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This paper studies the stochastic synchronization problem for time-varying complex dynamical networks. This

model is totally different from some existing network models.

Based on the Lyapunov stability theory, inequality

techniques, and the properties of the Weiner process, some controllers and adaptive laws are designed to ensure achieving

stochastic synchronization of a complex dynamical network model. A sufficient synchronization condition is given to

ensure that the proposed network model is mean-square stable. Theoretical analysis and numerical simulation fully

verify the main results.
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1. Introduction

Complex networks!! ~¢ exist in all fields of sci-
ence, nature, and human societies. Over the past
decade, complex networks have been studied in-
tensively in various disciplines, such as computer
the World Wide Web,

graphs, food webs, neural networks, electrical power

networks, telephone call
grids, and citation networks of scientists, among
many others, even reputation computation in virtual
organizations.l”) A complex network is a large set of in-
terconnected nodes, where the nodes and connections
can be anything. A node is a fundamental unit having
specific contents and exhibiting dynamical behaviour.
There are two types of connection between nodes: di-
rected connection and undirected connection, the con-
nection relationship can be unweighted and weighted.
According to the different types of connection and
whether there are weights or not between nodes, we
obtain some different kinds of complex networks, such
as undirected unweighted networks, directed weighted
networks, etc. Complex networks can exhibit com-
plicated dynamics which may be absolutely different
from those of a single node. Hence, the investigation
of complex dynamical networks is of great importance,
and many systems in science and technology can be
modeled as complex networks.
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For coupled complex networks, one prominent
phenomenon is the synchrony of all dynamical nodes,
which can well demonstrate many natural phenom-
ena. Therefore, synchronization of complex net-
works of dynamical nodes has received a great deal

of attention.[8-12]

By using the Lyapunov functional
method, or taking the synchronization manifold and
linear matrix inequality approach, several sufficient
conditions have been derived for ensuring the syn-
chronization of various complex networks.®! Various
controllers have been commonly used, such as feed-
back and delayed feedback controllers,*314 nonlinear
adaptive feedback controllers,®~171 and so on. In
Ref. [18], the authors proposed a new adaptive law
to ensure synchronization of a complex network.
Recently, however, stochastic systems have re-
ceived increasing attention and stochastic modeling
has become to play an important role in many sci-
entific and engineering applications. In fact, signals
transmitted between subsystems of complex networks
are unavoidably subjected to stochastic perturbations
from the environment, which may cause information
contained in these signals to be lost.'¥ Therefore,
transmitted signals may not be fully detected and re-
ceived by other subsystems. This can have a great in-
fluence on the behaviour of complex networks. There-
fore, to investigate and simulate more realistic and
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complex networks, the noise’s effect should be taken
into account in modeling the networks. Many funda-
mental results about deterministic systems have been
extended to stochastic systems. Stability of stochas-
tic delayed systems has been a focal topic for re-
search due to the uncertainties existing in the real-

world systems.[14-20-22]

In particular, synchronization
in coupled stochastic networks has also been carefully
studied.['3:23:24] Recently, the authors of Ref. [19] in-
troduced the stochastic coupling term to model lin-
early coupled neural networks and studied its com-
plete synchronization. However, the stochastic dis-
turbances in Ref. [19] are scalar Weiner processes,
which means that every node is influenced by the same
one noise. Such an assumption might not be realis-
tic in the true environment of networks because each
node is always influenced by different multidimen-
sional noises. In Ref. [25], the authors studied the ex-
ponential stochastic synchronization problem for cou-
pled neural networks with stochastic noise perturba-
tions. The authors of Ref. [26] studied adaptive syn-
chronization of uncertain coupled complex networks,
and designed some controllers and adaptive laws to
ensure achieving synchronization of a general com-
plex network model. However, the authors of Ref. [26]
did not consider time-varying complex dynamic net-
Recently, the authors of Ref. [27] studied
the finite-time stochastic synchronization problem for

works.

complex networks with stochastic noise perturbations.
In Ref. [28], the authors studied stochastic synchro-
nization for a new array of coupled discrete time
stochastic complex networks with randomly occurring
nonlinearities and time delays. In Ref. [29], the pin-
ning exponential synchronization of stochastic delayed
complex networks with coupling delays in mean square
was investigated.

