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In this paper, complete synchronization and generalized synchronization between two unidirectionally coupled

optical systems with multiple time delays and noise perturbation are investigated. Sufficient conditions for both complete

synchronization and generalized synchronization are rigorously established. Numerical simulations fully support the

theoretical results. The effect of parameter mismatch on the quality of synchronization is also explored.
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1. Introduction

Synchronization, in particular chaos synchroniza-
tion, is deemed to have a great potential in a large
number of application areas, ranging from secure com-
munication to modeling brain activity, and even to
the optimization of nonlinear system performance.[1]

During the past decades, many methods and experi-
mental techniques have been presented to realize the
synchronization of master-slave chaotic systems, such
as the variable structure method, the impulsive con-
trol method, the fuzzy control method, the active con-
trol method, the nonlinear control method, the linear
feedback control method, and so on.[2−12]

Time-delayed systems are ubiquitous in na-
ture, technology, and society because of finite sig-
nal transmission times, switching speeds, and mem-
ory effects.[13] The dynamics of a multi-feedback sys-
tem is a representative example of the multi-delay
systems. Prominent examples of such dynamics can
be found in biological and biomedical systems, laser
physics, and integrated communications. In laser
physics such a situation arises in lasers subject to
two or more optical or electro-optical feedback. The
second optical feedback can be useful to stabilize
laser intensity.[14] A semiconductor laser with two de-
lay times can offer a higher complexity of dynamics
than that achievable in a more conventional single
delay time system.[15] The high complexity of such

a multiple time delay system can provide new ar-
chitecture for enhancing message security in a chaos
based encryption system. Recently, the synchroniza-
tion of laser systems has attracted a great deal of
attention.[16−21] Complete synchronization,[17] phase
synchronization,[18] anticipating synchronization,[19]

and generalized synchronization[20−24] have been con-
sidered in time-delayed coupled systems. According to
the Krasovskii–Lyapunov theory, some sufficient con-
ditions for different types of synchronization have been
given to ensure synchronization in the coupled systems
with single and multiple delays.[16,19,21,23−25]

Since noise is ubiquitous in nature and man-
made systems, and in the processes of applications,
synchronization is unavoidably influenced by noise.
Therefore, the synchronization of a system with
noise perturbation has become a very interesting field
recently.[25−31] From recent studies,[26−28] the LaSalle-
type invariance principle for stochastic differential
equations is useful for discussing the synchronization
of noise-perturbed chaotic systems. According to this
theory, some sufficient conditions are given to ensure
the synchronization of noise-perturbed systems. How-
ever, to the best of our knowledge, chaotic synchro-
nization between the noise-perturbed multi-feedback
system has not been investigated yet and the so-called
LaSelle-type invariance principle is not valid for this
case. Therefore, it is necessary and important to pro-
pose the synchronization conditions for this case.
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In this paper, we investigate two types of synchro-
nization, namely, complete synchronization and gen-
eralized synchronization, between two noise perturbed
optical systems with multiple time delays. Accord-
ing to the Lyapunov functional and combining with
the linear matrix inequality (LMI) approach, we de-
rive sufficient conditions for different synchronization
regimes. We support the analytical results with nu-
merical simulations. Furthermore, we generalize the
above approach to a wide class of nonlinear time-
delayed systems.

The rest of this paper is organized as follows.
In Section 2, unidirectionally coupled Ikeda systems
with multiple delays and noise perturbation are pre-
sented, and corresponding sufficient conditions for the
complete synchronization are rigorously established.
The generalized synchronization between two unidi-
rectionally coupled non-identical Ikeda systems is in-
vestigated in Section 3. The simulation results are
presented in Section 4. Finally, some conclusions are
given in Section 5.

