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Within the framework of plane-wave angular spectrum analysis of the electromagnetic field structure, a solution

valid for tightly focused radially polarized few-cycle laser pulses propagating in vacuum is presented. The resulting field

distribution is significantly different from that based on the paraxial approximation for pulses with either small or large

beam diameters. We compare the electron accelerations obtained with the two solutions and find that the energy gain

obtained with our new solution is usually much larger than that with the paraxial approximation solution.

Keywords: radially polarized laser pulses, few-cycle pulses, plane-wave angular spectrum analysis,

direct laser acceleration of electrons
PACS: 41.75.Jv, 42.25.Bs

1. Introduction

Recent development in the chirped pulse ampli-
fication (CPA) laser technology has enabled one to
obtain ultra-intense (~ 10*2 W/cm?) and ultra-short
(few-cycle or sub-cycle) lasers.['? Such lasers may
provide ultra-high acceleration gradients for charged
particles, e.g., a few orders of magnitude higher than
conventional accelerators. Recently it was proposed
to accelerate electrons in a vacuum using radially po-
larized intense laser beams.[>~6 Tt shows some advan-
tages over normal Gaussian laser beams because of its
stronger longitudinal field. Most existing studies!” 1%
are, however, based on the paraxial approximation
(PA), which is correct only for relatively large waist
spot size. At the same time, since ultra-short espe-
cially few-cycle or sub-cycle laser pulses have strong
coupling in the spatial and the temporal profiles dur-
ing propagation, one must consider these important
effects in calculating electron energy gain by such laser
pulses.[12—14]

In this paper, we present a non-paraxial solution
for the propagation of radially polarized laser pulse in
vacuum according to the plane-wave angular spectrum
analysis (ASA) of the electromagnetic field structure.
For the temporal profile, we calculate the field up to
the second order in O[1/(woto)?]. Using this solution,
the electron acceleration by a radially polarized laser
pulse in a vacuum is investigated numerically. The
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results are compared with those obtained with the
paraxial approximation PA solution.

2. Non-paraxial solution of radi-
ally polarized ultrashort laser
pulses

Within the framework of plane-wave ASA 1517

the electromagnetic fields of radially polarized laser
are described as follows:[(4~6:18]

E.(R,0,2,w) = 2wi/01b(w,p)MJ1<°c"Rp)

X exp (iizM)pdm (1)
E.(R,0,2w) = —27 /0 1b<w,p>pJo(°;’R,o)

X exp (iiZM)pdp, (2)
By(R.0,2,w) = 2wi/01b(w,p)J1<°;’Rp>

X exp (iizm>pdp, (3)

where b(w, p) = Apexp(—p/402)LL (62 /20%)/\/T— 12,
A= (-1)""1V2iEy/(8703), o = 1/(kw) = ¢/(ww),
L. is the associated Laguerre polynomials of the ra-
dial mode number n and the angular mode number
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. 1
1, we set n = 0 throughout this paper.. Jo and Jq BQ(R,G,z,w) _ 27ri/ b(w, p)J ng
refer to the Bessel functions of the first kind of order 0 c

0 and 1, respectively. Ej is an arbitrary amplitude w —_—
constant. w is the beam waist spot size, w is the plane X exp {i ;Z( L=p?— 1)] pdp- (6)
wave component frequency, p is the planar polar co-

ordinates related to the Cartesian Fourier transform _ Following Refs. (7], [17], [19]-[21], assuming that
as defined in Refs. [4] and [5]. The exact expression  F'(R,0,2,w) is a slowly varying function of w with

of a radially polarized laser pulse can be written as respect to the e™ 1" term, f(w — wp) sharply peaks
too around wy, one can evaluate Eqgs. (4), (5) and (6) using
F(R,0,2,t) = / Jw—wo)F(R,0,z,w) the Taylor expansion:
x exp(—iwTt)dw, F(R,0,2,1)
where 7 =t — z/¢, wy is the central angular frequency, 1 anﬁ(R) 0,z,w) _
F =FE, E,, By and the corresponding components of = n! O™ w=wo XP(—iwoT)