Motivated by the aforementioned discussions, in
this paper, we introduce a new model of complex dy-
namical networks, which includes time-varying cou-
pling strength and stochastic noise perturbations. It
is well known that adaptive control can effectively
deal with constant parametric uncertainties for sys-
tems. It is still an open problem how to control a
system with unknown time-varying parameters. Re-
cently, according to the synchronization problem of
complex dynamic networks with time-varying param-
eters there has been a few research results.'217] How-
ever, the existing studies show that the time-varying
parameters were processed by the bounding tech-
nique. To the best of the authors’ knowledge, no
work has been reported in the literature at present.
The main design difficulty is how to deal with the

unknown time-varying parameters. Fortunately, this
paper shows that this difficulty can be successfully
overcome by constructing a Lyapunov—Krasovskii-like
composite energy function (CEF). By virtue of the
properties of the Weiner process and inequality tech-
niques, suitable adaptive controllers are designed to
ensure stochastic synchronization for the complex dy-
namical networks with stochastic perturbations. The
main contributions of this paper are highlighted as
follows. 1) The CEF-based adaptive control strategy,
developed for nonlinear time-varying systems, is ex-
tended to complex dynamical networks. Thus, com-
plex dynamical networks are further enlarged so that
a CEF-based adaptive control scheme can be designed
for them. As far as we know, until now this extension
has not been investigated in the existing literature on
adaptive control. 2) From the viewpoint of techni-
cal innovation, we introduce a novel approach to han-
dle unknown time-varying parameters in time-varying
complex dynamical networks. Some existing studies
showed that the system with periodic time-varying pa-
rameters is stable in L% norm. As far as the control
design is concerned, our control law ensures that the
system is asymptotically stable.

The rest of this paper is organized as follows.
In Section 2, a new model of complex dynamical
networks with time-varying coupling strength is pre-
sented, some necessary assumptions, definitions, and
lemmas are also given in this section. Our main re-
sults and their rigorous proofs are described in Section
3. In Section 4, an illustrative example is provided to
demonstrate the effectiveness of our results. Finally,
some conclusions are given in Section 5.

2. Problem formulation

Consider a stochastic complex dynamical network
consisting of N coupled identical nodes, with each
node being an n-dimensional dynamical system, in the

following form:

N
dailt) = [f@i®) + D eiltag Ta;(1)] dt
j=1
—|—g¢(:c1,x2, e ,;EN)dwi(t),
i=1,2,...,N, (1)

where z;(t) = (zi1(t), zia(t), ..., zin(t))T € R™ is the
state vector representing the state variable of node
i, f: R" Xx R — R" is a smooth nonlinear vector-
valued function, ¢;(t) represents the unknown time-
varying coupling strength, a;; = aj; is the coupling
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element, if there exists a connection between node

i and node j (j # i), then a;; = a;; > 0, else
a;; = aj; = 0. The inner coupling matrix I" =
diag(y1, - - -
matrix A =

,Vn) is non-negative definite. The constant
(aij)nxn describes the linear coupling
configuration of the network, which satisfies a;; > 0,

N

> agi=12,...,
=1
--x R™, R™*™) is the noise intensity func-

for i # j, and a; = — N, and

gi € C(R™x
tion matrix, w;(t) = (wi1(t),wia(t), ..., win(t))T is an
n-dimensional Brownian motion defined on a complete
probability space (£2,.7,{.% }1>0, P) with a natural
filtration {.%;};>0 generated by {w;(s) : 0 < s < ¢},
where (2 is associated with the canonical space gen-
erated by w;(t), and & is the associated o-algebra
generated by {w;(¢)} with the probability measure P.
The white noise dw;(t) is assumed to be independent
of dwj;(t) for all i # j. This type of random perturba-
tion can be regarded as a result of the occurrence of
uncertainties in the nodes.

