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Generalized photon-added coherent state (GPACS) is obtained by repeatedly acting the combination of Bose

creation and annihilation operations on the coherent state. It is found that GPACS can be regarded as a Hermite-

excited coherent state due to its normalization factor related to a Hermite polynomial. In addition, we adopt the
Hilbert—Schmidt distance to quantify the non-Gaussian character of GPACS and discuss the decoherence of GPACS in
dissipative channel by studying the loss of nonclassicality in reference of the negativity of Wigner function.
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1. Introduction

In recent years, much effort has been dedicat-
ed to the theoretical investigation and experimen-
tal production of highly nonclassical, non-Gaussian
states of the radiation field.['?] Such states are en-
dowed with enhanced nonclassical properties, such as
sub-Poissonian statistics,®! squeezing, higher-order
squeezing,®! antibunching,® negativity of Wigner
function (WF),[”] etc., which can be useful for improv-
ing the efficiency of quantum information and com-
munication protocols.[®9 Especially, the non-positive
WF is regarded as a clear signature of the high-

(101 and

ly nonclassical character of the optical fields
is often used to monitor the decoherence of some
quantum states.!'’"'2) Degaussification can be real-
ized in a simple manner through adding (subtract-
ing) photons to (from) a Gaussian state.'3=20 For
example, photon-added coherent state (PACS) or
excited coherent state, first introduced by Agarw-
al and Tara,['3 was a new class of non-Gaussian s-
tates, obtained by repeated application of photon cre-
ation operator (a') to a coherent state. It was al-
so considered as a nonlinear coherent state*' and
exhibited both higher-order squeezing and higher-
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order sub-Poissonian character.?? Later, the single
PACS has been generated experimentally and to-
mographically reconstructed WF for such states has
been analysed.?3] Another scheme was proposed by
Kalamidas et al.l?¥ to generate a two-PACS. In ad-
dition, following the Agarwal’s idea, photon-added
entangled coherent states (PAECS)25=28] have been
constructed as well. Their amount of entanglement
can be increased by repeatedly adding photon number.
Ren et al.?) proposed a scheme of optical generation
of single- or two-mode PAECS with nonlinear Mach-
Zehnder interferometer and a type-I beta-barium bo-
rate crystal.

In another development, much attention has been
paid to the combination of photon-added and photon-
subtracted operation on a given state. Among them,
Lee et al.l3% investigated the properties of these states
obtained by repeatedly applying (afa)® and (aa®)*
to the coherent state and thermal state, respectively.
Yang and Lil®! also analysed the operation a‘a™ and
its inverse a*a'’ on an arbitrary state and they stud-
ied their nonclassicalities. Fiurasek!3? later proposed
a scheme for the approximate probabilistic realization
of an arbitrary operation that can be expressed as a
function of photon number operator a'a. Very recent-
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ly, Lee and Nhal®3 have considered a coherent super-
position of photon addition and subtraction ua + va'
with |u|® + [v|* = 1 acting on a coherent state and a
thermal state to form non-Gaussian states. Presented
in Refs. [34] and [35], the generalized photon-added co-
herent state (GPACS) which is created by repeatedly
applying the operator af+a to coherent state m times,
GPACS exhibits highly nonclassical behaviours such
as sub-Poissonian distribution, the squeezing proper-
ty, WF and so on, depending on what the m value
is. In this paper, according to the above work we fo-
cus our attention on the non-Gaussianity of GPACS
based on the Hilbert—Schmidt distance and the deco-
herence of GPACS in dissipative channel by studying
its WF with time evolution. Motivations to study
this work lie in the fact that i) the normalization fac-
tor of GPACS is a Hermite polynomial, so GPACS is
regarded as a Hermite-excited coherent state; ii) as is
well known, non-Guassianity is revealing itself as a re-
source for continuous variable quantum information.
We evaluate the non-Guassianity of GPACS, which
serves as a guideline to quantify the non-Guassian s-
tates; iii) when the nonclassical states propagate in
the medium, they inevitably interact with their sur-
rounding environment, which tends to deteriorate the
degree of nonclassicality (i.e. to render quantum fea-
ture unobservable). It is necessary to further inves-
tigate the dynamic behaviour of their nonclassicality;
iv) as far as we know, the decoherence of arbitrary
number GPACS in dissipative channel has not been
derived analytically in the literature before.

