
Chin. Phys. B Vol. 21, No. 2 (2012) 024201

Propagation dynamics and experimental

observation of quadratic vortex beam∗
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The concept of a quadratic vortex beam is proposed, in which phase term of the beam is given by exp(i mθ2). The

phase of the quadratic vortex beam increases with azimuthal angle nonlinearly. This change in phase produces several

unexpected effects. Unlike the circularly symmetric beam spot of normal vortex beams, the intensity distribution of the

quadratic vortex beam is shown to be asymmetric. The phase singularities will shift in the transverse beam plane on

propagation.
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1. Introduction

A beam with helical phase structure of exp(i lθ),
where l is the topological charge and θ is the azimuthal
angle, is regarded as the vortex beam. Laguerre–
Gaussian (LG) beam is an example of vortex beam.
It was predicted by Allen that an LG beam possesses
a well-defined orbital angular momentum (OAM).[1]

Since then, considerable attention has been paid to the
generation of vortex beams and their applications.[2−5]

The OAM of a vortex beam can be transferred to
the particles and can set them into rotation. There-
fore, they can be useful in designing optical tweez-
ers and spanners.[6−8] The OAM can also be used to
encode data onto a laser beam for transmitting in-
formation in free-space optical systems.[9−12] Such an
application provides a possibility to increase the in-
formation density together with an inherent security
enhancement.[9]

Vortex beams with asymmetric intensity distribu-
tion are referred to as noncanonical optical vortices,
which can be constructed by continuously deforming
the canonical vortices.[13] It is shown in the study of
noncanonical optical vortices that the beam experi-
ences rotation and the phase singularity shift in linear
and nonlinear media.[14,15] Such an anormalous mo-
tion of optical vortices may be affected by amplitude
gradient, phase gradient and nonlinear factors that
depends on the intensity gradient.[14,15] The shift of

the optical vortex in the transverse beam plane is an
interesting property and has many potential applica-
tions. Very recently, a shift of helical waves through
off-axis circular apertures was observed, which can be
used to perform subdiffraction imaging.[16]

To the best of our knowledge, most of the research
on vortex beams is limited to the case of beams with
phase term of exp(i lθ), i.e. the phase depends lin-
early on azimuthal angle θ. This kind of vortex beam
can be defined as the normal vortex beam. In this
paper, we propose the concept of a quadratic vortex
beam. The phase of quadratic vortex beams can be
described by a phase term exp(imθ2). The non-linear
dependence on the azimuthal angle of the phase will
introduce many interesting phenomena including the
emergence and the evolution of phase singularity and
the rotation of beam intensity.

2. Theoretical analysis

It is clear for the normal vortex beam with topo-
logical charge l = 1 that the phase will gradually
increases from 0 to 2π as the azimuthal angle in-
creases from 0 to 2π. To compare with such a phase
change of the normal vortex beam, a special case of the
quadratic vortex beam is considered. The parameters
of phase term exp(imθ2) are chosen to be m = 1/(2π).
For a normal vortex beam with phase term of exp(i θ),
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the phase increases linearly with the azimuthal angle
as shown in Fig. 1(a). While for a quadratic vortex
beam with a phase term of exp[i θ2/(2π)], the phase

increases with the azimuthal angle nonlinearly. The
nonlinear increase of the phase of the quadratic vor-
tex beam may have interesting characteristics.
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Fig. 1. (colour online) Phase of vortex beams: (a) the normal vortex beam with a phase term of exp(i θ); (b) the quadratic

vortex beam with a phase term of exp[i θ2/(2π)]; (c) phases of vortex beams each as a function of azimuthal angle.