In this paper, the synchronization of complex net-
work model (1) is investigated. A solution s(t) of an
isolated node satisfies

ds(t) = f(s(t))dt, (2)

where s(t) can be any desired state: equilibrium point,
a nontrivial periodic orbit, or even a chaotic orbit.

Next, we investigate the synchronization problem
of the stochastic network (1) by adding a simple con-
troller to each node of the complex network (1). The
controlled network is described by

N
+ Z pi(t)aig I'e;(t) + ui (t)} dt
) dw;(t), (3)

+9i(@1, 22, .. -,
where u;(t) € R™ are the feedback controllers.

Next, the following definition is needed:[3"]

dai(t) = [f(i()

Definition 1 Network (1) is said to achieve
asymptotic synchronization in the mean square sense
if for any given initial x;(0), the solution of Eq. (1)

satisfies
Jim E{[a:(t) - s@|*y=0, i=1,2,...,N, (4)
where ||-|| stands for the Euclidean vector norm, E{-}

is the mathematical expectation.

In order to derive the main results, the following
assumptions and lemmas are needed:

Assumption 1
there exists I; > 0 ,

(ai(t) = () (f(xi(t)) — f(s(1)))

In network (1), suppose that
satisfying

< lilai(t) = s(4) " (2i(t) — s(1)), (5)

where z;(t) and s(t) are time varying vectors.
Assumption 2 In network (1), time-varying
coupling strength ¢, (t) satisfies ¢;(t) = 0;(t) + ¢,
and 6;(t) is unknown periodic time-varying parameter,
nonnegative parameter.
Remark 1 Since ¢;(t) = 0;(t) + ¢;, obviously
the vector 6;(¢) is an unknown continuous periodic

—T). ¢; is unknown time-invariant

function with a known period T, i.e., for any time
instant [T < ¢t < (I + 1)T where [ € N, we have
0;(t)=6;t—-T)=---=0;(t—1T), 0;(¢) also has a fi-
nite unknown upper bound 6y, such that 6y, > 6,(¢),
thus ¢;(t) is bounded with upper bound ¢p;. For
convenience, we denote 0(t) = [01(t),...,0n(1)]T,
¢ = [¢p1,...,0n]T, obviously the vector 6(t) is un-
known continuous periodic function with a known pe-
riod T

Assumption 3 In network (1), the inner cou-
pling matrix I and coupling matrix A satisfy

1Ll =, (6)
|aij|§a,Vi,j:1,2,...,N, (7)

where v and a are positive constants.
Assumption 4 There exist nonnegative con-

stants p;;,4,5 = 1,2,..., N, such that
tr[gi(xl,...,xN)—gi(s,...,s)]T
X [gi(z1,. .. 2N) — gils, ..., 8)]

=

Z pijllw; (1) — s(®)I. (8)

Lemma 1 (Young’s inequality) For any vectors
z,y € R™, and any constant ¢ > 0, the following ma-
trix inequality holds:

1
2Ty < cxTae + —yTy. (9)
4c

Lemma 2B Consider system dz = f(z)dt +
g(z)dw and suppose that there exist a C? function

V : R" — R, and class % functions aj, ag, and ag
such that

ar(llell) < V(z,t) < as(lfa]]), and
LV(1) < —as(][2]]), (10)

then the equilibrium z = 0 is stochastically asymp-
totically stable. Especially, if a1, ao, and a3 are class
Koo, then, the equilibrium = = 0 is globally stochas-
tically asymptotically stable.

In this paper, 6;(t) is an unknown periodic time-
varying parameter, the objective is to design an adap-
tive controller under which the solutions of network
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(1) asymptotically synchronize in the mean square
sense. If this is satisfied, then the solution s(¢) of
Eq. (2) is also a solution of the synchronized coupled
network. When network (3) achieves synchronization,
the coupling functions and the control inputs should
vanish.

