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Nonlinear dynamical systems with an irrational restoring force often occur in both science and engineering, and

always lead to a barrier for conventional nonlinear techniques. In this paper, we have investigated the global bifurcations

and the chaos directly for a nonlinear system with irrational nonlinearity avoiding the conventional Taylor’s expansion

to retain the natural characteristics of the system. A series of transformations are proposed to convert the homoclinic

orbits of the unperturbed system to the heteroclinic orbits in the new coordinate, which can be transformed back to

the analytical expressions of the homoclinic orbits. Melnikov’s method is employed to obtain the criteria for chaotic

motion, which implies that the existence of homoclinic orbits to chaos arose from the breaking of homoclinic orbits

under the perturbation of damping and external forcing. The efficiency of the criteria for chaotic motion obtained in

this paper is verified via bifurcation diagrams, Lyapunov exponents, and numerical simulations. It is worthwhile noting

that our study is an attempt to make a step toward the solution of the problem proposed by Cao Q J et al. (Cao Q J,

Wiercigroch M, Pavlovskaia E E, Thompson J M T and Grebogi C 2008 Phil. Trans. R. Soc. A 366 635).
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1. Introduction

Strongly nonlinear systems governed by irra-
tional restoring forces have attracted the attention of
researchers,[1−7] and are widely used in physics and
engineering. Unfortunately, an irrational restoring
force is a barrier to detecting the nonlinear dynam-
ics in classical methodologies, as is the open prob-
lem mentioned in Ref. [1] for the recently proposed
smooth-and-discontinuous (SD) oscillator.[1,8,9] Con-
ventionally, Taylor-series approaches are often used to
simplify nonlinearities into a Taylor series. See for
example, the codimension-two bifurcation of the SD
oscillator that was analysed using the Taylor expan-
sion near the critical value of α = 1;[10] the response
of a harmonically excited two-degree-of-freedom sys-
tem consisting of a linear and a nonlinear quasi-zero
stiffness oscillators was detected.[11,12] However, this
expansion is invalid or does not meet the require-
ments of the study, which means that the classical

methodologies are not effective in the investigation
of nonlinear dynamics for this kind of system. In
fact, the Taylor-series expansion of nonlinear restor-
ing force G(x) = −x

(
1 − 1/

√
x2 + α2

)
is valid only

for α > 0 and fails for α = 0.[1,8] Therefore, effec-
tive methodologies to study this kind of nonlinear sys-
tem need to be developed. The improved harmonic
balance method[13] and the homotopy perturbation
methods[14] have been applied to detect the oscilla-
tion of mass attached to a stretched wire. The tri-
linear approach[8] was introduced to study the chaos
of an SD oscillator. An averaging technique is em-
ployed to obtain Hopf bifurcation for an SD oscillator
(cf. Ref. [15]).

The motivation of this paper is to explore the
chaotic behaviours of systems with an irrational
restoring force directly to the irrationalities, avoid-
ing the conventional Taylor’s expansion to retain the
intrinsic characteristics of the system. By means of
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the analytical expressions of the homoclinic orbits, the
Melnikov procedure can be directly used in the irra-
tional systems to detect the original behaviour of the
system. Furthermore, this investigation forwards the
open problem in Ref. [1].

This paper is organized as follows. In the next
section, the equations of motion are given and the
Hamiltonian function including an irrational term is
derived: it is not readily analysed. In Section 3, the
equilibria of the system are detected depending on the
value of the parameters α and λ. Phase portraits of
the system that is unperturbed (undamped and un-
driven) are detected. In addition, a kind of transfor-
mations is introduced and the expressions for the ho-
moclinic orbits are developed. This approach is valid
for both smooth and limited discontinuous systems.
In Section 4, the Melnikov method is applied to de-
termine the distance between the stable and unstable
manifolds. Bifurcation diagrams and Lyapunov ex-
ponents are then considered. Numerical simulations
are also carried out in Section 5, which confirm these
analytical predictions.