It is well known that the intensity distribution of a
normal vortex beam with integer topological charge is
a bright annulus with a dark core inside and the inten-
sity distribution of the beam is circularly symmetric.
A phase singularity exists in the centre of the beam
and its position keeps invariant on propagation. The
intensity distribution and the phase of the normal vor-
tex beam with topological charge l = 1 are illustrated
in Figs. 2(a) and 2(b), respectively. Now we turn to
study the propagation of the quadratic vortex beam
in free space. At the z = 0 plane, the quadratic vortex
beam, with the phase being quadratically dependent
on the azimuthal angle, can be expressed as

E(0)(r, θ) = A(r, θ) exp
(
− r2

w2

)
exp(imθ2), (1)

where A(r, θ) is the amplitude factor, which is depen-
dent on r and θ, and w is a constant characterizing
the beam size. It is assumed that the quadratic vortex
beam is generated by imposing the nonlinear phase de-
pendence on the beam, which can be done by passing a
Gaussian beam through a spiral phase plane (SPP) or
computer-generated hologram (CGH), therefore just
behind the SPP, we can choose A(r, θ) = A0. Here A0

is a constant representing the amplitude of the beam.
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Fig. 2. (colour online) Intensity (a) and phase (b) of nor-

mal vortex beams with a phase term of exp(i θ).

Based on the Fresnel diffraction integral, the elec-
tric field for a quadratic vortex beam propagating in
free space can be given by[17]

E(ρ, φ, z) =
∫

E(0)(r, θ) exp
{
− i k

2z
[r2 + ρ2

− 2rρ cos(θ − φ)]
}

rdrdθ, (2)

where ρ and φ denote the radial coordinate and the
azimuthal angle in propagation field respectively, and
k = ω/c is the wave number of the incident beam.

Substituting Eq. (1) into Eq. (2), and after te-
dious integration, we obtain
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where α = 1/w2 − i k/2z, β = kρ/z, and erf denotes the error function, and Jl the Bessel function of the first
kind.
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The propagation dynamics of quadratic vortex
beam with a phase term of exp[i θ2/(2π)] is shown
in Fig. 3. Like a normal vortex beam, there is also a
dark core in the centre of the beam and a bright an-
nulus surrounds the core. While unlike the symmetric
distribution of normal vortex beam, the intensity dis-
tribution in the annulus varies with position, i.e., it is
stronger in some part but it is weaker in other part.
The stronger part of the annulus rotates on propaga-
tion. The rotation-like behaviour of quadratic vortex

beam is similar to that of an off-axis optical vortex

beam.[18] In particular, we are interested in the evo-

lution of the phase singularity. For a normal vortex

beam, the phase singularity is located in the centre

of the beam and keeps its position in propagation.

However, for the quadratic vortex beam with a phase

term of exp[i θ2/(2π)], the location of phase singularity

moves on propagation. The phase singularity deviates

from axis as propagation distance increases.
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Fig. 3. (colour online) Propagation dynamics of a quadratic vortex beam with a phase term of exp[i θ2/(2π)], with

z = 0.1 m (a), 0.5 m (b), 2 m (c), and 10 m (d), and the evolution of phase singularity (e). The chosen parameters are

w = 1 mm and λ = 633 nm.
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More interesting properties are found in the prop-
agation of beam with a phase term of exp[i 2θ2/(2π)].
The intensity distribution and the phase singularity
are plotted in Fig. 4. Different from one dark core of
beam with a phase term of exp[i θ2/(2π)], two dark
cores emerge for a sufficiently long propagation dis-
tance and these two dark cores overlap into one in a
short propagation distance. These characterizations
can be understood with the help of distribution of
phase singularities as shown in Fig. 4(e). It is clear

that there are two phase singularities corresponding
to the two dark cores. The phase singularities are
first close to the axis and then away from the axis
on propagation. The longer the propagation distance,
the larger the displacement is. Furthermore, the sepa-
ration between the two phase singularities increases as
well with the increase in propagation distance. There-
fore, one dark core gradually evolves into two. The
sizes of the two dark cores are different, one is larger
and the other is smaller.
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Fig. 4. (colour online) Propagation dynamics of a quadratic vortex beam with a phase term of exp[i 2θ2/(2π)], with

z = 0.1 m (a), 0.5 m (b), 2 m (c), and 10 m (d), and the evolution of phase singularities (e). The other parameters are

the same as those in Fig. 3.
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3. Experimental observation

An experimental setup based on computer-
generated hologram (CGH) is introduced to gener-
ate such a quadratic vortex beam. The CGH formed
by interference of the required quadratic vortex beam
with a plane wave in computer is displayed on a pro-
grammable spatial light modulator (SLM) (LCR2500,
Holoeye). Several reconstructed beams emerge as the
laser beam impinges on the SLM. The quadratic vor-
tex beam desired is selected by a spatial filter and
recorded by a CCD camera. The quadratic vortex
beam with a phase term of exp[i θ2/(2π)] obtained in
our experiment is shown in Fig. 5(b). According to
the experimental condition, we also simulate the corre-
sponding theoretical result. The simulation presented
in Fig. 5(a) coincides well with the experimental ob-
servation.

