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Using the scattering-matrix method, we investigate the thermal conductance in a two-slit quantum waveguide

at low temperature. The results show that the total thermal conductance decreases monotonically with temperature

increasing. Moreover, we find that the behaviours of the thermal conductance versus temperature are different for

different types of slits.
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1. Introduction

In recent years, extensive attention has been

paid to the thermal transport associated with a set

of discrete acoustic phonon modes in semiconduc-

tor nanostructures and nanoscale devices in which

the wavelength of phonon is comparable to or larg-

er than the structure feature size. It is known

that low-temperature thermal transport properties

of nanostructure can be very different from the

corresponding bulk properties because the phonon

is scattered elastically but not inelastically in the

mesoscopic regime. The thermal conductance associ-

ated with acoustic phonons were reported in vari-

ous kinds of nanostructures such as superlattices,[1−4]

thin films,[5−8] nanowires,[9−17] and nanotubes.[18−20]

Rego and Kirzemow[21] predicted the existence of a

universal quantum of the thermal conductance in the

dielectric quantum wire at low enough temperature

using the Landauer formulation of transport theory.

The universal thermal conductance was observed in a

suspended silicon nitride bridge.[22] However, the u-

niversal thermal conductance was not observed as the

temperature increases in a range from 0.08 K to 0.2 K.

It is known now that the discontinuity can lead to

additional scattering of transport phonon and result

in the decrease of the thermal conductance. Santa-

more and Cross[23,24] investigated the effect of surface

roughness on the universal thermal conductance in a

dielectric quantum wire at low temperature. Acous-

tic phonon transport and thermal conductance were

investigated in various quantum wire structures such

as nanowires with abrupt junction,[25,26] with struc-

tural defects,[27,28] with stub structure,[29−35] and

with catenoidal contacts.[36]

In the present study, we investigate thermal trans-

port properties of semiconductor nanostructure shown

in Fig. 1. For simplicity, we assume that each region

has the same thickness and the thickness is small with

respect to the other dimensions and also to the wave-

length of the elastic waves. In such a system there

exist three types of acoustic modes: longitudinal po-

larized P mode, vertically polarized SV mode and hor-

izontally polarized shear SH mode. It is known that

at very low temperature the lowest vibrational modes

include four types of acoustic modes (namely the di-

latational, torsional and two types of flexural modes)

and two types of optical modes (namely two shear

modes) in a three-dimensional (3D) quantum struc-

ture. However, for a two-dimensional (2D) quantum

structure where the thickness of the sample is much

less than the assumed width, the lowest vibrational
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modes can be classified as three types of modes, name-

ly SH, SV and P modes. The latter is considered in

this paper. Their polarization directions are along x,

y and z directions, respectively. The horizontally po-

larized shear SH mode is decoupled from the P or SV

mode polarized in x–y plane. At a low temperature,

the effect of mode mixing on the thermal conductance

is very small and the thermal conductance of the SH

wave has similar features to those of the P (or SV)

mode. So in the present paper, we only discuss the

thermal conductance of SH mode. The results show

some interesting physical effects: (i) it is possible that

thermal conductance becomes very small at its min-

imum; (ii) there is a qualitative difference in the de-

pendence of the thermal conductance on slit width.

Fig. 1. Schematic illustration of a two-slit quantum

waveguide. The structure is divided into five regions. Re-

gions I and V are semi-infinite incident and outgoing leads,

respectively. Two identical slits each with width d1exist in

region II. The analysis slit with width d2 exists in region

IV. The length L of region III represents the distance be-

tween two-slit and analysis slit. Notice that w1–w5 denote

the widths of obstacles, respectively.

The rest of the present paper is organized as fol-

lows. In Section 2, we give a brief description of the

model and the formulas to be used in calculations.

The calculated results are presented in Section 3 to-

gether with analyses. Finally, a summary is made in

Section 4.

2. Model and formalism

We consider the model structure shown in Fig. 1.

For the structure considered here, the formula for the

thermal conductance can be expressed as

K =
~2

κBT 2

∑
m

1

2π

∫ ∞

ωm

τm(ω)
ω2 eβ~ω

( eβ~ω − 1)2
dω. (1)

Here, τm(ω) is the energy transmission coefficien-

t from mode m of region I at frequency ω across all

the interfaces into the modes of region V; ωm is the

cutoff frequency of the m-th mode; β = 1/kBT , with

kB being the Boltzman constant and T the temper-

ature; and ~ is the Planck’s constant. The effect of

scattering is introduced through the transmission co-

efficient, τm(ω). In this paper, we employ the elas-

tic model to calculate the transmission coefficient of

acoustic phonon. In the elastic approximation, the

elastic equation of motion for SH wave is

∂2ψ

∂t2
− v2∇2ψ = 0, (2)

where v is the sound velocity of SH mode, related to

the mass density ρ and elastic stiffness constant C44

by

v2 = C44/ρ. (3)

The solutions to Eq. (2) in different regions can

be written as

Ψα(x, y) =

N1∑
m1=0

[
Aα

m1
e ikα

m1
x +Bα

m1
e−ikα

m1
x

]
× ϕαm1

(y) (α = I, III, V) (4)

in region α, where ϕαm1
(y) represents the transverse

wave function of acoustic mode m in region α. The

transverse wave function of acoustic mode is

ϕαm1
(y) =


√

2

w1 + w2 + w3 + 2d1
cos

m1π

w1 + w2 + w3 + 2d1
y (m ̸= 0),√

1

w1 + w2 + w3 + 2d1
(m = 0).