2. Preliminary dynamic analysis

An ordinary differential equation[2] is governed by

d2u

dt2
+ f(u) = 0, (1)

in which the irrational restoring force function −f(u)
is given by

−f(u) = −ω2
0u

(
1 − λ√

u2 + α2

)
, (2)

where u, t, ω0, 0 < λ ≤ 1, and α ≥ 0 are, re-
spectively, the dimensionless displacement, time vari-
able, the natural frequency, the stretch parameter,[13]

and the smoothness parameter.[1] When u(0) = A,
du(0)/dt = 0, a generalized Senator–Bapat perturba-
tion technique is employed to deal with the approx-
imate solution of this nonlinear system. The reader
can refer to Ref. [2] for further details.

Now suppose system (1) has viscous damping, an
external harmonic excitation of amplitude F and fre-
quency Ω. For convenience, let ω2

0
= 1. These values

lead to a forced dissipative oscillator of the following
form

d2u

dt2
+ ξu̇ + u(1 − λ√

u2 + α2
) = F cos Ωt. (3)

This system can be smooth or discontinuous de-
pending on the value of the smoothness parameter α,
as shown in Fig. 1. With the change of the parameters
α and λ, system (3) corresponds to different mathe-
matical models. Especially, when λ = 1 , the system
is just an SD system.
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Fig. 1. (a) Restoring forces and (b) potential function

V (u) = 1
2
u2 − λ

√
u2 + α2 + λα for λ = 0.6. The solid

curves are for α = 0, the dashed curves are for α = 0.1,

the dotted curves are for α = 0.5, the dot-dashed curves

are for α = 0.75.

Equation (3) can be written as two first order dif-
ferential equations by letting du/dt = v

u̇ = v,

v̇ = −ξv − u

(
1 − λ√

u2 + α2

)
+ F cos Ωt, (4)

where u̇ = du/dt, v̇ = d2u/dt2.
The scale transformations may be introduced as

follows:

ξ → εξ, F → εF. (5)

Then equation (4) can be rewritten in the following
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form with the perturbation

u̇ =
∂H

∂v
+ εg1 = v,

v̇ = −∂H

∂u
+ εg2

= −u

(
1 − λ√

u2 + α2

)
+ ε(−ξv + F cos Ωt), (6)

where the Hamiltonian function is of the form

H(u, v) =
1
2
v2 +

1
2
u2 − λ

√
u2 + α2 + λα, (7)

g1 = 0, g2 = −ξv + F cos Ωt. (8)

It is noted that Hamiltonian function H(u, v) in-
cludes an irrational term, which cannot meet the re-
quirements of the conventional methods. Hence, it
leads to many barriers to detecting the dynamics,
which will be investigated in the following sections.

3. The dynamics of an unper-

turbed system

For ε = 0, equation (6) takes the form

u̇ = v,

v̇ = −u

(
1 − λ√

u2 + α2

)
, (9)

which describes an undamped and undriven oscilla-
tor. Clearly, the equilibria of system (9) depend on
the values of α and λ and they are

(0, 0), (±
√

λ2 − α2, 0). (10)

To examine the influence of parameters of α and λ

on the dynamics of Eq. (9), we construct the bifur-
cation diagram, depicted in Fig. 2(a). The system
undergoes a bifurcation at α−λ = 0 where the stable
branch u = 0 bifurcates into two stable branches at
u = ±

√
λ2 − α2. The stationary u = 0 state is now

unstable, exhibiting the standard hyperbolic struc-
ture. Especially, u = 0 is not a fixed point because
u yields u 6= 0 in Eq. (9) when α = 0 and system (9)
becomes a discontinuous system. Hence, for system
(9), it is possible to study global bifurcations in the
(α, λ) parameter plane as shown in Fig. 2(b), where
four regions exist as follows:

(I) 0 < λ < α; (II) λ = α > 0;

(III) λ > α > 0; (IV) λ > α = 0.