The properties of higher-order quadratic vortex
beams propagating in free space are experimentally
observed as well, which is shown in Fig. 6. The inten-
sity distributions show different characteristics. For
the vortex beam with a phase term of exp[i θ2/(2π)], a
dark core is formed and the intensity in the outer-ring
varies around the dark core. For the vortex beam with
a phase term of exp[i 2θ2/(2π)], two dark cores emerge
and the intensity varies around every dark core. More
generally, m dark cores emerge for vortex beam with
a phase term of exp[imθ2/(2π)]. The dark cores vary

in size, which accords well with the theoretical predic-
tion.

(a)

(b)

Fig. 5. Intensity distributions of the quadratic vortex

beam with a phase term of exp[i θ2/(2π)]. Panel (a) shows

the theoretical result; panel (b) displays the experimental

observation.
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Fig. 6. Experimental observations of higher-order quadratic beam with a phase term of exp[i mθ2/(2π)] propagating

in free space, with m = 2 (a), 3 (b), and 4 (c).

It is known that the intensity distribution of a
normal vortex beam is a dark core surrounded by a
bright annulus. This property is useful in particle
trapping. Particles can be trapped inside the high-
intensity region because of optical gradient force. Fur-
thermore, each photon of a normal vortex beam with
topological charge l carries OAM of l~ and the OAM
of the beam can transfer to the particles. It can be

found from the results of the quadratic vortex beam
that the dark core still exists. Moreover, the number
of dark cores which depend on the phase term may
increase. The motion of optical vortices may be influ-
enced by amplitude gradient and phase gradient.[14,15]

The bright annulus of a quadratic vortex beam is no
longer circularly symmetric and it will influence the
optical gradient force within the bright annulus. The
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phase of a quadratic vortex beam is dependent non-
linearly on azimuthal angle. Therefore, the peculiar
property of a quadratic vortex beam may show its
unique advantage in micro manipulation of particles.

4. Conclusions

We present a new kind of vortex beam, which is
called the quadratic vortex beam. The phase of the
quadratic vortex beam is dependent nonlinearly on
the azimuthal angle. To investigate the property of
quadratic vortex beams, a special example of a beam
with a phase term of exp[imθ2/(2π)] is considered.
It is found that beams with m phase singularities
emerge, which is related to dark cores and the inten-
sity distribution around the core is varying. Moreover,
the position of phase singularity shifts on propagation.
These unique properties may have important potential
applications and deserve to be further investigated.

References

[1] Allen L, Beijersbergen M W, Spreeuw R J C and Woerd-

man J P 1992 Phys. Rev. A 45 8185

[2] Guo C S, Lu L L and Wang H T 2009 Opt. Lett. 34 3686

[3] Cheng K, Zhang H R and Lu B D 2010 Acta Phys. Sin.

59 246 (in Chinese)

[4] Zhao G Y, Zhang Y X, Wang J Y and Jia J J 2010 Acta

Phys. Sin. 59 1378 (in Chinese)

[5] Li Y Y, Chen Z Y, Liu H and Pu J X 2010 Acta Phys.

Sin. 59 1740 (in Chinese)

[6] Gahagan K T and Swartzlander Jr G A 1996 Opt. Lett.

21 827

[7] Simpson N B, Allen L and Padgett M J 1996 J. Mod. Opt.

43 2485

[8] Lee W M, Yuan X C and Tang D Y 2003 Opt. Express 11

199

[9] Gibson G, Courtial J and Padgett M J 2004 Opt. Express

12 5448

[10] Liu Y D, Gao C Q, Qi X Q and Weber H 2008 Opt. Ex-

press 16 7091
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