2. Complete synchronization be-

tween multi-feedback Ikeda

systems

In this section, we first consider the synchroniza-
tion between the double-feedback Ikeda systems:

ẋ = −αx + m1 sinxτ1 + m2 sinxτ2 , (1)

ẏ = −αy + m3 sin yτ1 + m4 sin yτ2

+ c(x − y) + σ(e, eτ1 , eτ2)Ẇ , (2)

where xτ ≡ x(t − τ), c is the coupling strength be-
tween the driving system x and the response system
y. σ(e, eτ1 , eτ2) is called the noisy intensity matrix,
where σ : R × R × R → R1×m. Moreover, σ is locally
Lipschitz continuous and satisfies the linear growth
condition with σ(0, 0, 0) ≡ 0. W = (w1, . . . , wm)T is
an m-dimensional Brownian motion defined in a com-
plete probability space (Ω, F , P ) with a natural fil-
tration {Ft}t≥0. Accordingly, Ẇ is an m-dimensional
white noise. The kind of noise term in system (2) is
mostly utilized to describe the coupling process influ-
enced by environmental fluctuation, inaccurate design
of coupling strength, etc.[26,27] Since the speed of the
environmental fluctuation is far less than the change
rate of a concrete system, we also assume that

trace(σTσ) ≤ pe2 + q1e
2
τ1

+ q2e
2
τ2

, (3)

where p, q1, q2 are three positive numbers.
This investigation is of considerable practical im-

portance, as the equations of class B lasers with feed-
back can be reduced to an equation of the Ikeda
type.[32] The Ikeda model is introduced to describe
the dynamics of an optical bistable resonator, plays an
important role in electronics and physiological stud-
ies, and is well known for the delay-induced chaotic
behaviour.[33] Physically x is the phase lag of the elec-
tric field across the resonator; α is the relaxation co-
efficient for the driving x and the driven y dynami-
cal variables; m1,2 and m3,4 are the laser intensities
injected into the driving and the driven systems, re-
spectively; τ1,2 are the feedback delay times in the
coupled systems. For a sufficiently large laser intensity
and feedback delay time the system is hyperchaotic.

To study the complete synchronization between
system (1) and system (2) it is convenient to analyse
the dynamics of error e = x−y. Thus under the condi-
tion m1 = m3, m2 = m4, the following error dynamics
are obtained:

ė = −(α + c)e + 2m1 cos
xτ1 + yτ1

2
sin

eτ1

2

+2m2 cos
xτ2 + yτ2

2
sin

eτ2

2
−σ(e, eτ1 , eτ2)Ẇ . (4)

Therefore, it follows from the theory of stochastic dif-
ferential equation[34] (see also the Appendix A) that
the error dynamics (4) possess a unique global solu-
tion on t ≥ 0, denoted by e(t, φ) for any initial data
φ ∈ Cµ

F0
([−τ, 0], R). e(t, 0) ≡ 0 is a trivial solution

of the error dynamics (4). Obviously, if this trivial
solution is globally asymptotically stable in a physical
sense, the complete synchronization between system
(1) and system (2) can be realized.

To this end, construct a function

V = e2 + k1

∫ t

t−τ1

e2(s)ds + k2

∫ t

t−τ2

e2(s)ds, (5)

where k1 and k2 are both selectively positive numbers.
Thus, according to formula (A2) in Appendix A, the
operator L acting on the function V along with error
system (4) gives

L V (e, eτ , t)

= [−2(α + c) + k1 + k2]e2

+4m1e cos
xτ1 + yτ1

2
sin

eτ1

2

+4m2e cos
xτ2 + yτ2

2
sin

eτ2

2
− k1e

2
τ1

− k2e
2
τ2

+trace(σT(e, eτ1 , eτ2)σ(e, eτ1 , eτ2)). (6)
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Note that an estimation for any εi > 0

4mie cos
xτi + yτi

2
sin

eτi

2
≤ ε−1

i mie
2 + εimie

2
τi

,(7)

where i = 1, 2.

Then the substitution of inequalities (3) and (7)
into Eq. (6) produces the following estimation of
L V (e, eτ , t):

L V (e, eτ , t) ≤ κe2 + (ε1m1 + q1 − k1)e2
τ1

+(ε2m2 + q2 − k2)e2
τ2

= (e, eτ1 , eτ2)Θ(e, eτ1 , eτ2)
T, (8)

where κ = −2(α + c) + ε−1
1 m1 + ε−1

2 m2 + p + k1 + k2

Θ =


κ 0 0

0 ε1m1 + q1 − k1 0

0 0 ε2m2 + q2 − k2

 .