The rest of this paper is organized as follows. In
the following section we review the general structure of
GPACS, whose normalization factor is related to Her-
mite polynomial function and derive some properties
such as scalar products, photon number distribution
and fidelity. Then, in Section 3 we adopt the Hilbert—
Schmidt distance to quantify the non-Gaussian char-
acter of GPACS after calculating the average photon
number in GPACS. We devote Sections 4 and 5 to
investigating the decoherence of GPACS in a dissipa-
tive channel. In Section 4 the normally ordered form
of density operator of GPACS is firstly derived in a
dissipative channel, whereas in Section 5 we deduce
the explicit analytical expression of the GPACS’s WF
with time evolution in a dissipative channel (see E-
q. (35) below) and discuss the loss of nonclassicality

in reference about the negativity of WF.

2. GPACS as a Hermite-excited

coherent state

Theoretically, GPACS can be obtained by repeat-
edly operating the coherent superposition of photon
addition and subtraction (2 = a' + a) in a coherent
state |a), i.e.,

|a,m> = Nm,ozﬂm |a> ’ (1)

where m is an integer and N, is the normaliza-
tion constant. Note that the operator {2 is Hermitian
2 = N, different from the operator b = pa + val.

According to the normal ordering form of 2,25

()

where : denotes the normally ordered product of

Bose operators and H,,(x) is Hermite polynomial
O™ ate—s?
otm

[m/2] (

—1)lm!
=2 i — 201 %
=0

we see that based on the normalization condition
1 = (Npo)? (a] 22™|a), the compact form of Ny, o
is found to be
_ " i(a*+a)
Npo) 2= (-2) Hyp |21 4
O = (=) [F22] 0
Using Egs. (1) and (2), GPACS is also expressed

H,.(z) =

t=0

)m72l’ (3)

which indicates that GPACS is equivalent to a
Hermite-excited coherent state, where in the last step

), (5)

we have used the eigen-equation a|a) = «|a). From
Eq. (2), we also give the quantity

Glemia = (), [LE g0,

where |) is also a coherent state, and
1 1 .
(3l a) =exp (518" - 3ol + 570 )

Further, the expansion leads to the following results
for the scalar products:

(B,m |a,m)
_ (_1)m Nm,aNmﬁH 1(5* +O‘)
- om 2m \/i

[ 610,
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and

(,m |, ) = Nyp.aNno (7%) - Hypin (C), (8)

where C' =iv2 (a + a*)/2.
On the other hand, according to Eq. (3), equa-
tion (5) is rewritten as

v, m)
[m/2] m—21 om—2l—k
= Npa a® 9
lzg kzo 2ll'k' = 1O

which is the superposition of the coherent state |«)
and PACS a*|a). Using a|n) = y/n|n — 1), we can
obtain a*|n) = \/n!/(n —k)!|n — k), and (n|a) =
(™ /v/n!) exp (—\a|2/2). Tt is seen from Eq. (9) that
the photon number distribution formula is given by

=
oo
1 3 5 7 9 11 13 15 17 19 21
n+1
1.0
(c)
0.8}
g 0.6}
X
0.4}
0.2}

1 3 5 7

9 11 13 15 17 19 21
n+1

P(n)
= N;ae_‘o"?n! (m!)?
[m/2] m—21 qmAn—21—2k ’
. (10
Z Z 2K (m — 20 — k) (n — k)! (10)

Using Eq. (10), in Fig. 1 we show the plots of pho-
ton number distribution P(n) of GPACS as a func-
tion of n 4 1 for several different values of parameters
a and m. It can be seen apparently from the plots
that the position of peak of P(n) depends on excita-
tion number and the value of coherent state initially.
Figure 1(a) just describes photon number distribution
of the coherent state. By adding photons, we can

move the peak with the increase of photon number
(see Figs. 1(a)-1(c)).

