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The theories of intelligent information processing are urgently needed for the rapid development of modem science.

In this paper, a novel fuzzy chaotic neural network, which is the combination of fuzzy logic system, artificial neural

network system, and chaotic system, is proposed. We design its model structure which is based on the Sigmoid map,

derive its mathematical model, and analyse its chaotic characteristics. Finally the relationship between the accuracy of

map and the membership function is illustrated by simulation.
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1. Introduction

In the course of the rapid development of mod-
ern science and technology, theories and tools of in-
telligent information processing have become urgently
required and should lead to breakthroughs in knowl-
edge representation, model calculation, computational
efficiency, and adaptive learning. The borderline sub-
jects of fuzzy logic systems, artificial neural network
systems, and chaotic systems are devoted to the re-
search on the human brain. There are many fuzzy
concepts in human thinking. For example, the human
brain can be modeled as a continuous-time nonlin-
ear dynamic system by an artificial neural network,
or chaos theory could be used to understand some ir-
regular activities in the human brain.

A fuzzy neural network[1−3] is the combination of
fuzzy theory and a neural network. It has the char-
acteristics of a neural network, such as self-learning,
self-adaptive, and parallel processing of information.
It also has the ability of fuzzy inference to process
language information. A chaotic neural network[4−8]

is the combination of chaos theory and a neural net-
work. It not only has the characteristics of a neural
network but also a searching ability by using chaos.
Therefore, it can better simulate the information pro-
cessing in the human brain.

A fuzzy neural network is a static network, and a

chaotic neural network cannot deal with fuzzy lan-
guage information. The fuzzy chaotic neural net-
work is the combination of fuzzy, chaos, and a neu-
ral network,[9,10] and has great potential and promis-
ing prospects. The bifurcation parameter in a chaotic
neural network is controlled by fuzzy logic rules, which
is the earliest combination of fuzzy logic, artificial neu-
ral networks, and chaos theory.[11]

Fuzzy chaotic neural networks are grouped into
three types according to their method of realization:
(i) the chaotic map that is introduced in the fuzzy
neural network and has been proposed in Ref. [12]; (ii)
the chaotic neural network that is fuzzed and can be
used to process fuzzy information;[13] (iii) the model
of a fuzzy chaotic neuron that is based on a chaotic
neuron and the concept of fuzzy number.[14]

In this paper, we construct a novel fuzzy chaotic
neural network which belongs to the first type. It has a
neural network structure, chaotic characteristics, and
a fuzzy function. The network can combine fuzzy,
chaos, and neural networks. This network is a dy-
namic fuzzy neural network model, so it can approach
the dynamic system. The chaotic map is introduced
into it, so the ability of chaos recollection is enhanced.
The constant transition between chaos and non-chaos
in this network is controlled by the fuzzy rules, so the
network can stay in a certain model.
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2. Fuzzy chaotic neural network

2.1. Sigmoid chaotic neural network

The kinetic equation of a Sigmoid chaotic neuron
is[15]

x(t + 1) = kx(t) − αfx(t) + α(t),

y(t + 1) = f(x(t + 1)), (1)

where x is the internal state of neuron, y is the out-
put signal of neuron, f(x) = 1/(1 + e−βx), a(t) =
(A(t) − θ)(1 − k), A is the strength of external input,
θ is the threshold of neuron, k ∈ [0, 1] is refractoriness
decay rate, and α is proportional coefficient.

The mathematical model of a Sigmoid neural net-
work is

xi(t + 1) = kxi(t) +
n∑

j=1

Tijhj(f(xj(t)))

+
q∑

j=1

ωijAj(t) − α(fi(xi(t)))

− θi(1 − k),

yi(t + 1) = fi(xi(t + 1)), (2)

where i = 1, 2, . . . , n, with n being the number of
chaotic neurons in the network, q is the number of
external inputs, Tij is the connection weight of i-th
neuron and j-th neuron, ωij is the connection weight
of the j-th external input and the i-th neuron, fi is
the continuous output function of the i-th neuron, hi

is the internal feedback of the j-th neuron to the i-th
neuron.

2.2. Structure of network

This fuzzy chaotic neural network is the combina-
tion of a Sigmoid chaotic neuron and fuzzy theory. It
can realize fuzzy functions, such as the generation of
membership functions, normalization, rule-based rea-
soning and de-fuzzy. The model of this system is the
mathematical expression of a fuzzy logic system, and
its state evolution has chaotic characteristics.