(5)

And kαm1
can be given by the energy conservation condition as

kαm1
=

√
ω2

v2I
− m2

1π
2

(w1 + w2 + w3 + 2d1)2
, (6)

where ω is the incident phonon frequency. For region II, we have

Ψ II(x, y) =

N2∑
m2=0

[
CA

m2
e ikA

m2
x +DA

m2
e−ikA

m2
x
]
ϕAm2

(y) +

N2∑
m2=1

[
CB

m2
e ikB

m2
x +DB

m2
e−ikB

m2
x

]
ϕBm2

(y). (7)
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The transversal wave functions ϕAm2
(y) and wave number κAm2

and ϕBm2
(y) and κBm2

should be expressed as

ϕAm2
(y) =


√

2

d1
cos

m2π

d1
(y − w1 − w2 − d1) (m2 ̸= 0),√

1

d1
(m2 = 0),

(8)

for w1 + w2 + d1 ≤ y ≤ w1 + w2 + 2d1,

kAm2
=

√
ω2

v2A
− m2

2π
2

d21
; (9)

ϕBm2
(y) =


√

2

d1
cos

m2π

d1
(y − w1) (m2 ̸= 0),√

1

d1
(m2 = 0),

(10)

for w1 ≤ y ≤ w1 + d1 and

kBm2
=

√
ω2

v2B
− m2

2π
2

d21
. (11)

In region IV, the solution in Eq. (2) can be written

as

ψIII(x, y)

=

N1∑
m3=0

(
AIII

m3
e ikIII

m3
x +BIII

m3
e−ikIII

m3
x
)
ϕIIIm3

(y). (12)

The relation between the coefficients in any two

adjacent regions can be obtained by the use of the

scattering matrix method. We assume that the scat-

tering matrix at the interface x = 0 is SI. Then we

have 
BI

CA

CB

 = SI


AI

DA

DB

 . (13)

The scattering matrix SI can be derived from the

boundary conditions at interfaces: the displacement

ψ(x, y) and the force C11ψ
′(x, y) should be continu-

ous at each interface. Similarly, we can obtain the

scattering matrix SII in the region II and SIII at the

interface.

By using the scattering matrix cascading method,

the total scattering matrix S of the quantum structure

can be constructed through the composition of the in-

dividual scattering matrices as

S = SI ⊗ SII ⊗ SIII. (14)

In the calculations, we will employ those values

of dielectric constants and density of GaAs and AlAs:

C44(GaAs) = 5.99 (1010 N ·m−2) and ρ(GaAs) =

5317.6 (kg ·m−3).

3. Numerical results and discus-

sion

We first show in Fig. 2 the dependences of the

thermal conductance divided by the temperature re-

duced by the zero-temperature universal π2κ2BT/3h

on reduced temperature κBT/~∆ for different values

of width L in the structure as depicted in Fig. 1.

Here, ∆ = ωm+1 − ωm = πvSH/ω, (vSH is the acous-

tic wave velocity in region I) denotes the splitting of

the cutoff frequency between the (m+1)-th and m-th

modes in region I. Figures 2(a) and 2(b) correspond

to the reduced thermal conductances of modes 0 and

1 respectively and figure 2(c) corresponds to the to-

tal thermal conductance. Note that the total thermal

conductance includes the contributions of the first six

modes. The dotted, dashed and solid curves corre-

spond to L = 100 nm, 80 nm, and 60 nm, respec-

tively. From Fig. 2(a), it can be found that with the

increase of temperature, the reduced thermal conduc-

tance K/T of zero mode is always decreasing, which

approaches the ideal universal value π2κ2BT/3h as the

temperature T → 0. Moreover, we can clearly see

that with the increase of width L, the thermal con-

ductance varies very little. We also find from Fig. 2(b)

that the value K/T of modes 1 is small. It is found

from Fig. 2(c) that the thermal conductance decreas-

es monotonically with temperature increasing. In such

cases, it is possible that thermal conductance becomes

very small at its minimum. The results can be under-

stood from physical view. The coupling strength can

be expressed by the overlap of the transverse functions

of the incident wave and the excited wave. For region

I and region II, the coupling strength is expressed as∫
ϕIm1

ϕAm2
dy and

∫
ϕIm1

ϕBm2
dy respectively. Accord-

ing to Eqs. (5), (8), and (10), the coupling strength

is small when d1 is small. The weaker the coupling

between region I and region II, the smaller the value

K/T of total thermal conductance through the junc-

tion will be, which is also true for region III and region

IV.
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Fig. 2. Thermal conductances divided by temperature, K/T , which is reduced by the zero-temperature universal value

π2κ2
BT/3h, each as a function of the reduced temperature κBT/~∆, for different values of width L. Panels (a) and (b)

correspond to K/T values of modes 0 and 1 respectively and panel (c) corresponds to the total K/T . The dotted, dashed

and solid curves correspond to L = 100, 80 and 60 nm respectively.