(b)
0.8
0.61
B
= 041
e
0.2f
0
1 3 5 7 9 11 13 15 17 19 21
n+1
(d)
1.2}
g 0.8}
Q
0.4}

1 3 5 7 9 11 13 15 17 19 21

n+1

Fig. 1. Plots of photon number distribution P(n) of GPACS as a function of n + 1 for several different values

of parameters o and m: (a) a =241, m
m = 3.

Finally, we examine the fidelity between GPAC-
S and its original coherent state, F = |{a o, m)|?,
which is a measure of how close to the coherent state
the GPACS is .

Gaussian state, the fidelity with coherent state may

Since the coherent state is a standard

be seen as a non-Gaussianity measure to exhibit the
non-Gaussian character of GPACS. Using Eq. (5), we
have

(1" Hy (O

=m0

(1)

=0;(b)a=2+i,m=3;(c) a=2+1i, m=06; and (d) o = 2+ 3j,

The fidelities of Eq. (11) are plotted in Fig. 2 each as
a function of a for several different values of parame-
ter m where we suppose that « is real for simplicity.
From Fig. 2 one can clearly see that for the case of
m = 0, the fidelity equals unity as expected and in
the limit of high value of ||, the fidelity tends to be
unity. In addition, the fidelity becomes smaller with

the increase of parameter m for the smaller |
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1.0 m=0 with  [p] = Tr [p?] and & [p, 7] = Tr [p7] denoting the
sl purity of p and the overlap between p and 7, respec-
m=1 < tively. In fact, the non-Gaussianity 0 [p] quantifies how
& 0.6F much a state fails to be Gaussian. Especially, 6 [p] =0

mZ3 m=>5 if and only if p is a Guassian state.
04r m 24 For GPACS, we readily know u [p] = Tr [pQ] =1.
02l m=2 Moreover, as the reference Gaussian state, we choose

the thermal state
T -
« Z = 1D (14)
Fig. 2. (colour online) Fidelities between GPACS and its ZZO

original coherent state as a function of «a for several differ- ith th h b _ b _
ent values of parameter m where we suppose « to be real with the average photon number n (W ere n. =

for simplicity. {a, mla'a|a, m)), whose purity is

3. Non-Gaussianity of GPACS ] = ——. (15)
Al = o 1
As is well known, a non-Guassianity measure may We now calculate the average photon number 7 in G-

serves as a guideline to quantify the non-Guassian PACS. Tt is obtained from Eq. (5) that

states.36=38] In this section, we adopt the Hilbert—

Schmidt distance between a quantum state p and a - N2 i@ +a)] .
reference Gaussian state 7, which itself depends on p, n= 2m = (| Hp, [ \/ﬁ} aa
to quantify the non-Guassianity ¢ [p] of GPACS. The i (a + a)
non-Gaussianity & [p] is defined as[3l x Hp, G o) . (16)
5(p) = Dasle.] (12) . .
wip] Using Eq. (3) and the completeness relation of coher-

ent state as well as the following integral formula: (3!
where D¢ [p, 7] denotes the Hilbert—Schmidt distance

o 9
between p and 7, and it is expressed as /B oCla ez _ 1 e—En/Q Re(¢) <0, (17)

> 1 2 T
Dig lp, 7] = in [(P— 7) }
o] + 7] — 26 [p, 7] the final result of Eq. (16) is derived by (see Appendix