Each of these regions have different qualitative flow
behaviours (see Fig. 3) and they are described below.
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Fig. 2. (colour online) Bifurcation diagram of unperturbed system (9): (a) u–α–λ; (b) α–λ.

Region (I): Nonlinear system (9) has the only cen-
tre (0,0) (see Fig. 3(a)), which may introduce Hopf
bifurcation[15−17] and can be carried out using method
similar to that used in Ref. [15].

Region (II): the origin is the only fixed point (see
Fig. 3(b)), which is non-hyperbolic. The case may
introduce codimension-two bifurcation, which can be
investigated by applying a similar method to that used
in Ref. [6].

Region (III): there exist three fixed points. The

origin is a saddle and (±
√

λ2 − α2, 0) are centre equi-

libria, (see Fig. 3(c)).

Region (IV): nonlinear system (9) has two centres

(±λ, 0). Note that the origin is not a fixed point. How-

ever, the behaviour of the flow near (0,0) is similar to

the saddle. Hence, it is called a saddle-like singularity

in Ref. [1], (see Fig. 3(d)).
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Fig. 3. (colour online) Phase portraits in the u–v plane for the unperturbed system (9): (a) region (I)

in Fig. 2(b); (b) region (II) in Fig. 2(b); (c) region (III) in Fig. 2(b); (d) region (IV) in Fig. 2(b).

From Fig. 3(c), it is clear that the origin is con-
nected to itself by a pair of symmetric homoclinic or-
bits Γ1,2 = (u1,2, v1,2), each of which satisfies

1
2
v1,2

2 +
1
2
u1,2

2 − λ
√

u1,2
2 + α2 + λα = 0. (11)

From Fig. 3(d), we know that a saddle-like sin-
gularity is taken as connecting to itself by the spe-
cial homoclinic-like orbits[1] Γ1,2 = (u1,2, v1,2), each of
which yields Eq. (11). In this paper, we are interested
in regions (III) and (IV). However, equation (11) is
not readily analysed directly. Obviously, the barriers
are similar to the ones proposed in Ref. [1]. In this
paper, introducing a series of transformations[18,19]

u =
√

2B cos θ,

v =
√

2B sin θ, (B ≥ 0), (12)

we will consider the homoclinic orbits.
Clearly,

Ḃ =
√

2B(u̇ cos θ + v̇ sin θ),
√

2Bθ̇ = v̇ cos θ − u̇ sin θ. (13)

So, unperturbed equation (9) becomes

Ḃ =
2Bλ cos θ sin θ√
2Bcos2θ + α2

,

θ̇ = −1 +
λcos2θ√

2Bcos2θ + α2
; (14)

and the Hamiltonian H(u, v) is transformed into

H(B, θ) = B − λ
√

2Bcos2θ + α2 + λα. (15)

Obviously, the periodic time of system (14) is π.
So, we can choose −π/2 ≤ θ ≤ π/2, which leads to
the study of homoclinic orbit Γ1 from transformation
(12). When we choose π/2 ≤ θ ≤ 3π/2, the homo-
clinic orbits Γ2 will be considered.

In phase space (B, θ), when λ > α ≥ 0, all possi-
ble fixed points are

(0,±θ∗), (B∗, 0), (16)

or

(0, π ± θ∗), (B∗, π), (17)

where θ∗ = arccos
√

α/λ, B∗ = (λ2 − α2)/2.

Note that (0,±θ∗) (or (0, π±θ∗)) are saddles, and
(B∗, 0) (or (B∗, π)) is a centre. From Fig. 4, we know
that every phase portrait contains two heteroclinic or-
bits A and A′ (C and C ′) and the points in the two
heteroclinic orbits satisfy

cos2θ ≥ α

λ
. (18)
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Fig. 4. (colour online) Phase portraits of system (14)

when λ > α ≥ 0: (a) −π/2 ≤ θ ≤ π/2; (b) π/2 ≤ θ ≤
3π/2.