3. Stochastic synchronization of

complex dynamical networks

In this section, we consider the stochastic syn-
chronization of coupled complex network (1). In or-
der to control the states of all nodes to the synchro-
nization state s(t), we apply an adaptive controller
u;(t) € R™,i = 1,2,..., N, to the network (1), and
choose the nonlinear controller w;(t) as follows:

1 . .
ui(t) = =5 Nay(0i(t) + 0:(t = T))(zi(t) - s(¢))

— Naygi(t)(xi(t) — s(t)), (11)

where v = ||I'||,a > |a;;| are positive constants, N is

the node number of network (1), and 6;(t), ¢;(t) are
estimations to 6;(t), ¢; respectively. For convenience,
we denote 0;(t) = 0;(t) — 0:(t), ¢i(t) = d; — ().

Letting e;(t) = z;(t) — s(t),i = 1,2,..., N, we
have the following dynamical error equations:

deslt) = [£(@i() = £(s(0))

N
+ Z pilt)ai I'e;(t) + ui(t)} dt

+gi(w1, .. oN) = gils, ..., )] dwi(t),
i=1,2,...,N. (12)

Substituting Eq. (11) into Eq. (12), we obtain the fol-
lowing error dynamical network:

N

dei(t) = [F@i(t) = F(s() + Y il®)aTe; (1)

Jj=1

— %N(w(é,;(t) +0;(t —T))es(t)

—Na’)’fi;i(t)ei(t)} dt
+gi(x1,. .. oN) — gi(s, ..
i=1,2,....N.

., 8)]dw;(t),
(13)

The time-varying periodic adaptive gain is de-
signed as follows:

b.t) = 0:(t — T) + \i(t)el (t)es(t), t € [0, 400), 14)
' 0, te[-T,0),

where

Ai(t) =4 Xio(t), 3T <t < 3T,
1, 2T <,

we can choose A\ijo(t),0 < Ajp(t) < 1, such that A\;(¢)
is continuous. Therefore, the periodic adaptive gain is
continuous.

The time-invariance update law is designed as fol-
lows:

bilt) = riel (B)est),

where r; is a positive constant.
The following theorem characterizes a sufficient

(15)

condition for controlled network (3) to be asymptoti-
cal synchronized.

Theorem 1 Let Assumptions 1-4 hold. Then
the adaptive control mechanism Egs. (11), (14), and
(15) warrant that controlled network (3) is globally
asymptotically synchronized in the mean square sense.

Proof Define a Lyapunov—Krasovskii-like CEF

as follows:
V(t) = Vi(t) + Va(t) + Va(?), (16)
where
N
Wi(t) = 5 Z e} (t)ei(t),

1 Nt
() = gNer Y [ dEran
=1 -

N
Va(t) = %NQVZTi—l[d;i(t) + Li)?,
=1

in which ¢ > T and L; is a sufficiently large positive
constant which will be determined later.
N

Vi(t) = Z e (t)éq(t)

+0i(t = T))es(t) = Nardi(t)es(t)]
N N
< Z e;r(t) [lz‘ei (t) + Z ni(t)ai;I'e;(t)
- SN 20:(8) ~ €T Des(t)es(t)
— Nayi(t)ei(t)]
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N
< 3 [l Wes(t) + NaPegu(t)el (et

2

@
Il
-

~ Nardi()eF (Dealt) + i) (eilt)

— S Nay(2i(1) — X (D)es(t)) el (e

If we choose ¢ = %a‘lv, we have

N

Vi(t) < Y [l (eult) + Navg(t)el (tei(t)

i=1

- Narygéz( ) ( )ez(t)
— SN (28i(1) — eF (e ) Dea(r)], (17

and

= —*NCWZ[%T )
+e; (t)e,(t))] (18)
Nafer t) + L] qﬁl()

= —Na'er t) + Ly]riel (t)es(t)

= —Nay Z[q;z(t) + Li]eiT(t)ei(t). (19)