— 5 , (13) A for details)
|

N2, (m!)® { " Jaf? 25 Hy p (CF)Hp(C) e 2K H,, 1 (C*)Hpp_ o1 (C)
k=0

2m k! [(m — k)1 Pt K [(m —k —1)1)°
Osz k— 1(0 )Hm—k (C) - OL*Hm_k(C*)Hm_k_l (C)]
- “[Z Kl (m— k) (m—k —1)! ' (18)
In order to calculate & [p, 77| = Tr [pm] = (a, m| 75 |, m), using et = exp [(e* —1)ala] : 9 we can

reform Eq. (14) as its normal ordering form, i.e.,

. nilprnill) } (19)

In a similar approach to deriving Eq. (18), by means of Egs. (3), (5), and (19), and the complete relation of
coherent state, we have

2 2
Nm,a © lod o ei\/ias—i\/ia*t—ﬁ—sz
3 (i + 1) 9tmds™

d?zd?%z2
X /%exp [ lz1” + a*z —iV2tz — |20 +

K [p,ma] =

122+(a+1\fs) }

» (20)

t=5=0
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then it follows from Egs. (17) and (3) that

2
N2 _ o™
m,a EXP ( Atl

K[P,Tﬁ] = om ('ﬁ+ 1)
o (mh)? (2 2
kzzo ! [(m_ k’)']2 | m—k(D)| , (21)
where

iv2 na’*
D=——
2 <a+ﬁ+1)’

and we have used the recurrence relation of H,, (z)

dk 2k

me () = mHm—k (z). (22)

Finally, substituting Eqgs. (18) and (21) into Eq. (13)
and then into Eq. (12
pression of non-Guassianity 0 [p] of GPACS as

), we obtain the analytical ex-

n+1

—k[p,7a]- (23)

In Fig. 3, we plot the non-Gaussianity § [p] of G-
PACS as a function of parameter o where we suppose
a to be real for simplicity. As shown in Fig. 3, for
a given «, non-Gaussianity of GPACS is enhanced
with m increasing. J [p] increases monotonically with
parameter « increasing. Especially, 0 [p] tends to be

m =10
0.48f -
m =9
0.46
= nZ£ 4
© 0.44 [m#=3
mp=2
0.42+ m=1
1 2 3 4 5
ey
Fig. 3. (colour online) Plots of non-Gaussianity of G-

PACS as a function of the parameter « for several different
values of m where we suppose « to be real for simplicity.

[m/2] m—2l m—21’

2 k' —ktal
m2lk*m 2l kerctaana'rk

0.5 for & — oco. This is sharply different from the co-
herent state, where as « increases, it becomes more
and more classical. It is interesting to verify that
applying the operator §2 to coherent state m times

transforms a Guassian state into a non-Guassian one.

4. Normally ordered form of G-
PACS’s density operator in

dissipative channel

When GPACS evolves in a dissipative (photon-
loss) channel, the evolution of the density matrix can
be described by the following master equation in the

interaction picture:[*1]
dp(t
% =k [2ap (1) at —atap (t) — p(t) aTa} , (24)

where [a, aT] =1 and k represents the dissipative co-
efficient. By virtue of the entangled state represen-
tation, the density operator p (t) for a lossy channel

satisfies the following relation:(*?]

= ™ —ktata _n —ktata
p(t) =D —rerielanpgalne e (25)

n!
n=0

with T =1 — e 2% which is just the Kraus sum rep-
resentation. From Eq. (25), when xt = 0 and T = 0,
p(0) = po as expected.