F(R,Q,z,w) are oo
R 1 x/ f(w—wo)(w—wo)"
E.(R,0,z,w) = 27ri/ b(w, p)v/'1— p2Jq (iRp) —o0

0 x exp[—i(w — wo)7]dw. (7)

x exp [i2z(v/1— p? —1)|pdp, (4) .
C

Adopt the Gaussian spectral distribution: f(w —
wo) = toexp[—(w — wp)?t3/2]/v/27, where ty is the
laser pulse duration and assume that the waist spot

1

EZ(R,H,z,w) = 7271'/

w
b(w, p)pdo (Rp)
0 C

w size is the same for all the spectral components of the
) _ 2 _
X eXp i1 ¢ AV1=p?=1)|pdp, (5) pulse, then one can obtain

. i |
F(R,0,z2,t) = F(R, 0,z w) exp(—iwoT) exp(—72/2t2)
8F(R, 0,z,w)
+7
Ow wewo
N 10*F(R,0,2,w)
2 ow?

exp(—iwoT)(—i7/t3) exp(—7%/2t7)

exp(— ion)(l/tg)(l - 7'2/15(2)) exp(772/2t3) + e (8)

wW=wq

Notice that the n-th term in Eq. (8) scales as 1/(woto)™, which is a small quantity as long as ¢t > 1/wy.
With the help of

bw,p) _ (=1)""'V2iE,  p 208 PP 4 s P’
P Sro3 T 3wwy — 2% o exp | — 102 ) (9)
Pb(w,p) _ (=1)""'V2iE;  p s 10 5 5 Pt 5 g P’
= - = i - 1
52 - T bwwy;, 52% W + 1039 Wo ) exp 102 ) (10)

one can obtain the second-order temporally corrected fields as

E.(R,0,2,t) = 2mi [/0 V1 —pr(w,p)Jl(Q)eXp(T)pder/o V1= p?Grexp(T)pdp(—iT/t5)

+5 [ VIZPGaexn(Tpdo x (1)1~ 722} | exo(-r 263, (1)
EZ(R797Z7t) = _27T|:/0 pb(w7p>J0(Q) eXp(T)pdp+/O pG?)eXp(T)pdp(_iT/tg)
+3 [ oGae(pdnx (/)01 - r?/t3>] exp(—72/213), (12)
0

Bl 0,5,1) = 211 | [ bep) (@ esplTipap+ [ Gres(Tpapt=in/id)

+5 [ Gaew(@pdna/ )1 - 72/ expi-r7/26), (13)
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where
G = P20 3,(Q)+ )| 52+ 1(@),
_ 9*b(w, Py 590w, p) 8J1(Q)
Gy = 87 ( ) T Ow
2J1(Q) 59 )A+b(w,p)
9?J1(Q) | 9J1(Q)
o 275 A+J1(Q)A2}
G = 8300 + o0, )| 222 15,14
_0%b(w, p) 3b(va) 9J0(Q)
Gy = T (@) + aTaT
+2J0(Q) (a )A+b(w p)
82;2)(2@ - zanfdQ) A+ Jo(Q)AQ} ,

with w = wp, @ = woRp/e, T = iwo(z/1— p?/c —
t)+ ¢o, and A =iz(y/1—p%2—1)/c

In a few previous studies, a simple PA solution of
radially polarized laser pulse has been used, 81 which

is usually expressed as E = 7FE,. + ZE,, where
2

)
E, = Ep—— -
o exp( - fQ) cos()

7-2
0

B2 [(1-7 Vg
2 = OwOTOfQ [( —w(g)f2> sm(¢)

2
— iﬁ cos(q’))]
2 2

with ¢ = wt —kz+2tan"1(z/2r) — (272)/(zrw3 f?) —
w0, f2 =1+ (2/2r)?% and 2p = kow?2/2. In the fol-
lowing, we compare the solutions obtained by PA so-
lution and our ASA solution in both field properties
and electron acceleration.