If

2(α + c) > ε−1
1 m1 + ε−1

2 m2 + p + k1 + k2, (9a)

ki > εimi + qi (i = 1, 2), (9b)

then matrix Θ is definitely negative and its maximal
eigenvalue, denoted by −λ, is negative. Therefore,
with inequality (8), we have an estimation as follows:

L V (e, eτ , t) ≤ −λ(e2 + eτ1 + eτ2). (10)

Then taking expectation on both sides of inequality
(10), we have

E(L V ) ≤ −λEe2.

From this, the mean-square exponential stability can
be obtained by the standard technique. That is, by
the Itô formula and using expression (5), a positive
constant γ is obtained such that

γE|e(t)|2 ≤ E(V (t))

= E(V (t0)) + E
∫ t

t0

L V (s)ds

≤ E(V (t0)) − λ

∫ t

t0

Ee2(s)ds.

Then, from the Gronwall inequality, we have

E(e2(t)) ≤ E(V (t0))
γ

exp
[
− λ

γ
(t − t0)

]
,

which yields the mean-square exponential stability of
system (4). Then, summarizing the above argument,
we obtain the following result on the sufficient condi-
tion of complete synchronization between system (1)
and system (2).

Theorem 1 If there exist positive numbers
α, c, p,mi, qi, ki, εi (i = 1, 2) such that inequalities
(9a) and (9b) are satisfied, then the trivial solution
of system (4) is mean-square asymptotically stable,
that is, systems (1) and (2) are asymptotically syn-
chronized for almost each of initial data.

Remark 1 Let ε1 = ε2 = 1, k1 = m1 + q1 + 1,
k2 = m2 + q2 +1, then from inequalities (9a) and (9b)
we will have

α + c > m1 + m2 +
p + q1 + q2

2
+ 1. (11)

Clearly, inequality (11) shows that both the noise and
the laser intensities m1,2 act destructively on synchro-
nization, while the relaxation coefficient α and the
coupling strength c each play a constructive role.

Remark 2 The same method developed above
could be applied to the following n-tuple feedback
Ikeda systems:

ẋ = −αx + m1 sinxτ1 + m2 sinxτ2 + · · · + mn sinxτn ,

ẏ = −αy + m1 sin yτ1 + m2 sin yτ2 + · · ·
+mn sin yτn + c(x − y) + σ(e, eτ1 , . . . , eτn)ẇ,

where the noise intensity matrix σ(e, eτ1 , . . . , eτn) sat-
isfies σ(0, 0, . . . , 0) and

trace(σTσ) ≤ pe2 +
n∑

i=1

qie
2
τi

.

Taking the following Lyapunov function

V = e2 +
n∑

i=1

ki

∫ t

t−τi

e2(s)ds,

one can find that the sufficient mean-square asymptot-
ical stability conditions for the synchronization mani-
fold y = x are

2(α + c) > p +
n∑

i=1

ε−1
i mi +

n∑
i=1

ki, ki > εimi + qi,

where ki, εi, qi (i = 1, . . . , n) are positive numbers.

3. Generalized synchronization

between the multi-feedback

Ikeda systems

The above arguments show that complete syn-
chronization may be achieved under the assumption
of well-matched system parameters. Unfortunately,
parameter mismatch is inevitable in practical imple-
mentations of chaos synchronization systems. From
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the above analysis it is clear that y = x is not the
synchronization manifold for systems (1) and (2) when
m1 6= m3 and m2 6= m4. Let m1 = m2, m3 = m4,
and r = m1/m3. Now we attempt to understand the
effect of the mismatch in parameters on the quality of
complete synchronization by tuning r. The r is tuned
from both sides of critical value (r = rc = 1). The
effect of such a perturbation on the quality of com-
plete synchronization can be measured with a similar-
ity function, defined as[35]

S =
〈[x(t) − y(t)]2〉

[〈x(t)2〉〈y(t)2〉]1/2
.

