to those of the triple-barrier QD. Again it
is demonstrated in a clear way that the interbarrier
distances make little influence on QBS. However, the
decay in the wavefunctions will change. In Fig. 6(a)
V1 = V45 = V3 means that the complex three-step bar-
rier becomes one simple single-barrier QD. Thus, as
expected, the wavefunction decays continuously in re-
gions II, ITI, and IV, the same as one barrier with
a width of 3. If we tune the barrier height V3 from
20 to 40, the wavefunction mainly decays in regions
IT and IIT as shown in Fig. 6(c).
Vo from 20 to 30, the wavefunction mainly decays
in region II [Fig. 6(d)]. Also, if the barrier step is
tuned into V3 = 30, Vo = 20, and V3 = 40, the group
of the sharpest peaks will appear near £ = 30, and

If we further tune

the decay of the wavefunctions are mainly in region

II. Thus it is clearly demonstrated that the strongest
QBS are formed by the innermost barrier, while the

inter-barrier distances play trivial roles.

40 ] @
n
S ..lB
2 20
2 e |
02 -
0 10 20 30 40 50
1
(b)

Fig. 6. (colour online) (a) LDOS of the complex single-
barrier QD with m = 2, lo = 2, I3 = 3, l4 = 4 corre-
sponding to Vi = Vo = V3 = 20 (curve A); Vi = Vo = 20,
V3 = 40 (curve B); Vi = 20, Vo = 30, V3 = 40 (curve
C); Vi = 30, Vo = 20, V3 = 40 (curve D). For clarity
curves A, B, C, and D are shifted up by 30, 20, 10, and
0, respectively. Components a of the wavefunctions cor-
responding the typical peaks at E ~ 20.87 in curve A, at
FE = 20.88 in curve B, at F = 20.91 in curve C, and at
E ~ 30.46 in curve D, are plotted in panels (b), (c), (d),
and (e), respectively.

4.3. Generalization to N-barrier quan-
tum dot

Based on the results about the single-, double-,
and triple-barrier graphene QD, we can readily gen-
eralize the discussions to the N-barrier QD case. In
the case of Vy # Vo # --- # Vi, there will appear N
groups of LDOS peaks near every barrier top. In the
other case with Vi = V5, = -+ = Vy, there will be
only one group of peaks appearing at the barrier top.
For general cases with M barriers having the same po-
tential heights, there will exist NV — M + 1 groups of
LDOS peaks. In all cases, the sharpest peaks in the
LDOS always appear at the top of the innermost bar-
rier. Moreover, in order to generate QBS with large
energy level spacings, an effective approach is to de-
sign the barriers with largely different heights.
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5. Conclusion

In conclusion, according to the continuity of wave-
functions at the borders, we considered QBS formed in
electrically defined single-, double-, and triple-barrier
graphene QDs. By calculating the LDOS, we can find
that QBS can be formed by the concentric potential
barriers, and the numbers of the groups of the LDOS
peaks are determined by the numbers of barriers and
the barrier heights. Also, the energy level spacings
between the groups of the LDOS peaks are strongly
determined by the differences among the heights of
the potential barriers. Furthermore, we find that the
strongest QBS is formed by the innermost circular po-
tential barrier. The mechanism of formation of QBS
in graphene QD can be seen clearly by analyzing the
decay of the components of the wavefunctions in dif-
ferent regions. Finally, the results are extended to the
QD of the multiple-barrier structure. This work pro-
vides a complete picture of QBS formed in this kind of
QD formed by many concentric potential barriers, and
should be a useful reference for designing or applying

the graphene QD as potential nanodevices.

Appendix A: coefficients in wave-
functions of single-barrier quan-

tum dot

The specific expressions of the coefficients A, B,

C, G, and H with energy F are derived as

H=0+b)""2 G=1bH,
C =HJn(El2)b+ Yn(El))/(In(el2)a + Yn(ela)),
B =aC,
and
A= ClIn(el)a+ Yn(el)]/In(EL).

Here for convenience we introduce some parameters

8 Jn(Bl) Yny1(elt) = Yn(elh) Jng1 (Elr)

a= , (Al

Jn(ely) Jng1(Ely) — 5 Jn(Ely) Jpga(elr) (A1)
Yn-‘rl(ElQ)un - SYTL(EZQ)Un

Jn+1(E12)un - SJn(El2)Un ( )

Up = Jn(EZQ)a + Yn(EZQ)a (AS)

U = Jnt1(el2)a + Ynt1(ela), (A4)

s =sgn(E —Vq). (A5)

Appendix B: wavefunctions in

double-barrier quantum dot

Here, for the sake of extending the results to the
multiple-barrier QD, we list the wavefunctions in the
double-barrier QD as follows. We have

ar = AJn(Er), b= AJni1(Er)
in region I,
air = BJn(Elr) + CYn(51T)7
bir = sgn(E — V1)[B Jni1(e1r) + C Yni1(err)]
in region II,
amr =D J, (ET) + E'Y,KET’)7
bIH =D Jn+1 (E’I") + EYnJrl(Er)
in region III,
ary = M Jp(g27) + N Yn(e2r),
brv = sgn(E — Vo){M Jny1(e2r) + N Y1 (e2r)}
in region IV, and
ay =PJ,(Er)+ QYn(Er),
bV = PJ,,H_l(E’I") =+ QYn+1(E7‘)

in region V.
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