In our calculation, length [, time ¢, velocity v, mo-
mentum p, energy G, electric field strength E, mag-
netic field strength B are normalized by Ao, Ty =

27 Jwo, ¢, me, mc?, mwoc/e, and mwoc/e, respectively.

3. Axial electric fields

As is well known, the PA solution is the sum of
successive powers of ¢ = \/mwo.l'>13 In the case
of a radially polarized laser field, E, is the sum of
E,., and By each are the sum of
This method fails when ¢ > 1,
wo < 0.3183\ because series expansion is no longer

even powers of €,
odd powers of ¢.

correct for € > 1.137) Even for £ < 1 when the high or-
der terms are relatively small, one should be cautious
when calculating electron motion in intense laser fields

because of strong nonlinear effects.
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Fig. 1.

sub-cycle laser pulses each with a Gaussian frequency spectrum at the beam focus (z = 0).
wo = 0.9Ao/7 (a), wo = 1.15X0/7 (b), and wog = 2Xo/7(c).

wgt—koz

th—kUZ

(colour online) Temporal profiles of the axial electric field E. of (to = 0.5Tp, To = 27/wp) radially polarized

The waist spot sizes are
The initial phase of laser field is ¢g = 0.57. ASA 0-th

represents the ASA solution from angular spectrum analysis without higher-order temporal correction. PA represents

the paraxial approximation solution.
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Figure 1 shows the comparison between the ax-
ial electric fields along the laser axis obtained from
ASA and PA solutions. It shows that when taking
wp < Ag/m, the PA solution is non-physically large
since in this case the series expansion in terms of ¢

1.0
(a) = = ASA 0-th
0.5 —ASA 1st |
S
~ 0
R
—05 — - ASA 2nd ]
— PA
~1.0 : : :
—40 —20 0 20 40
th—k‘()Z
1.0
(c)
0.5 .I\‘
2
R
—0.5
-1.0 : : :
-5 0 5
th—koz

is no longer valid; when taking wg = 1.15A¢/m, the
ASA solution and the PA solution have almost the
same peak. When taking wg = 2Ag/m, our ASA so-
lution predicts a larger axial field than that from the
PA solution.
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Fig. 2. (colour online) Temporal profiles of the axial electric field E, of tightly focused (wo = Ao = 1 pm) radially

polarized ultra-short laser with a Gaussian frequency spectrum at the waist (z = 0). The corresponding laser pulse
durations are tg = 2Tg (a), to = To (b), to = 0.5Tp (c), and to = 0.25Tp (d). The initial phase of the field is ¢o = 0.57.
ASA 0-th, ASA 1st, and ASA 2nd represent the ASA solutions with temporal correction to the 0-th order, first order
and second order, respectively. PA represents the paraxial approximation.
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Fig. 3. (colour online) Distributions of the axial electric field E. of tightly focused (wg = Ao = 1 pum) radially polarized
ultra-short laser each with a Gaussian frequency spectrum at ¢t = 0 (a), t = Ty (b), t = 279 (c), and t = 3Ty (d). The
initial phase is ¢o = 0.57 and the laser pulse duration tgp = 0.57p. The symbols represent the same meaning as those in

Fig. 2.
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Figure 2 displays the axial electric fields along
the laser axis for various laser pulse durations with
a fixed waist spot size radius (wg = Ag). The ASA
solutions give larger values than the PA solutions.
When ty > 2Tp, the high-order temporal correction
from Eq. (12) is negligibly small, while when tq < 2Tp,
the high-order correction becomes significantly large.
This is obvious since the correction is proportional to
1/to.

Figure 3 shows the axial electric fields along the
laser axis at different times with a fixed waist spot
The peak electric field of our ASA
solution is larger than that of the PA solution. Both
solutions show that the field gradually decays with the

size wg = Ag.

propagation of the laser pulse out of the focusing re-
gion increasing. The difference between ASA solutions
with different orders of temporal corrections becomes
larger with time. This shows the strong coupling of
the spatial and temporal profiles of sub-cycle pulses.