A global minimum of S = Smin = 0 represents stable
complete synchronization. For coupled Ikeda systems
(1) and (2), r is varied from 0.5 to 1.5 for τ1 = 1,
τ2 = 2, α = −5, m1 = m2 = 10, and the correspond-
ing S versus r plot is shown in Fig. 1, where S is
calculated on the interval [T/2, T ] (T = 10 is the to-
tal length of the simulation). A sharp dipping into the
minimum is observed at the critical value (r = rc = 1),
and the quality of synchronization decreases as |r| is
increased. The coupling strength c greater than the
threshold value does not play any significant role in
determining the quality of synchronization.

0

1

2

3

4

5

r

S
/


-
3

c/
c/
c/

. . . . . .

Fig. 1. (colour online) Curves for synchronization index

S versus r for different values of c. The other parameters

are α = 5, m1 = m2 = 10, τ1 = 1, and τ2 = 2.

Although complete synchronization fails in the
presence of parameter mismatch, we can analyse the
condition for generalized synchronization according to
the auxiliary system method[36] which gives another
identical driven auxiliary system z(t). The generalized
synchronization between x(t) and y(t) is established
with the achievement of complete synchronization be-
tween y(t) and z(t). In what follows we consider the
complete synchronization between the following Ikeda

systems:

ẏ = −αy + m3 sin yτ1 + m4 sin yτ2

+ c(x − y) + σ(e, eτ1 , eτ2)Ẇ , (12)

ż = −αz + m3 sin zτ1 + m4 sin zτ2

+ c(x − z) + σ(ẽ, ẽτ1 , ẽτ2)Ẇ , (13)

where ẽ = x − z.
The dynamics of the error δ = y − z is given by

δ̇ = −(α + c)δ + 2m1 cos
yτ1 + zτ1

2
sin

δτ1

2

+2m2 cos
yτ2 + zτ2

2
sin

δτ2

2
− σ̄(δ, δτ1 , δτ2)Ẇ , (14)

where σ̄(δ, δτ1 , δτ2) = σ(e, eτ1 , eτ2) − σ(ẽ, ẽτ1 , ẽτ2) is
locally Lipschitz continuous and satisfies the linear
growth condition with σ̄(0, 0, 0) ≡ 0, and we also as-
sume that trace(σ̄Tσ̄) ≤ pδ2 + q1δ

2
τ1

+ q2δ
2
τ2

.

Applying the above approach for the case of com-
plete synchronization, we obtain the following result
for the generalized synchronization between coupled
Ikeda systems (1) and (2) (or complete synchroniza-
tion between systems (12) and (13)).

Theorem 2 Generalized synchronization be-
tween system (1) and system (2) could be achieved
for almost each of initial data, provided that there
exist positive numbers α, m3,4, c, p, q1,2, k1,2, ε1,2

such that 2(α + c) > ε−1
1 m3 + ε−1

2 m4 + p + k1 + k2,
ε1m3 + q1 < k1, and ε2m4 + q2 < k2.

4. Simulation results

In this section, numerical simulations are pro-
vided to illustrate the effectiveness of the obtained
results. Consider the parameters in Eqs. (1) and
(2) as α = 5, m1 = m3 = 9, m2 = m4 = 10,
c = 30, τ1 = 1, τ2 = 2. Meanwhile, assume that
W = [w1, w2]T is a two-dimensional Brownian mo-
tion and the noise intensity matrix is in the form of
σ(u, v, z) = [0.3u + 0.4v, 0.5z]. Thus,

trace(σT(u, v, z)σ(u, v, z))

= (0.3u + 0.4v)2 + 0.25z2

≤ 0.18u2 + 0.32v2 + 0.25z2.