By continuity, the homoclinic orbits given in
Eq. (11) yield

H(B, θ) = H(0, θ), (19)

from which we obtain

A(C) : B = 2λ2cos2θ − 2λα, (20)

A′(C ′) : B = 0. (21)

Firstly, consider heteroclinic A(C). Substituting
Eq. (20) into the θ̇ component of Eq. (14) leads to

θ̇ = −1 +
λcos2θ

|2λcos2θ − α|
. (22)

From Eq. (18), we obtain the following equation

θ̇ = −1 +
λcos2θ

2λcos2θ − α
. (23)

Integrating the expression for θ̇ under the initial con-
dition θ(0) = 0 satisfies

ϕ(θ) = t, (24)

where

ϕ(θ) = −2θ −
√

α

2
√

λ − α

× ln
√

λ − α cos θ +
√

α sin θ√
λ − α cos θ −

√
α sin θ

. (25)

Secondly, for heteroclinic orbits A′(C ′), we have

θ̇ = −1 +
λ

α
cos2θ. (26)

Hence, under the initial condition θ(0) = 0, θ is de-
scribed as

θ(t) = arctan

{√
λ

α
− 1 tanh

√
λ

α
− 1t

}
. (27)

Note that from Eqs. (12), (21), and (27), the homo-
clinic orbits can be obtained

u1,2 = 0,

v1,2 = 0. (28)

In fact, the homoclinic orbit is the origin of sys-
tem (9). Hence, the homoclinic orbits Γ1,2 of Eq. (11)
satisfy

u1,2 = 2
√

λ2cos2θ − λα cos θ,

v1,2 = 2
√

λ2cos2θ − λα sin θ, (29)

where θ yields Eq. (24) and −π/2 ≤ θ ≤ π/2 (or
π/2 ≤ θ ≤ 3π/2).

In particular, when λ = 1, system (9) becomes
an SD oscillator, and the homoclinic orbits take the
following form

u1,2 = 2
√

cos2θ − α cos θ,

v1,2 = 2
√

cos2θ − α sin θ, (30)

where θ can be given as

−2θ −
√

α

2
√

1 − α
ln

√
1 − α cos θ +

√
α sin θ√

1 − α cos θ −
√

α sin θ
= t, (31)

and −π/2 ≤ θ ≤ π/2 (or π/2 ≤ θ ≤ 3π/2).
When λ = 1 and α = 0, from Eq. (24), we can ob-

tain θ = −t/2, i.e., the limited discontinuous system
of SD oscillator, then homoclinic orbits become

u1,2 = ±2cos2
t

2
,

v1,2 = ∓2 cos
t

2
sin

t

2
. (32)

The results mentioned above might imply a fur-
ther step towards solving the open SD oscillator prob-
lem in Ref. [1].
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4. Dynamics of the perturbed

system

In this section, we focus our attention on the exis-
tence of chaos[20−25] in Eq. (6). The Melnikov method
will be used to detect the homoclinic tangency (the
Melnikov boundary) beyond which chaos may be gen-
erated. Subsequently, the bifurcation diagrams and
the Lyapnnov exponents diagrams are investigated.

The Melnikov function[26−28] is given by

M1,2(t0) =
∫ +∞

−∞
f(Γ1,2)Λg(Γ1,2, t + t0)dt, (33)

where

f(Γ1,2) =

 ∂H

∂v
(Γ1,2)

−∂H

∂u
(Γ1,2)

 ,

g(Γ1,2, t + t0) =

 g1(Γ1,2, t + t0)

g2(Γ1,2, t + t0)

 ,

and the operator Λ is defined as

aΛb = a1b2 − a2b1 (34)

for any a = (a1, a2)T and b = (b1, b2)T.
From Eqs. (7), (8), (12), (24), (29), and (33), we

have

M1(t0) =
∫ +∞

−∞
[−ξv2

1 + v1F cos Ω(t + t0)]dt

=
∫ +∞

−∞
[−ξv1 + F cos Ω(t + t0)]d(u1)