In Fig. 3, we investigate the dependences of the

reduced thermal conductance on the reduced temper-

ature for different values of width d1. The dotted,

dashed and solid curves correspond to d1 = 1 nm,

3 nm and 5 nm, respectively. It is clearly observed

that for different values of width d1 of slit the differ-

ence between their thermal conductances is very small.

However, this does not always happen to all the slits in

the structure. We now turn our study to the influence

of analysis slit on the thermal conductance. Figure 4

shows the reduced total thermal conductance versus

the width d2 of analysis slit. From Fig. 4, we can see

clearly that the reduced thermal conductance changes

with width d2. The longer the width d2 is, the big-

ger the value K/T within the region examined will be.

The dependence of the thermal conductance on the re-

duced temperature for width d1 is different from that

for width d2, which results from the different coupling

effects and interference effects. When the incoming

wave enters into region III, it partly goes into the anal-

ysis slit and partly is reflected back. The interference

of reflected wave with the incoming wave takes place

in region III. However, when the incoming wave enters

into region V, there is no reflection. As the width d1 of

slit increases, the stronger scattering due to discontin-

uous interfaces results in the decrease of the thermal

conductance. However, mode–mode coupling results

in the increase of the thermal conductance. This will

induce a nonlinear behaviour of the thermal conduc-

tance. When the width d2 of slit increases, there is no

reflection in region V, the mode–mode coupling results

in the increase of thermal conductance.

Fig. 3. Thermal conductances divided by temperature, K/T , which is reduced by the zero-temperature universal value

π2κ2
BT/3h, each as a function of the reduced temperature κBT/~∆, for different width d1. Panels (a) and (b) correspond

to K/T values of modes 0 and 1 respectively and panel (c) corresponds to total K/T . The dotted, dashed and solid curves

correspond to d1 = 1, 3 and 5 nm respectively.
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Fig. 4. Thermal conductances divided by temperature, K/T , which is reduced by the zero-temperature universal value

π2κ2
BT/3h, each as a function of the reduced temperature κBT/~∆, for different values of width d2. Panels (a)–(c)

correspond to K/T values of modes 0, 1 and 2, respectively and panel (d) corresponds to total K/T . The dotted, dashed

and solid curves correspond to d2 = 6, 4 and 2 nm respectively.

To explore the effect of the position of the analy-

sis slit in nanowire on K/T , figure 5 displays the K/T

values, each as a function of the reduced temperature,

for different values of ratio w4 : w5. Figures 5(a)–5(c)

correspond to the reduced thermal conductances of

modes 0, 1 and 2, respectively. The dotted, dashed,

and solid curves correspond to w4 : w5 = 1 : 1, 1 : 3,

and 1 : 9 respectively. Here, we fix w4 + w5 = 98 nm,

d2 = 2 nm. From Figs. 5(a), 5(b), and 5(d), it is clear-

ly seen that when the analysis slit is in the middle of

the quantum wire, the K/T value is the biggest for

the thermal conductance. Here, it should be noted, in

particular, that the thermal conductances are similar

in characteristics for the Young’s two-slit experiment.

Fig. 5. Values of total K/T , each as a function of the reduced temperature κBT/~∆, for different values of ratio w4 : w5.

Panels (a)–(c) correspond to K/T values of modes 0, 1 and 2, respectively and panel (d) corresponds to total K/T . The

dotted, dashed and solid curves correspond to w4 : w5 = 1 : 1, 1 : 3 and 1 : 9 respectively.
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However, the thermal conductance is unlike the case

of two-slit electronic waveguides. This is due to the

fact that the acoustic phonon satisfies the stress-free

boundary condition, whereas the electron satisfies the

hardwall boundary condition. For electron transport,

when the energy of the incident electron is lower than

the threshold energy, the electron cannot propagate

through the structure. However, for acoustic phonon

transport, the stress-free boundary condition allows

the mode with ω → 0 to propagate in the structure.

4. Summary

In the present study, we investigated the thermal

conductance in a two-slit quantum waveguide using

scattering-matrix method. We observed some nov-

el and interesting characteristics for thermal conduc-

tance in the structure. We found that the total ther-

mal conductance which includes the contribution of

the first six propagating modes decreases monotoni-

cally with temperature increasing. In such cases, it is

possible that the thermal conductance becomes very

small at its minimum. The K/T value of mode 1 is

small and the K/T value of mode 2 is close to zero.

We also noticed that there is a qualitative difference

in the dependence of the thermal conductance on s-

lit width. For different values of width d1 of the slit,

the difference between their thermal conductances is

very small. For different values of width d2 of the slit,

the difference between their thermal conductances is

obvious.
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