So, we can obtain

=
"
Mz

(tieT (B)es(t) + Naygi(t)e] (t)eq(t)

.
Il

\
2 =

avdi(t)e] (t)es(t)
ay(26i(t) — e (Deit))ef (t)e(t)

N = 1\3\'—'

Nay Y lef (£)es(t)(26i(t) + €] (t)ea(t))]

It is obvious that there exists a sufficiently large pos-
itive constant L; such that

li— NayL; < 0. (20)

We can choose L; satisfying inequality (20), so we have

N
V(t) < Z[li — NayLjle] (t)es(t) < 0. (21)

=1

By inequality (21), we obtain

Vi) s v -y /T i — NayLileT (r)es(r)dr

t>T, (22)
where
1 1 Nt
_ T - 2
Vi =53¢ (t)ez(t)+2Na7;/t_ P2(r)dr
1 N
+ §NCWZ7“1 Hei(t) + L)
=1

We can show that 6;(t),¢;(t) are all bounded in
[T’ +00).
From Assumption 2 and Eq. (11), one obtains

LV (t)
= 2T Falt) = F(s(0) + Y @ilt)as e (1)

— SN (Bult) + it — T)et) ~ Narbi(t)es(t

N
— Nay Z[éz(t) + Lilef (t)ei(t). (23)

e R

N
+§Ztr{[gi(:v1 ..... xN) —gi(s, ..., )T
j=1
x [gi(x1,. .., xN) — gi(s, ..., s)|}
N N
< 3l NayLel (eatt) + 32 Noel (Dea(t)
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N
= [li+ Np— NayLilef (t)ei(t).
=1

It is obvious that there exists a sufficiently large pos-
itive constant L; such that

li+Np— NavyL; < 0. (24)

We can choose L; satisfying inequality (24), and

choose k = mini<;<n(NayL; —; — Np), so we have

N
t)<—kY e (25)
i=1

From inequality (25) and Itd’s formula, it is obvious
that

EV(t)— EV(ty) = E / Covidn ()

From the definition of V(¢) in Eq. (16), there exists a
positive constant m such that

N
EmYy  lei(t)|?
i=1

< BV() = BV (1) + E/t LV(r)dr < BV (1)

t N
—E/ kY llei(r)|[*dr. (27)
to =1

From Lemma 2, it is easy to see that dynamical sys-
tem (13) is globally asymptotically stable in the mean
square. Thus, network (1) achieves asymptotic syn-
chronization in the mean square sense.

Remark 2 We can choose a sufficiently large pos-
itive constant L; such that inequalities (20) and (24)
hold. To the best of our knowledge, there are very few
works about coupled stochastic networks investigated
in the literature. Our designed controller (11) only de-
pends on the state z;(t) and s(t), known as state feed-
back, but they can effectively control stochastic net-
works as discussed above. We can choose some other
Lyapunov functional candidates rather than those in
Eq. (16) to achieve synchronization. However, under
the simple adaptive laws in Theorem 1 and without
satisfying any additional conditions, synchronization
can be reached.

4. Simulation examples

To illustrate the above results, we consider com-
plex networks with vector-form stochastic perturba-
tions, in which each node is a Lorenz system. The

dynamics of a single Lorenz system is described as

T1 = —px1 + T3,
&y = q(x3 — x2), (28)
T3 = —I1T + T2 — T3,

where p, q, r are parameters. When p = % q = 10,

Figure

r = 28, system (28) has chaotic behaviour.
1 depicts the chaotic trajectory of system (28) with
(1,-1,2)7.

initial value s(0) =

50 | .
y —--s8l | \
L 82 : \ ! ) |
I 3 b | ) b
0 s shoyg b ‘A\"‘HH." ‘\Mhl
30p . N H,\‘,HH‘M "‘”'1”\”«M‘H\HM‘“”M
IESITONARA TR \,\,um,u "‘uw g e v AU
i i u“”m”u“”‘v“‘ uu‘m
H ”Hr n u oy g »H
10 VL
Y
~10}
~30 . . . . .
0 10 20 30

Time ¢t

Fig. 1. (colour online) Trajectory of a single node in the
Lorenz system with initial conditions (1, —1,2)7T.