4. Electron acceleration by a ra-

dially polarized sub-cycle pulse

The equation of motion for a test electron is given
by
dp/dt = —e(E +v x B/c).

(a) — — ASA 0-th
> 0.6 — ASA 1st |
5 — - ASA 2nd
< 04 PA
=z
o 0.2 :

o0 A
E) OHJ 4 ‘//‘\-.«‘v—_
6

—0.2 ‘ ‘

0 02 04 06 08 1.0
B0/ (2m)

% o6} ©
o
~
g
]
B0
>
o0
3
[=]
5

—0-25 02 04 06 08 1.0

do/(2m)

In the dimensionless form, it becomes
dp/dt = —27(E + p x B/7),

where
y=+v1+p

The equation describing the evolution of electron en-
ergy is dy/dt = —27(v - E). In the cylindrical coor-

dinate system, it leads to

dp,/dt = =27(E, —v,By),
dp./dt = —2n(E, + v, By),

Pz = YUz,
pr =y, dr/dt = p./7,
dz/dt =p. /v,

dvy/dt = —27v - E = —2n(v.E, + v, E,).

In the following, we discuss the effects of various laser
parameters and the initial position of the test electron
on electron acceleration. In some simulations,[?—11]
the test electron is initially at rest at the origin of the
coordinate system, where the transverse fields vanish
and the longitudinal field reaches its peak. This elec-
tron may move to this position by field ionization of

some high Z atoms, for example.
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Fig. 4. (colour online) Electron energy gains each as a function of the initial phase ¢g for different pulse durations:
to = 2Ty (a), to = To (b), to = 0.5Tp (c), and tg = 0.25Tp (d). The dimensionless electric field intensity is Eg = 100
and the spot size is wg = Ag = 1 pm. The symbols represent the same meanings as those in Fig. 2.
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Figure 4 describes the variations of electron en-
ergy gain with the initial phase of the laser field ¢q
when the test electron is initially located at z = 0.
It shows that high energy gain is found for the initial
phase between 27/3 and 37/2. The maximum elec-
tron energy gain is at ¢g = 7, obtained both with the
ASA solution and with the PA solution. This energy
peak remains almost the same with or without high-
order corrections caused by the temporal profile. This
is consistent with existing work, e.g. Refs. [7] and [8].
When ty < Ty, the higher-order corrections modify
the electron energy gain to some extent. This can be
explained as being due to the coupling of the spatial
and the temporal profiles, which modulates the pulse
shape during propagation. When the pulse duration
is very short such as tqg = 0.257), there is significant
difference between the energy gain obtained with the
ASA solution and that obtained with the PA solu-
tion. One should notice that the electron energy gain
obtained with the ASA solution is larger than that ob-
tained with the PA solution. This can be understood
from Figs. 1-3, which show that the axial electric field
intensity of ASA solution is larger than that of PA so-
lution as long as the beam waist size is not too small.

Figure 5 indicates the variations of electron en-
ergy gain with the laser beam waist size wg, show-
ing that the electron energy gain increases with the

beam waist wg increasing until it reaches the maxi-

2.0
. — = ASA 0-th
° (a) — ASA 1st |
o b — .. ASA 2nd
g PA
£ 1.0
>
o0
g 0.5
5| |
]
0 L L L
0 10 20 30 40
wo/)\o
2.0
> (c)
5 15
~
=
g 1.0
>
o0
3 0.5
=1
5|
ol : : :
0 10 20 30 40
’on/)\o

mum value (around wg &~ 5Ag). Then it decreases with
the further increase of wgy. This observation is valid
for different pulse durations. This results from the
following two competing effects: a larger beam waist
can provide a longer acceleration distance for a longer
Rayleigh length, whereas a large beam waist leads to
a smaller axial field for acceleration. Therefore there
exists an optimal value of wqy balancing those two con-
tradictory factors to produce the maximum energy
One notices that when ¢y < Ty, the higher-

order corrections can also modify the electron energy

gain.

