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Electron acceleration by tightly focused radially
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Within the framework of plane-wave angular spectrum analysis of the electromagnetic field structure, a solution

valid for tightly focused radially polarized few-cycle laser pulses propagating in vacuum is presented. The resulting field

distribution is significantly different from that based on the paraxial approximation for pulses with either small or large

beam diameters. We compare the electron accelerations obtained with the two solutions and find that the energy gain

obtained with our new solution is usually much larger than that with the paraxial approximation solution.
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1. Introduction

Recent development in the chirped pulse ampli-
fication (CPA) laser technology has enabled one to
obtain ultra-intense (∼ 1022 W/cm2) and ultra-short
(few-cycle or sub-cycle) lasers.[1,2] Such lasers may
provide ultra-high acceleration gradients for charged
particles, e.g., a few orders of magnitude higher than
conventional accelerators. Recently it was proposed
to accelerate electrons in a vacuum using radially po-
larized intense laser beams.[3−6] It shows some advan-
tages over normal Gaussian laser beams because of its
stronger longitudinal field. Most existing studies[7−11]

are, however, based on the paraxial approximation
(PA), which is correct only for relatively large waist
spot size. At the same time, since ultra-short espe-
cially few-cycle or sub-cycle laser pulses have strong
coupling in the spatial and the temporal profiles dur-
ing propagation, one must consider these important
effects in calculating electron energy gain by such laser
pulses.[12−14]

In this paper, we present a non-paraxial solution
for the propagation of radially polarized laser pulse in
vacuum according to the plane-wave angular spectrum
analysis (ASA) of the electromagnetic field structure.
For the temporal profile, we calculate the field up to
the second order in O[1/(ω0t0)2]. Using this solution,
the electron acceleration by a radially polarized laser
pulse in a vacuum is investigated numerically. The

results are compared with those obtained with the
paraxial approximation PA solution.

2. Non-paraxial solution of radi-

ally polarized ultrashort laser

pulses

Within the framework of plane-wave ASA,[15−17]

the electromagnetic fields of radially polarized laser
are described as follows:[4−6,18]
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n is the associated Laguerre polynomials of the ra-
dial mode number n and the angular mode number
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1, we set n = 0 throughout this paper. J0 and J1

refer to the Bessel functions of the first kind of order
0 and 1, respectively. E0 is an arbitrary amplitude
constant. w is the beam waist spot size, ω is the plane
wave component frequency, ρ is the planar polar co-
ordinates related to the Cartesian Fourier transform
as defined in Refs. [4] and [5]. The exact expression
of a radially polarized laser pulse can be written as

F (R, θ, z, t) =
∫ +∞

−∞
f̃(ω − ω0)F̂ (R, θ, z, ω)

× exp(− iωτ)dω,

where τ = t−z/c, ω0 is the central angular frequency,
F̂ = Êr, Êz, B̂θ and the corresponding components of
F̂ (R, θ, z, ω) are
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Following Refs. [7], [17], [19]–[21], assuming that
F̂ (R, θ, z, ω) is a slowly varying function of ω with
respect to the e− i ωt term, f̃(ω − ω0) sharply peaks
around ω0, one can evaluate Eqs. (4), (5) and (6) using
the Taylor expansion:
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laser pulse duration and assume that the waist spot
size is the same for all the spectral components of the
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Notice that the n-th term in Eq. (8) scales as 1/(ω0t0)n, which is a small quantity as long as t0 À 1/ω0.
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one can obtain the second-order temporally corrected fields as
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In a few previous studies, a simple PA solution of
radially polarized laser pulse has been used,[8,11] which
is usually expressed as E = r̂Er + ẑEz, where
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with ϕ = ωt−kz +2 tan−1(z/zR)− (zr2)/(zRw2
0f

2)−
ϕ0, f2 = 1 + (z/zR)2, and zR = k0w

2
0/2. In the fol-

lowing, we compare the solutions obtained by PA so-
lution and our ASA solution in both field properties
and electron acceleration.

In our calculation, length l, time t, velocity v, mo-
mentum p, energy G, electric field strength E, mag-
netic field strength B are normalized by λ0, T0 =
2π/ω0, c, mc, mc2, mω0c/e, and mω0c/e, respectively.

3. Axial electric fields

As is well known, the PA solution is the sum of
successive powers of ε = λ/πw0.[12,13] In the case
of a radially polarized laser field, Ez is the sum of
even powers of ε, Er, and Bθ each are the sum of
odd powers of ε. This method fails when ε ≥ 1,
w0 ≤ 0.3183λ because series expansion is no longer
correct for ε ≥ 1.[3,7] Even for ε < 1 when the high or-
der terms are relatively small, one should be cautious
when calculating electron motion in intense laser fields
because of strong nonlinear effects.
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Fig. 1. (colour online) Temporal profiles of the axial electric field Ez of (t0 = 0.5T0, T0 = 2π/ω0) radially polarized

sub-cycle laser pulses each with a Gaussian frequency spectrum at the beam focus (z = 0). The waist spot sizes are