=
∫ +∞

−∞
[−ξ

√
2B sin θ + F cos Ω(t + t0)]

× d(
√

2B cos θ)

=
∫ θ∗

−θ∗
[−ξ

√
2B sin θ + F cos Ω(t + t0)]

×
[
−4λ2cos2θ sin θ√

2B
−
√

2B sin θ

]
dθ

= 8ξλ2ϕ1 − 4λξαϕ2 − F sin(Ωt0)ϕ3, (35)

where

ϕ1 =
∫ θ∗

−θ∗
cos2θsin2θdθ,

ϕ2 =
∫ θ∗

−θ∗
sin2θdθ,

ϕ3 =
∫ θ∗

−θ∗
sin(ϕ(θ)Ω)

×
[
−4λ2cos2θ sin θ√

2B
−
√

2B sin θ

]
dθ. (36)

Furthermore,

M2(t0) =
∫ +∞

−∞
[−ξv2

2 + v2F cos Ω(t + t0)]dt

= 8ξλ2ϕ1 − 4λξαϕ2 − F sin(Ωt0)ϕ4, (37)

where

ϕ4 =
∫ θ∗+π

−θ∗+π

sin(ϕ(θ)Ω)

×
[
−4λ2cos2θ sin θ√

2B
−
√

2B sin θ

]
dθ.

It can be seen that

M1(t0) = 0 (38)

has a simple zero for t0 if and only if the following
inequality holds

F >

∣∣∣∣8ξλ2ϕ1 − 4λξαϕ2

ϕ3

∣∣∣∣ . (39)

Similarly,

M2(t0) = 0 (40)

has a simple zero for t0 if and only if the following
inequality holds

F >

∣∣∣∣8ξλ2ϕ1 − 4λξαϕ2

ϕ4

∣∣∣∣ . (41)

To conclude, the Melnikov boundary of Eq. (6)
should be satisfied

F > min
{ ∣∣∣∣8ξλ2ϕ1 − 4λξαϕ2

ϕ3

∣∣∣∣ ,∣∣∣∣8ξλ2ϕ1 − 4λξαϕ2

ϕ4

∣∣∣∣ }
, (42)

beyond which chaos will be generated.
The Melnikovian detected chaotic boundary from

Eq. (6) is obtained at α = 0, as shown in Fig. 5(a) and
at α = 0.2 as shown in Fig. 5(b) for different values
of parameters λ = 1, 0.8, 0.6. Chaotic motion exists
in the area beyond the boundaries. Furthermore, the
bifurcation diagrams under controlled variation of the
amplitude F of the external excitation are shown in
Fig. 6 for λ = 0.6, ξ = 0.05, Ω = 1.15, (a) α = 0
and (b) α = 0.2; the corresponding Lyapnnov expo-
nent diagrams are shown in Fig. 6 for λ = 0.6, (c)
α = 0 and (d) α = 0.2. As can be seen in Fig. 6, no
chaotic motion is observed below the boundary pre-
dicted by Melnikov method, which is marked by the
dashed lines. From Fig. 6, a good degree of correla-
tion is obtained both in the bifurcation diagrams (see
Figs. 6(a) and (b)) and in the Lyapnnov exponents
diagrams (see Figs. 6(c) and (d)) for both the smooth
and the limited discontinuous system.
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Fig. 6. Bifurcation diagrams for displacement u versus the external forcing amplitude F for λ = 0.6, ξ = 0.05,

Ω = 1.15: (a) α = 0, and (b) α = 0.2; Lyapunov exponent versus F : (c) α = 0, and (d) α = 0.2.