gain and the optimal wg of higher-order case is slightly
larger than those of low-order case. This can be un-
derstood from Fig. 2 or Fig. 3, which explicitly shows
that higher-order corrections reinforce the intensity of
the axial field when ty < Ty, which is beneficial for
electron energy gain. The energy gains with different
order corrections of the ASA solution coincide with
each other when corrections become negligibly small
when ty > Ty. One also notices that the electron
energy gain obtained with the ASA solution is much
larger than that obtained with the PA solution even if
the beam waist size is relatively large, especially be-
tween 3)\g and 20\y. This can also be understood from
Fig. 1, and Fig. 2 or Fig. 3, which all show that the
axial electric field intensity of ASA solution is always
larger than that of PA solution as long as the beam

walist size is not too small.
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Fig. 5. (colour online) Electron energy gains each as a function of the waist spot size radius wg for different pulse
durations: to = 0.25Tp (a), to = 0.5Tg (b), to = To (c) and to = 107y (d). The dimensionless electric field intensity is
Ep = 100 and the initial phase of the laser field is ¢9 = 7. The symbols represent the same meanings as those in Fig. 2.
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Figure 6 displays the electron energy gain versus
pulse duration to. We compare the cases with differ-
ent diameters wg = 2\ and wg = 20\g = 20 pm. It
shows that the electron energy gain is almost the same
for pulse durations tg > 27 regardless of the choice
of the axial electric field forms with different orders of
correction for the ASA solution. As long as ty < 27y,
the energy gain appears different with different orders
of temporal correction, in particular with sub-cycle
pulses. Usually the energy gain increases with the
laser pulse duration increasing. However, for the solu-
tion with second-order correction, the generation gain
remains as high as that for pulses with ty > 27. This
suggests that it is important to keep the high-order
temporal correction for pulse duration ty < 27y. Fur-
thermore, a comparison between Figs. 6(a) and 6(b)
shows that too large spot sizes are detrimental to elec-
tron acceleration, which coincides with the result in
Fig. 5.

Figure 7 exhibits the electron energy gain ver-
sus the initial position of the laser pulse z;, where
the test electron is located at z = 0. In this case, T
in Eq. (12) should be written as 7 = ¢t — (2 — 2;)/c
and z; should be a negative value, i.e., the laser pulse
propagates a certain distance before catching up with
the test electron. Figure 7(a) shows that the energy
gain decreases rapidly as the initial position of the
laser pulse deviates from z = 0 if the pulse is sub-

0.905 : : : :
(a) —e— ASA 0-th
—— ASA 1st
- —a ASA 2nd
0.895 1
>
[] o 4
O
<
g
& 0.885 | :
>
o0
)
<] L i
&5 0.65
PA
0.875 :
| 0605 5 1
0.865 1 2 3 4 5
to/To

cycle. This is because the axial field rapidly attenu-
ates with the propagation of the laser pulse increasing
as shown in Fig. 3. As the initial position of the laser
pulse is far from the test electron, its energy gain be-
comes fixed, which is determined by the asymmetric
temporal profile of the laser field, or the initial phase
G ~ —e [ E.dz x Esin(¢), because the electron en-
ergy gain equals the integration of the electric field
that the electron feels along its trajectory, similar to
the ponderomotive force acceleration by a sub-cycle
linearly-polarized laser pulse discussed in Ref. [16]. It
is thus obvious that the energy gain increases linearly
with the laser amplitude increasing, which is also con-
firmed by our numerical calculation. For a laser pulse
with a relatively long duration, the electron energy
gain varies periodically with the initial position of the
laser pulse as shown in Fig. 7(b). When it is initially
out of the laser pulse region, the energy gain simply
reduces to zero. Changing the initial position of the
laser pulse amounts physically to changing the initial
phase that the electron initially feels, thus the electron
energy gain changes periodically with the changing of
z;. When the electron is initially out of the laser pulse,
the integration G ~ feszdz = 0 for a multi-cycle
pulse. Therefore with multi-cycle pulses, it is hard to
obtain high energy electrons from direct laser accel-
eration experimentally because it is hard to put test
electrons in the centre of the laser focus initially.
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Fig. 6. (colour online) Electron energy gains each as a function of the pulse duration ¢g. The dimensionless electric field

intensity is Ep = 100, the field initial phase is ¢9 = 7 and the spot sizes are wg = 2X¢g = 2 um (a) and wg = 20\g = 20 pm