The model of a fuzzy chaotic neural network is
shown in Fig. 1. There is premise part and a conclu-
sion part in this model. The premise part is made up
of a layer of generating membership functions, a prod-
uct layer, and a normalization layer. The conclusion
part is composed of an input layer, a rule conclusion
layer, and an output layer. The weights of the rule
conclusion layer and the output layer are produced by
the normalization layer of the premise part. The rule
conclusion layer is realized by the chaotic neural net-
work, which can be constituted by a one layer or a
multi-layer network.

Fig. 1. Model of a fuzzy chaotic neural net-

work.

2.3.Deduction of the mathematical

model

2.3.1. Mathematical model of the premise part

The layer of generating membership functions is
described by a Gaussian function,[16] so the member-
ship function is

uqm(Rq(τ + 1)) = exp

(
−

(
Rq(τ + 1) − stqm

σqm

)2
)

.

(3)
The product layer output is

Wm(τ + 1) =
∏
q

uqm(τ + 1). (4)

The output of the normalized layer is

W̄m(τ + 1) =
Wm(τ + 1)∑

m
Wm(τ + 1)

. (5)

2.3.2. Mathematical model of the conclusion
part

The input of the conclusion layer is

netmp(τ + 1) =
∑

l

wmpl(τ + 1)actml(τ + 1). (6)

The output of the conclusion layer is

ACTmp(τ + 1) = fmp[xmp(τ + 1)],

fmp(x) =
1

(1 + e−βmpx)
. (7)
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The internal state of the conclusion layer is

xmp(τ + 1) = kxmp(τ) +
∑
rl

Tmprlhrlfmp(xrl(τ)) + netmp(τ) − αfmp(xmp(τ)) − θmp(1 − k). (8)

The input of the output layer is

NETj(τ + 1) =

∑
m

Wm(τ + 1)Actmp(τ + 1)∑
m

Wm(τ + 1)

=
W1(τ + 1)Act1j(τ + 1) + W2(τ + 1)Act2j(τ + 1) + · · · + Wm(τ + 1)Actmj(τ + 1) + · · ·

W1(τ + 1) + W2(τ + 1) + · · · + Wm(τ + 1) + · · ·
. (9)

The network output is

Oj(τ + 1) = Fj(NETj(τ + 1)),

Fj =
1

(1 + e−βjNETj )
, (10)

where Wm is the m-th membership value of the m-th
rule, Actmp is the p-th output of the m-th rule, actml

is the l-th input of m-th rule, Tmprl is the connec-
tion weight of the rt-th chaotic neuron to the mp-th
chaotic neuron, ωmpl is the connection weight of the
l-th external input to the mp-th chaotic neuron, hrt

is a characteristic function of axon transform of the
rt-th chaotic neuron, that is, internal feedback, and
expressed as

h(x) =

 1, x ≥ 0.5,

0, x < 0.5.
(11)

In formula (10), we can see that the final output of
this network is a mathematical expression of the fuzzy
logic system, so this system can realize the function
of the fuzzy system.

2.4. Learning algorithm of a fuzzy

chaotic neural network

The learning process is to minimize the squared
error and E by steepest descent algorithm. Premise
part and conclusion part are trained at the same time.
The training process of the conclusion part is a dy-
namic recursion process, so this learning algorithm is
dynamic.

The definition of the error function is

E =
1
2

L∑
j=1

(Ōj − Oj)2, (12)

weight coefficient should make the adjustment in the
opposite direction of the E function gradient, and then
the network output can be close to the expected out-
put.

The renewal process of parameters (s t or σ) in
the premise part is

∆s(τ) = −ηs
∂E(τ)
∂s(τ)

= −ηs
∂E(τ)
∂Oj(τ)

· ∂Oj(τ)
∂s(τ)

= −ηs
∂E(τ)
∂Oj(τ)

· ∂Oj(τ)
∂NETj(τ)

× ∂NETj(τ)
∂Wm(τ)

· ∂Wm(τ)
∂s(τ)

= −ηs
∂E(τ)
∂Oj(τ)

· F ′
j(NETj(τ))

·

 ∂

∂Wm(τ)

∑
m

WmActmp(τ)∑
m

Wm

 · ∂Wm(τ)
∂s(τ)

= −ηs

{
−(Ōj(τ) − Oj(τ))F ′

j(NETj(τ))
}

· Actmp(τ) − NETj(τ)∑
m

Wm
· ∂Wm(τ)

∂s(τ)
, (13)

where ηs is the learning rate, and Ōj is the expected
output.