Using Eq. (9) and substituting the initial density

matrix

[m/2] m—2l m—21'

e 22 2

,I'=0 k=0 k'=
(m')2 m—2l—k o xm—2U'—k' ;tk |a>< |ak
QTR (m— 21 — F)! (m — 2 — k)]

Po = \a,m) <a,m\ =

(26)

into Eq. (25), we have

o0 Tn
p(t) = Z FGT’m’n (a, al; t), (27)
n=0 '

where

|O(> <o<|a aTn —rtata

Grmn (a al t

ZZZ

LI'=0 k=0 k'=

On the other hand, using a™a'™ = (—

2 NENNE (m — 2] —

l)m"r’ﬂ . Hm,n (l GT7 ia

)l (m — 21 — k)] (28)

) 431 where
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min[m,n]

min! (—1)F gm=t¢n=l
Hm,n (faC) = Z x I (n_l)l(m_l)l
=0

is two-variable Hermite polynomial and

wtala _ Kt
=ae ",

al e "t (29)

— t
e kta aae

_ T T
e Kta aaT efit(l a _

we obtain that

e—ntaTaanaTk |Oé> <Oé‘ ak’aTn e—nta“a

— (_ i)k+k,+2n 67‘042 Kt

Jia)

“Hy, 5 (i a*,iae_“t) 5, (30)

:Hy o (1 ale”

7~ta1

ae —atata*e "t

xXe

where we have considered the coherent state |a) =
exp(—|al?/2 + aa') |0) and the normal product form
of vacuum projector |0) (0] = : exp (—a'a) : . Thus
substituting Eq. (30) into Eq. (28), equation (27) be-
comes the normally ordered form of GPACS’s density
operator in dissipative channel, which is convenient
for us to calculate its WF with time evolution.

N2 o2z [2—|a|?> oo [m/2] m—2l m—21’
m,a
W (z,t) =
n=01[0,1'=0 k=0 k'=

5. Wigner function evolution of
GPACS in dissipative channel

WF is a powerful tool to investigate the nonclas-
sicality of optical fields. Its partial negativity implies
the highly nonclassical properties of quantum states
and is often used to describe the decoherence of quan-
tum states. In this section, we derive the analytical
expression of WF with time evolution for GPACS in
dissipative channel. For a single-mode system p, WF
is given byl”]

W (z) = TrpAy (z,27)], (31)

where z = (¢+ip)/v2 and the Wigner operator
Ay (z,2%) in the coherent representation |z) can be

expressed as[39:44]

2
o2l

Aw (2,2%) = /d%ﬂm< Bl e 205 =0 (3)

Based on the normally ordered form of p(¢) for G-
PACS, its WF is

™

am—2l—k *m—2l'—k’( -)k+k’+2n

22 ) X:nWHmmwmw —2l— k)mfzy k!

d2 *  —kt * —kt) g%
« / ﬂ-B 67‘5‘2+(a e —2z )ﬁ+(2,zfoze )B Hk,n (_lﬂ* e*"t,ia) Hn,k’ (1 a*,iﬁe*"t) ) (33)

Then, using Eq. (17) and the generating function of two variable Hermite polynomial H,, ,, (§,¢),

am+n

Hpn (€,¢) =

NN

N Py (34)

we finally obtain the analytical expression of WF of GPACS in dissipative channel (see Appendix B for details)

as

\a|2—|2z—oce7

N2 (ml)? e?#°~

m2

W (z,t) = —=

™

X

SY YT Y

oo [Mm/2] m—2l m— 2l’m1nkk]{
n=010,'=0 k=0 k/'=

(— i) g =2intgm=2i—kgrm=2'=K'}, . (_E* {a)H,p_; (0, E)

I (m — 21 —

) (m — 20 — k')l (k

& i e G

where we have set E =i (2ze™" — ae™?""). Equation (35) is just the analytical expression of WF for GPACS

in dissipative channel.