Therefore, setting ε1 = ε2 = 1, k1 = 10.32, k2 = 11.25
and utilizing (11) we clearly see that inequalities (9a)
and (9b) are satisfied, which, due to Theorem 1, is
a sufficient condition of the complete synchronization
between system (1) and system (2) with the above-
mentioned parameters for almost each initial function
φ ∈ Cα

F0
([−2, 0], R) of error dynamics (4). In Fig. 2,
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we depict different sample paths of systems (1), (2),
and (4), respectively. As clearly seen from Figs. 2(a)–
2(c), a complete synchronization between system (1)
and system (2) is achieved. Figure 3 shows the time
series of the driver system x and the driven systems y

and z for m1 = 14, m2 = 4, m3 = 4, m4 = 15, and all
the other parameters have the same values as those
in Fig. 2. Figure 3(a) shows the generalized synchro-
nization between x and y. In Fig. 3(b) the complete
synchronization between y and z is shown.
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(b)

(c)

Fig. 2. (colour online) Complete synchronization between

coupled Ikeda systems (1) and (2). (a) The time series of the

driving system x (solid line) and the response system y (dot-

ted line); (b) the phase plots in the x versus y plane; (c) the

phase plots for the error system in the t versus e plane. The

parameters are α = 5, m1 = 9, m2 = 10, c = 30, τ1 = 1,

and τ2 = 2. The initial functions are φ1 = −1, φ2 = 1, and

φ = φ1 − φ2 = −2.
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z 
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y 
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↪y

 

1.0 

0 

-1.0 

-2.0 

-3.0 

y
↪z

1.0 

0 

-1.0 

-2.0 

-3.0 

0 2 4 6 8 10 
t 

0 2 4 6 8 10 
t 

Fig. 3. Generalized synchronization between coupled

Ikeda systems (1) and (2). (a) The time series of the driv-

ing system x (solid line) and the response system y (dotted

line); (b) the time series of response systems y (solid line)

and z (dotted line). The parameters are α = 5, m1 = 14,

m2 = 4, m3 = 4, and m4 = 15. All the other parameters

have the same values as those in Fig. 2.

5. Conclusion

In this paper, we investigated complete synchro-
nization and generalized synchronization between two
unidirectionally coupled Ikeda systems with multi-
ple time delays and noise perturbation. First we
considered the complete synchronization between the
double-feedback and the multi-feedback Ikeda sys-
tems. By using the Lyapunov functional, we showed
that the complete synchronization can be realized.
Then we studied the generalized synchronization be-
tween two unidirectionally coupled non-identical Ikeda
systems and obtained the existence conditions for the
generalized synchronization. Generalization of the ap-
proach to a wider class of coupled nonlinear double-
feedback system is also presented. Numerical simu-
lations of the coupled Ikeda systems fully verify our
main results.

Appendix A

Consider the following n-dimensional stochastic
differential delay equation:

dx(t) = f(t, x, xτ )dt + g(t, x, xτ )dW, (A1)
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on t ≥ 0 with initial data {x(θ) : −τ ≤ θ ≤ 0} =
φ ∈ Cα

F0
([−τ, 0], Rn), f, g : R+ × Rn × Rn → Rn are

locally Lipschitz continuous and satisfy linear growth
condition. It is well known that equation (A1) has a
unique solution which is denoted by x(t, φ). Further-
more, we always assume f(t, 0, 0) = 0, g(t, 0, 0) = 0,

so equation (A1) admits a trivial solution x(t, 0) ≡ 0.
Let C2,1(Rn × R+, R+) denote the family of all

non-negative functions V (x, t) on Rn × R+ which are
continuously twice differentiable in x and once dif-
ferentiable in t. For each V ∈ C2,1(Rn × R+, R+),
we define the operator L V related to Eq. (A1) from
Rn × Rn × R+ to R by

L V =
∂V

∂t
+

∂V

∂x
· f +

1
2
trace

[
gT ∂2V

∂2x
· g

]
, (A2)

where ∂V/∂x = (∂V/∂x1, . . . , ∂V/∂xn), and
∂2V/∂2x = (∂2V/∂xi∂xj)n×n.
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