(b). The initial position of the test electron is at z = 0. The symbols represent the same meanings as those in Fig. 2.
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Fig. 7. (colour online) Electron energy gains each as a function of the initial position of the laser pulse away from its
focus at z = 0, where the test electron is located. The dimensionless electric field intensity is Eg = 100, the field initial

phase is ¢9 = 7 and the spot size is wg = A9 = 2 um. The laser pulse durations are to = 0.5Tp (a) and tg = 27Ty (b),

respectively. The symbols represent the same meanings as those in Fig. 2.

5. Summary

In this paper, we proposed a solution for the prop-
agation of radially polarized few-cycle laser pulse in
vacuum according to the angular plane-wave spectrum
analysis (ASA) of the electromagnetic fields. A com-
parison between this ASA solution and the paraxial
approximation (PA) solution for describing electron
acceleration was made. It is found that there is signif-
icant difference between the energy gain obtained with
the non-paraxial solution and that obtained with the
paraxial results even if the beam waist size is much
larger than laser wavelength. It is also found that the
spatial and the temporal couplings of the laser pulse
profiles also have a strong effect on the electron energy

gain.

References

[1] Strickland D and Mourou G 1985 Opt. Commun. 264 219

[2] Perry M D, Pennington D, Stuart B C, Tietbohl G, Brit-
ten J A, Brown C, Herman S, Golick B, Kartz M, Miller
J, Powell H T, Vergino M and Yanovsky V 1999 Opt. Lett.
24 160

[3] Salamin Y I 2006 New J. Phys. 8 133

=

024101-8

Martinez-Herrero R, Mejias P M and Bosch S 2008 Opt.
Commun. 281 3046

Martinez-Herrero R, Mejias P M and Manjavacas A 2010
Appl. Phys. B 99 579

Deng D M and Guo Q 2007 Opt. Lett. 18 2711

LiuM P, Wu C, Xie B S, LiuJ, Wang HY and Yu MY
2008 Phys. Plasmas 15 023108

Salamin Y I 2006 Phys. Rev. A 73 043402

Salamin Y I 2007 Opt. Lett. 32 90

Gupta D N, Kumar S, Yoon M, Hur M S and Suk H 2007
Phys. Lett. A 368 402

Kunwar P S and Kumar M 2011 Phys. Rev. ST Accel.
Beams 14 030401

Davis L W 1979 Phys. Rev. A 19 1177

Lax M, Louisell W H and Mcknight W B 1975 Phys. Rev.
A 11 1365

Lin Q, Zheng J and Becker W 2006 Phys. Rev. Lett. 97
253902

Agrawal G P and Lax M 1979 J. Opt. Soc. Am. 69 575
Rau B, Tajima T and Hojo H 1997 Phys. Rev. Lett. T8
3310

Brice Q and Mora P 1998 Phys. Rev. E 58 3719

Liu J L, Sheng Z M and Zheng J 2011 Opt. Commun. 281
3046.

Hua JF,Ho Y K, Lin Y Z, Chen Z, Xie Y J, Zhang S 'Y,
Yan Z and Xu J J 2004 Appl. Phys. Lett. 85 3705

Xie Y J, Ho Y K, Kong Q, Wang P X, Chen Z and Liu J
R 2006 Chin. Phys. Lett. 23 599

Zhang J T, Wang P X, Kong Q, Chen Z and Ho Y K 2007
Nucl. Instrum. Method A 580 1169