w0 = 0.9λ0/π (a), w0 = 1.15λ0/π (b), and w0 = 2λ0/π(c). The initial phase of laser field is ϕ0 = 0.5π. ASA 0-th

represents the ASA solution from angular spectrum analysis without higher-order temporal correction. PA represents

the paraxial approximation solution.
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Figure 1 shows the comparison between the ax-
ial electric fields along the laser axis obtained from
ASA and PA solutions. It shows that when taking
w0 < λ0/π, the PA solution is non-physically large
since in this case the series expansion in terms of ε

is no longer valid; when taking w0 = 1.15λ0/π, the
ASA solution and the PA solution have almost the
same peak. When taking w0 = 2λ0/π, our ASA so-
lution predicts a larger axial field than that from the
PA solution.
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Fig. 2. (colour online) Temporal profiles of the axial electric field Ez of tightly focused (w0 = λ0 = 1 µm) radially

polarized ultra-short laser with a Gaussian frequency spectrum at the waist (z = 0). The corresponding laser pulse

durations are t0 = 2T0 (a), t0 = T0 (b), t0 = 0.5T0 (c), and t0 = 0.25T0 (d). The initial phase of the field is φ0 = 0.5π.

ASA 0-th, ASA 1st, and ASA 2nd represent the ASA solutions with temporal correction to the 0-th order, first order

and second order, respectively. PA represents the paraxial approximation.
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initial phase is φ0 = 0.5π and the laser pulse duration t0 = 0.5T0. The symbols represent the same meaning as those in

Fig. 2.
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Figure 2 displays the axial electric fields along
the laser axis for various laser pulse durations with
a fixed waist spot size radius (w0 = λ0). The ASA
solutions give larger values than the PA solutions.
When t0 > 2T0, the high-order temporal correction
from Eq. (12) is negligibly small, while when t0 < 2T0,
the high-order correction becomes significantly large.
This is obvious since the correction is proportional to
1/t0.

Figure 3 shows the axial electric fields along the
laser axis at different times with a fixed waist spot
size w0 = λ0. The peak electric field of our ASA
solution is larger than that of the PA solution. Both
solutions show that the field gradually decays with the
propagation of the laser pulse out of the focusing re-
gion increasing. The difference between ASA solutions
with different orders of temporal corrections becomes
larger with time. This shows the strong coupling of
the spatial and temporal profiles of sub-cycle pulses.

4. Electron acceleration by a ra-

dially polarized sub-cycle pulse

The equation of motion for a test electron is given
by

dp/dt = −e(E + v × B/c).

In the dimensionless form, it becomes

dp/dt = −2π(E + p × B/γ),

where

γ =
√

1 + p2
z.

The equation describing the evolution of electron en-
ergy is dγ/dt = −2π(v · E). In the cylindrical coor-
dinate system, it leads to

dpr/dt = −2π(Er − vzBφ),

dpz/dt = −2π(Ez + vrBφ),

pz = γvz,

pr = γvr, dr/dt = pr/γ,

dz/dt = pz/γ,

dγ/dt = −2πv · E = −2π(vrEr + vzEz).

In the following, we discuss the effects of various laser
parameters and the initial position of the test electron
on electron acceleration. In some simulations,[7−11]

the test electron is initially at rest at the origin of the
coordinate system, where the transverse fields vanish
and the longitudinal field reaches its peak. This elec-
tron may move to this position by field ionization of
some high Z atoms, for example.
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Fig. 4. (colour online) Electron energy gains each as a function of the initial phase φ0 for different pulse durations:
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and the spot size is w0 = λ0 = 1 µm. The symbols represent the same meanings as those in Fig. 2.
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Figure 4 describes the variations of electron en-
ergy gain with the initial phase of the laser field φ0

when the test electron is initially located at z = 0.
It shows that high energy gain is found for the initial
phase between 2π/3 and 3π/2. The maximum elec-
tron energy gain is at φ0 = π, obtained both with the
ASA solution and with the PA solution. This energy
peak remains almost the same with or without high-
order corrections caused by the temporal profile. This
is consistent with existing work, e.g. Refs. [7] and [8].
When t0 ≤ T0, the higher-order corrections modify
the electron energy gain to some extent. This can be
explained as being due to the coupling of the spatial
and the temporal profiles, which modulates the pulse
shape during propagation. When the pulse duration
is very short such as t0 = 0.25T0, there is significant
difference between the energy gain obtained with the
ASA solution and that obtained with the PA solu-
tion. One should notice that the electron energy gain
obtained with the ASA solution is larger than that ob-
tained with the PA solution. This can be understood
from Figs. 1–3, which show that the axial electric field
intensity of ASA solution is larger than that of PA so-
lution as long as the beam waist size is not too small.