The renewal process of the conclusion part is

∆ωmpl = −ηwmpl

∂E(τ)
∂ωmpl

= −ηwmpl

∂E(τ)
∂NETj(τ)

· ∂NETj(τ)
∂ωmpl

= −ηwmpl

∂E(τ)
∂Oj(τ)

· ∂Oj(τ)
∂NETj(τ)

· ∂NETj(τ)
∂xmp(τ)

× ∂xmp(τ)
∂netmp(τ)

· ∂netmp(τ)
∂ωmpl

= −ηwmpl

∂E(τ)
∂Oj(τ)

· F ′
j(NETj(τ))

Wm∑
m

Wm

× f ′
mp(xmp(τ)) · ∂xmp(τ)

∂netmp(τ)

× ∂

∂ωmpl

∑
ωmplactmp

= −ηwmpl

{
−(Ōj(τ) − Oj(τ))

}
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× F ′
j(NETj(τ))

Wm∑
m

Wm
· f ′

mp(xmp(τ))

× ∂xmp(τ)
∂netmp(τ)

· actmp, (14)

where

∂xmp(τ)
∂netmp(τ)

= k
∂xmp(τ − 1)

∂netmp(τ − 1)
+ 1 − αf ′

mp(xmp(τ − 1))

× ∂xmp(τ − 1)
∂netmp(τ − 1)

,

so the training process is dynamic.

∆Tmprt = −ηTmprt

∂E(τ)
∂Tmprt

= −ηTmprt

∂E(τ)
∂NETj(τ)

· ∂NETj(τ)
∂Tmprt

= −ηTmprt

∂E(τ)
∂Oj(τ)

· ∂Oj(τ)
∂NETj(τ)

× ∂NETj(τ)
∂Actmp(τ)

· ∂Actmp(τ)
∂Tmprt

= −ηTmprt

∂E(τ)
∂Oj(τ)

· F ′
j(NETj(τ)) · Wm∑

m
Wm

× ∂Actmp(τ)
∂xmp(τ)

· ∂xmp(τ)
∂Tmprt

= −ηTmprt

∂E(τ)
∂Oj(τ)

· F ′
j(NETj(τ)) · Wm∑

m
Wm

× f ′
mp(xmp(τ)) · ∂xmp(τ)

∂Tmprt
, (15)

where

∂xmp(τ)
∂Tmprt

=
∂xmp(τ − 1)

∂Tmprt
+

∑
rt

hrt(fmp(xrt(τ − 1)))

− αf ′
mp(xmp(τ − 1))

∂xmp(τ − 1)
∂Tmprt

,

so the adjustment of weight is a dynamic process.

3. Chaotic characteristics of a

fuzzy chaotic neural network

The system of two chaotic neurons in the con-
clusion layer with a single input–single output is dis-
cussed; the equations of fixed points are

x1 = kx1 + w1A − α1 ·
1

1 + e−β1x1
− θ1(1 − k1) + T21h2 ·

1
1 + e−β2x2

+ T11h1 ·
1

1 + e−β1x1
,

x2 = kx2 + w2A − α2 ·
1

1 + e−β2x2
− θ2(1 − k2) + T12h1 ·

1
1 + e−β1x1

+ T22h2 ·
1

1 + e−β2x2
. (16)

When
e−βx ≈ 1

1 + βx
,

then
1

1 + e−βx
=

1 + βx

2 + βx
.

The fixed points of the system are

x1,2
1 =

−(2 − 2k1 + α1β1 − β1d1)
2β1(1 − k1)

±
√

(2 − 2k1 + α1β1 − β1d1)2 − 4β1(1 − k1)(α1 − 2d1)
2β1(1 − k1)

,

x1,2
2 =

−(2 − 2k2 + α2β2 − β2d2)
2β2(1 − k2)

±
√

(2 − 2k2 + α2β2 − β2d2)2 − 4β2(1 − k2)(α2 − 2d2)
2β2(1 − k2)

, (17)

where

d1 = w1A − θ1(1 − k1) + T21h2 ·
1

1 + e−β2x2
+ T11h1 ·

1
1 + e−β1x1

,

d2 = w2A − θ2(1 − k2) + T12h1 ·
1

1 + e−β1x1
+ T22h2 ·

1
1 + e−β2x2

. (18)

The equation of the Jacobian matrix multiplier λ of this system is

|λI − A| =

∣∣∣∣∣∣∣
λ − k1 +

α1β1

(2 + β1x1)2
0

0 λ − k2 +
α2β2

(2 + β2x2)2

∣∣∣∣∣∣∣ = 0. (19)
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When there exists at least one |λ| > 1, the fixed points are unstable. Next we will discuss an unstable
condition with fixed points.