In particular, at the initial time (¢ = 0), noticing E =

N2 (’m')2 e—2|z—a\

12Jm

i(2z2—a), T =0, and n = 0, equation (35) becomes

2

W (z,0) = —™ ‘W }:

j=0 ]

, (36)

22"+ — a*
H, i)
N ]< V2
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where we have used Eq. (3) and considered
Hino(6,¢) = €™ Hon(§,¢) = ¢ The result of E-
q. (36) accords with that of Ref. [35]. On the oth-
er hand, when kKt — oo, noting £ — 0, T — 1,
W (z,00) — 1/mexp(—2|2|?), which indicates that the
WF losses its non-Gaussian nature and becomes Gaus-
sian after a long interaction in the dissipative envi-
ronment. In Fig. 4, the evolutions of Wigner function
Wi(q,p) of GPACS are depicted in phase space each
as a function of ¢ and p with a = 0.5410.5 for several
different values of m and «t. It is interesting to note
that GPACS’s WF distribution is sensitive to parame-

ter m. There exists an upward peak and the number of

4
-2
—
= 2 0.2
= S)
o ~— e
N~ s Ol s
= O\
£

LFEXZTL,
LT
LT

W(q,p)
W(q,p)

PR
R

.-g.;g;g:&. =

25 o

L2 AT 2 Py L e P 4
AN O i 7 e e

o

A
SRS
e S
q"..'h.é'-e'?":‘-‘ﬂ'
Z A
s

7
7174
“Xuy)
Z A
L

22K

downward minor peaks is equal to the value of m (see
Figs. 4(a) and 4(d)). When m > 1 WF presents the
partial negative region, which may become more non-
classical by increasing the value of m. On the other
hand, from Fig. 4 it is easily seen that the negative re-
gion of WF gradually disappears as xt increases. This
implies that WF of GPACS losses its non-Guassian
nature and reduces into a Gaussian state after a long
interaction in this dissipative channel. Thus the loss of
channel causes the partial negativity of WF of GPACS

to disappear if the decay time kt exceeds a threshold

value.

23
2%

A

I
N7
g,
'lgi!"

—2
0.3
~ 0.
3 02 : f“-
HIHS = 0‘ 1 4 7 A‘l.. A
= 0.0y e NS
e L NNy Ny S NS,
0 W L IS
R T A R
4 AT A,
S
275 2 o ;5&5
0 =
) p —

Fig. 4. Wigner function evolution of GPACS in phase space as a function of ¢ and p with a = 0.5 +i0.5 for
several different values of m: (a) m =1, kt =0; (b) m =1, kt =0.2; (¢) m =1, st = 0.8; (d) m = 2, kit = 0;

(e) m =2, kt =0.2; and (f) m =2, kt =0.8.

6. Conclusion

Because the normalization factor of GPACS is re-
lated to a Hermite polynomial function, whose form is
much more compact than that of Ref. [34], GPACS is
regarded as a Hermite-excited coherent state. Next,
we calculate the photon-number distribution and the
fidelity between GPACS and its original coherent s-
tate, which exhibits its highly nonclassical behaviours
depending on what the m value is. Moreover, we have
successfully adopted the Hilbert—Schmidt distance to
quantify the Non-Gaussian characteristics of GPAC-

S where we choose the thermal state with an aver-

age photon number as the reference Gaussian state.
In addition, the decoherence of GPACS in dissipative
channel is also discussed by studying the loss of non-
classicality in reference of the negativity of WF. As ex-
pected, WF presents the partial negative region, which
may become more nonclassical by increasing m value
and in dissipative channel it losses its non-Guassian
nature and reduces into a Gaussian state after a long
time interaction. Finally, it is worth noting that in
Ref. [33] an experimental scheme was proposed to im-
plement the coherent superposition operator pa+vat,

which can generate GPACS.
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Appendix A: Derivation of Eq. (18)