Figure 5 indicates the variations of electron en-
ergy gain with the laser beam waist size w0, show-
ing that the electron energy gain increases with the
beam waist w0 increasing until it reaches the maxi-

mum value (around w0 ≈ 5λ0). Then it decreases with
the further increase of w0. This observation is valid
for different pulse durations. This results from the
following two competing effects: a larger beam waist
can provide a longer acceleration distance for a longer
Rayleigh length, whereas a large beam waist leads to
a smaller axial field for acceleration. Therefore there
exists an optimal value of w0 balancing those two con-
tradictory factors to produce the maximum energy
gain. One notices that when t0 ≤ T0, the higher-
order corrections can also modify the electron energy
gain and the optimal w0 of higher-order case is slightly
larger than those of low-order case. This can be un-
derstood from Fig. 2 or Fig. 3, which explicitly shows
that higher-order corrections reinforce the intensity of
the axial field when t0 ≤ T0, which is beneficial for
electron energy gain. The energy gains with different
order corrections of the ASA solution coincide with
each other when corrections become negligibly small
when t0 > T0. One also notices that the electron
energy gain obtained with the ASA solution is much
larger than that obtained with the PA solution even if
the beam waist size is relatively large, especially be-
tween 3λ0 and 20λ0. This can also be understood from
Fig. 1, and Fig. 2 or Fig. 3, which all show that the
axial electric field intensity of ASA solution is always
larger than that of PA solution as long as the beam
waist size is not too small.
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durations: t0 = 0.25T0 (a), t0 = 0.5T0 (b), t0 = T0 (c) and t0 = 10T0 (d). The dimensionless electric field intensity is

E0 = 100 and the initial phase of the laser field is φ0 = π. The symbols represent the same meanings as those in Fig. 2.
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Figure 6 displays the electron energy gain versus
pulse duration t0. We compare the cases with differ-
ent diameters w0 = 2λ and w0 = 20λ0 = 20 µm. It
shows that the electron energy gain is almost the same
for pulse durations t0 ≥ 2T0 regardless of the choice
of the axial electric field forms with different orders of
correction for the ASA solution. As long as t0 < 2T0,
the energy gain appears different with different orders
of temporal correction, in particular with sub-cycle
pulses. Usually the energy gain increases with the
laser pulse duration increasing. However, for the solu-
tion with second-order correction, the generation gain
remains as high as that for pulses with t0 ≥ 2T0. This
suggests that it is important to keep the high-order
temporal correction for pulse duration t0 < 2T0. Fur-
thermore, a comparison between Figs. 6(a) and 6(b)
shows that too large spot sizes are detrimental to elec-
tron acceleration, which coincides with the result in
Fig. 5.

Figure 7 exhibits the electron energy gain ver-
sus the initial position of the laser pulse zl, where
the test electron is located at z = 0. In this case, τ

in Eq. (12) should be written as τ = t − (z − zl)/c

and zl should be a negative value, i.e., the laser pulse
propagates a certain distance before catching up with
the test electron. Figure 7(a) shows that the energy
gain decreases rapidly as the initial position of the
laser pulse deviates from z = 0 if the pulse is sub-

cycle. This is because the axial field rapidly attenu-
ates with the propagation of the laser pulse increasing
as shown in Fig. 3. As the initial position of the laser
pulse is far from the test electron, its energy gain be-
comes fixed, which is determined by the asymmetric
temporal profile of the laser field, or the initial phase
G ∼ −e

∫
Ez dz ∝ E sin(φ), because the electron en-

ergy gain equals the integration of the electric field
that the electron feels along its trajectory, similar to
the ponderomotive force acceleration by a sub-cycle
linearly-polarized laser pulse discussed in Ref. [16]. It
is thus obvious that the energy gain increases linearly
with the laser amplitude increasing, which is also con-
firmed by our numerical calculation. For a laser pulse
with a relatively long duration, the electron energy
gain varies periodically with the initial position of the
laser pulse as shown in Fig. 7(b). When it is initially
out of the laser pulse region, the energy gain simply
reduces to zero. Changing the initial position of the
laser pulse amounts physically to changing the initial
phase that the electron initially feels, thus the electron
energy gain changes periodically with the changing of
zl. When the electron is initially out of the laser pulse,
the integration G ∼ −e

∫
Ez dz = 0 for a multi-cycle

pulse. Therefore with multi-cycle pulses, it is hard to
obtain high energy electrons from direct laser accel-
eration experimentally because it is hard to put test
electrons in the centre of the laser focus initially.
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Fig. 6. (colour online) Electron energy gains each as a function of the pulse duration t0. The dimensionless electric field

intensity is E0 = 100, the field initial phase is φ0 = π and the spot sizes are w0 = 2λ0 = 2 µm (a) and w0 = 20λ0 = 20 µm

(b). The initial position of the test electron is at z = 0. The symbols represent the same meanings as those in Fig. 2.
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respectively. The symbols represent the same meanings as those in Fig. 2.

5. Summary

In this paper, we proposed a solution for the prop-
agation of radially polarized few-cycle laser pulse in
vacuum according to the angular plane-wave spectrum
analysis (ASA) of the electromagnetic fields. A com-
parison between this ASA solution and the paraxial
approximation (PA) solution for describing electron
acceleration was made. It is found that there is signif-
icant difference between the energy gain obtained with
the non-paraxial solution and that obtained with the
paraxial results even if the beam waist size is much
larger than laser wavelength. It is also found that the
spatial and the temporal couplings of the laser pulse
profiles also have a strong effect on the electron energy
gain.
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