Consider the following stochastic complex dynam-
ical network model:

N
dai(t) = [£@i(t) + Y ¢i®)agTa; (1) +ui(t)] dt

j=1
+gi(x1,l’27 oo ,fEN)de(t),
i=1,2,..., N, (29)
where
SL’ﬂ(t)
xl(t) 17i2(t) )
.’Ezg(t)
—DPT;1 + XTi2x;3
fzi(t) = q(xi3 — T42) )

—Ti1T2 + TTi2 — X3
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21 (t) 0 0 The parameters are selected as follows:
gi(x1, T2, ..., TN) = 0 () 0 ) o) = (0'28111.(27Tt/3)’T 2cosmt, - —sin(2mt/3),
—0.5cos(27t/3), sin(nt/3))*, T = 6, 8 = (2, 10,
0 0 i3(t) 8, 5, 3)T. According to Theorem 1 in Section 3, one
-1 1 0O 0 0 can synchronize each other by designing the following
1 -9 1 0 0 controller
1 . .
A=l 0 1 =3 2 0 | uilt) = 5 Nay(Gu(t) + it — 7)) (s(t) — (1)
0 2 -4 2 "
— Naygi(t)(z:i(t) — (1)), (30)
0 0o 2 =2 X .
where 0;(t), ¢;(t) are chosen as in Egs. (14) and (15).
1 00
=010
0 0 1
60 60
40
« 40 ~ 40 . 30
g E E 20
20 20 =
10
0 0
0 L2 3 4 5 0o 1 2 3 4 5 % 1 2 3 4 5
Time ¢ Time t Time t
50 60
40
2 30 a 40
3 $
= 20 —=
20
10
0
0 1 2 3 4 OO 1 2 3 4 5
Time ¢ Time ¢t
Fig. 2. (colour online) Time responses of the errors e;(¢) under control (24) with ¢ =1,2,3,4,5.
100 ” 100 100
-Uu1 -U21 - U3l
g : U T
60 60 X 60 )
3 b g 2 g .
20} 2011 20 /\
i\ \ |
] R /R
g5 3 1 5 %1 35 3 1 5 2001 2 3 4 5
Time t Time t Time t
80 80
---Ugy i - Usl
60| i j uss
Nl M
. 40f g o
3 1\‘ 3 i
20 " ‘ 0 |
O p I
B S R S 10

Time ¢t

0 1 2 3 4 5
Time t

Fig. 3. (colour online) The time evolution of the controller u;(t) with ¢ =1,2,3,4,5.
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In the following simulations, we choose N =
5, 1 = 0.02, \iot) =
mated value of the unknown parameter ¢(t) is ¢(0) =
(0,0,0,0,0)T, the initial states are chosen as x1(0) =
(2,0, —1)T, 25(0) = (3,1,-2)T, 23(0) = (-3, -2,1)7,
24(0) = (=1,0,-2)T, 25(0) = (=1,1,0)T, respec-
tively. According to Theorem 1, the weighted network

%t — 1, the initially esti-

(29) can be synchronized by applying the adaptive
controllers (11), (14), and (15).
error evolutions under the designed controllers. We

Figure 2 shows the

clearly see that the states of network (29) asymptot-
ically synchronize with the states of the desired orbit
(28). Furthermore, figure 3 depicts the time evolution
of the controllers.

5. Conclusion

In this paper, we studied the stochastic synchro-
nization problem for time-varying complex dynamical
networks. This model is totally different from some
existing network models. Some controllers and adap-
tive laws were designed to ensure achieving stochastic
synchronization of the proposed network model. A
sufficient synchronization condition was given to en-
sure that the proposed network model is mean-square
synchronized. An example was simulated for complex
dynamical networks, which demonstrates the feasibil-
ity and effectiveness of the proposed adaptive control
method.
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