5. Numerical simulation
In this section, by using the numerical method,

the cases for Figs. 5 and 6 are verified and the
chaotic motion of system (6) is studied. The dynam-
ics that present the non-chaotic response below the
Melnikov boundary is shown in Figs. 7 and 8. Al-
though all the chosen parameters yield inequality (42),
chaotic motion does not exist, as shown in Figs. 9–
12. In addition, the chaotic responses beyond the
Melnikov boundary are shown in Figs. 13 and 14 for
both smooth and discontinuous phenomena. The fol-
lowing diagrams represent the phase portraits (see
Figs. 7(a)–14(a)), the projection of the Poincaré map

(see Figs. 7(b)–14(b)) and the time-history portraits
(see Figs. 7(c) and 7(d)–Figs. 14(c) and 14(d)). Pa-
rameters are chosen as λ = 0.6, ξ = 0.05, Ω = 1.15.
Specifically, the numerical results indicate that there
exist three interesting cases and the details are de-
scribed as follows.

(i) When α = 0, we obtain the existence of period-
1 motion due to the forcing excitation F = 0.03, as
shown in Fig. 7. As α = 0.2, the existence of the
period-1 motion due to the forcing excitation F = 0.02
is shown in Fig. 8. Clearly, inequality (42) does not
hold due to all the chosen parameters, which denotes
that no chaotic motions can exist.
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Fig. 8. The period-1 motion for α = 0.2, λ = 0.6, ξ = 0.05, Ω = 1.15, F = 0.02.

(ii) When α = 0, we can show the existence
of period-3 motion (F = 0.43) and period-7 motion
(F = 0.77), as shown in Figs. 9 and 10, respectively.
While α = 0.2 , the period-4 motion for F = 0.416
and the period-5 motion for F = 0.23 are shown in

Figs. 11 and 12, respectively. In this case, although
inequality (42) holds, no chaotic motions can exist,
which confirms that the Melnikovian detected chaotic
boundary is the necessary and insufficient condition
for chaos.
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Fig. 9. The period-3 motion for α = 0, λ = 0.6, ξ = 0.05, Ω = 1.15, F = 0.43.
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Fig. 10. The period-7 motion for α = 0, λ = 0.6, ξ = 0.05, Ω = 1.15, F = 0.77.

(iii) The chaotic attractor is presented in Fig. 13
(α = 0 and F = 0.6) and Fig. 14 (α = 0.2 and
F = 0.5), respectively. Obviously, inequality (42) is

found for the chosen parameters. As can be seen in
Fig. 14, the structure of the attractor differs signifi-
cantly from the one obtained in Fig. 13.
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Fig. 11. The period-4 motion for α = 0.2, λ = 0.6, ξ = 0.05, Ω = 1.15, F = 0.416.
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Fig. 12. The period-5 motion for α = 0.2, λ = 0.6, ξ = 0.05, F = 0.23.
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Fig. 13. The chaotic motion for α = 0, λ = 0.6, ξ = 0.05, Ω = 1.15, F = 0.6.
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Fig. 14. The chaotic motion for α = 0.2, λ = 0.6, ξ = 0.05, Ω = 1.15, F = 0.5.

6. Conclusion

In this paper, the global bifurcations and chaos of
a system with an irrational restoring force have been
investigated directly without using the conventional
Taylor’s expansion in order to retain the natural char-
acteristics of the system. The nonlinear system pre-

sented here include a generalized SD oscillator exhibit-
ing both smooth and discontinuous dynamics depend-
ing on the value of a parameter α, while the equilib-
rium bifurcation depends on the values of parameters
α and λ. Furthermore, by introducing a special co-
ordinate transformation, the heteroclinic orbits have
been studied in the new coordinates. Then the an-
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alytical expressions of unperturbed homoclinic orbits
for the original system have been obtained, which en-
able us to investigate theoretically the chaotic motion
of the system for both smooth and the limitedly dis-
continuous systems. The Melnikov method has been
employed to obtain the chaotic boundary, which is in
excellent agreement with the numerical investigations.
This investigation might be a step towards solving and
promote the interest in the open problem proposed in
Ref. [1].
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