3.1.d1 is the bifurcation parameter

(I) when x1 = x1
1,

d1 > max
(

[(1 − k1)(4α1β1 − 2 − 2b1) − c2
1]

β1(9 − 8k1)
, −α1 +

2(1 − k1)(1 − b1)
β1

)
,

d1 < min
(

[(1 − k1)(4α1β1 − 2 − 2b1) − c2
1]

β1(9 − 8k1)
, α1 −

2(1 − k1)(1 − b1)
β1

)
; (20)

(II) when x1 = x2
1,

d1 > max
(

[(1 − k1)(4α1β1 − 2 − 2b1) − c2
1]

β1(9 − 8k1)
, α1 −

2(1 − k1)(1 − b1)
β1

)
,

d1 < min
(

[(1 − k1)(4α1β1 − 2 − 2b1) − c2
1]

β1(9 − 8k1)
, −α1 +

2(1 − k1)(1 − b1)
β1

)
, (21)

where b1 =
√

α1β1/(1 + k1), and c1 = (2 − 2k1 + α1β1 − β1b1)2.

3.2.d2 is the bifurcation parameter

I) when x2 = x1
2,

d2 > max
(

[(1 − k2)(4α2β2 − 2 − 2b2) − c2
2]

β2(9 − 8k2)
, −α2 +

2(1 − k2)(1 − b2)
β2

)
,

d2 < min
(

[(1 − k2)(4α2β2 − 2 − 2b2) − c2
2]

β2(9 − 8k2)
, α2 −

2(1 − k2)(1 − b2)
β2

)
; (22)

II) when x2 = x2
2,

d2 > max
(

[(1 − k2)(4α2β2 − 2 − 2b2) − c2
2]

β2(9 − 8k2)
, α2 −

2(1 − k2)(1 − b2)
β2

)
,

d2 < min
(

[(1 − k2)(4α2β2 − 2 − 2b2) − c2
2]

β2(9 − 8k2)
, −α2 +

2(1 − k2)(1 − b2)
β2

)
, (23)

where b2 =
√

α2β2/(1 + k2), and c2 = (2 − 2k2 +
α2β2 − β2b2)2.

Therefore, the attractor is the stable focus at the
beginning, and then it becomes an invariant stream
form, so the system enters chaos in a short time.

4. Relationship between map ac-

curacy and membership func-

tion

In this model, there is a smooth transformation
of a fuzzy inference system which is completely known
and a network with black box neurons. It could keep
interpretability and improve accuracy of the map, so
its learning process should reach a peak. However this

is not the case in reality. There is contradiction be-
tween interpretability and accuracy.

In the simulation, we fit a curve with two in-
flection points: the upper left corner and the lower
right corner, which is based on the relationship be-
tween map accuracy and membership function. The
results are shown in Fig. 2. Figure 2(a) shows the
curve, Figs. 2(b) and 2(c) display the fitting curves
with two membership functions, figures 2(d) and 2(e)
indicate the fitting curve with three membership func-
tions, figure 2(f) exhibits the training process of three
membership functions, with number 1 denoting the
expected curve, and number 2 the practical curve.

When the third membership function is intro-
duced, the changes of MF2 and MF3 appear at the
beginning of evolution process, and then their tracks
merge into one. This shows that the membership func-
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tion sometimes could induce some insignificant fuzzy
rules.

This simulation results show the contradiction be-
tween interpretability and precision: the network with
two membership functions may be able to complete
the task well, the network with three membership
functions can fit curve better and obtain a higher ac-
curacy in a fixed period of time.

Fig. 2. Simulation results: (a) the curve, (b) the 33-th

time, (c) the 25000-th time, (d) the 25-th time, (e) the

3500-th time, and (f) the changes of three membership

functions.

5. Conclusion

In this paper, we designed a novel fuzzy chaotic
neural network which is the combination of fuzzy,

chaos, and neural networks. The structure of this net-
work is a neural network, and it has chaotic charac-
teristics and fuzzy functions. We designed its model
structure, derived its mathematical model and weight
training formulas by using BP learning algorithm, and
analysed its chaotic characteristics by unstable state of
its fixed points. Finally, the simulation results showed
that more membership functions can improve the map
accuracy, but this may lead to morbid fuzzy rules.
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