Using Eq. (3) and the completeness relation of coherent state, i.e.,

d2z 1 1
/ - k lzi) (zx| = 1, and (zx| o) = exp <—2 \zk|2 ~3 |oz\2 + ZZa) ,

equation (16) becomes

N2 . [ d2zd%2 i(a* +a) i (aJr + a)
n= e [ g, [ ) (el Gl | N2
2 m
_ Nmyoé 0 e*\a|2*i\/§a*t+i\/§a57tzfs2/ d?z 2*67\21\2*i\/§z1t+a*z1
2m  Jtmsm r 1
2
X / %z 29 e_|22|2+21*22+z5<“+i\/§s)\t:SZO. (A1)
T
It follows from Eq. (17) that
2 om 2
A = Nm,a 0 ef|a\27i\/§a*t+i\/§a57t2732g d 21 ef\z1\2+(a*71ﬁt)zl+uzf
2m  gtmosm o 0
2
N B E St RIS ETRININN
v T
2 2m
_ Nm7oé 82 av+pa™ 0 2st—12—s52—i \/§(a*+a+,u,)t+i \/§(a+a*+v)s| (AQ)
2m oudv © otmosm pv=t=e=0-

Then, expanding the term e2?** into the form of the series, using Eq. (3) again and letting A = —iv/2 (a* + a + u)/2
and B =iv2(a + o* + v)/2, we finally obtain

N? o2 o > o2k
= _ m,a Y ovtpa 7Hm A Hm B o
" 2m  Qudv ¢ kZ:O k12k9 Ak O Bk ( ) ( )|u— =0

N2, o (m)? &S 28 (e Hyo i (A)] lu=o gy [ Hin—1(B)] lu=o

— m,x 14 ; (AS)
a kZ:O k! [(m — k)]
where in the last step we have used Eq. (22). Further, we can calculate
9 T ua \ o 1V2(m— k) .
ailu [e# Hm—k‘(A):| ‘,LL:O =« Hm_k(c ) — mHm_k_l(C ), (A4)
and
a av i \/§ (m — k)'
3y (" Hm-k(B)]lv=0 = aHm—1 (C) + mHm%fl @), (A5)

where C' = iv/2 (o + a*)/2. Substituting Eqs. (A4) and (A5) into Eq. (A3) leads to the result of Eq. (18).

Appendix B: Derivation of Eq. (35)
Using Egs. (34) and (17), we have
2 2 *  —Kt * — kKt *
;E/Me—m\ ot em 2 )pk (e mae )Y, (8% e ja) Hyp (ia%,iBe )
e
akJrn ak'Jrn

= Dsk0s™ ONPONF
2
< / d ﬁ ei|ﬁ|2+(a* e~ Ft_oz* 4 e—mt)\/)ﬁJr(zziae—mii e~ Ht
s

—s8' = AN +ias'+ia* A

$)8*
)8 ‘s:s/:)\:)\’:()

k—+n k'4+n
_ e—‘?z—aefntf 6 8 S)\/efZM—ss’—E*s—s—iocs’—)\A'—Hoz*)\-&-E)\’ . (Bl)

D5k s OATONF © =s'=A=X'=0;
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where E = 2ize " —jae 2~ Expanding the exponential term e* ¢ """ and again using Eq. (34), it follows
that
. —2jKt 525 k+n k' +n Lo, P ,
F— e—‘2z—ae t‘2 Z : © 8 : 8k / 0 — o =58’ —E stias AN +ia A+ EA PNV
= 410 (—E*) 9F3 0s0s™ OA"OX
. —2jKt J J
—|2z— —rt|? (S a ) . 8 . *
=€ ‘ Fae ‘ ZTWH&TL (_E ;la) @Hn,k' (10( 7E) (B2)
§=0

Noticing the well-known differential relation of H,, ,, (£,()

0 0
aié.Hm,n (57 C) = mHmfl,n (ga C) ) aich,n (57 C) = nHm,nfl (57 C) ’
o m!n!
DELCF Hpn (€C) = mHm—l,n—k (€0, (B3)
we have
e MRERT ot

22— et e 1k . .

.F: € |2 | Jgo ]'(k‘-j)'(k/—])'Hkij’n (—E ,1a)Hn’k/,j (10[ 7E) (B4)

Substitution of Eq. (B4) into Eq. (33) just leads to the result of Eq. (35).
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