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Previously we have shown that a four-dimensional Kerr–Bolt black hole in non-extremal and also in extremal cases

could be described by a holographic two-dimensional (2D) conformal field theory (CFT) [Ghezelbash A M, Kamali V

and Setare M R 2010 Phys. Rev. D 82 124051; Setare M R and Kamali V 2010 JHEP 10 074]. Motivated by recent

work [Chen C M, Huang Y M, Sun J R, Wu M F and Zou S J 2010 Phys. Rev. D 82 066004], we show that there is

another holographic description for these black holes. The first description is called the J-picture, whose construction is

based on the black hole angular momentum. The new description is called the Q-picture, whose constructions originate

from the nut charge of the black hole. Similar to the previous cases [Ghezelbash A M, Kamali V and Setare M R 2010

Phys. Rev. D 82 124051; Setare M R and Kamali V 2010 JHEP 10 074], we show that this new picture for a low

frequency limit of the wave equation of a massless charged scalar field in the background of a Kerr–Bolt black hole can

be written as the Casimir of SL(2, R) symmetry. Our result shows that the entropy of the black hole is reproduced by

the Cardy formula. In addition, the absorption cross section is consistent with the finite temperature absorption cross

section for a two-dimensional CFT.
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1. Introduction

According to the Kerr/conformal field theory
(CFT) correspondence,[1] the microscopic entropy of a
four-dimensional (4D) extremal Kerr black hole can be
calculated by studying the dual chiral conformal field
theory associated with the diffeomorphisms of the near
horizon geometry of a Kerr black hole. The Kerr/CFT
correspondence has been used in Ref. [2] to find the
entropy of dual CFT for four and higher dimensional
Kerr black holes in AdS spacetimes. The Kerr–
Newman black holes in (A)dS spacetimes have been
considered in Ref. [3]. This correspondence was firstly
supported by the mach of the microscopic entropy
counting with the macroscopic Bekenstein–Hawking
entropy, and moreover supported by the agreement of
the superradiant scattering amplitudes with the dual
CFT prediction.[4−8]

Recently, Castro, Maloney and Strominger[9] have
provided evidence that the physics of Kerr black holes
might be captured by a CFT. The authors have dis-
cussed that the existence of conformal invariance in
near horizon geometry is not a necessary condition,
instead the existence of a local conformal invariance in

the solution space of the wave equation for the prop-
agating field is sufficient to ensure a dual CFT de-
scription. In the microscopic description, using the
Cardy formula for the microscopic degeneracy, they
reobtained the Bekenestein–Hawking entropy of the
black hole. Due to the interest in these types of inves-
tigations, the holographic descriptions of other kinds
of black holes have been studied in Refs. [10]–[25].

More recently, the authors of Ref. [26] (see also
Ref. [27]), have shown that there are two different in-
dividual two-dimensional (2D) CFTs holographically
dual to the Kerr–Newman black hole, coming from the
corresponding two possible limits, the Kerr/CFT and
Reissener–Nordstrom/CFT correspondences. These
twofold holographic descriptions, called J-picture and
Q-picture respectively for Kerr/CFT and Reissener–
Nordstrom/CFT correspondences. The first descrip-
tion, in view of the angular momentum, has been dis-
cussed in Refs. [28] and [29] for a Kerr–Bolt black hole
in non-extremal and extremal cases, respectively. In
this paper, we will study the holographic description of
a Kerr–Bolt black hole in non-extremal and extremal
cases using the Q-picture.

The paper is organized as follows. In Section 2,
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we first review some basic properties of a Kerr–Bolt
black hole, then we study the scattering process of
a probe massless charged scalar field propagating in
its background. In Section 3, we study the hidden
conformal symmetry of this black hole by analysing
the wave equation of the scalar field. Then we repro-
duce the Bekenstein–Hawking entropy by the Cardy
formula of the dual conformal field. In Section 4, the
absorption cross section is investigated and, finally,
the last section is devoted to the conclusion.

2. Description of a Kerr Bolt

black hole

For a four-dimensional (4D) Kerr–Bolt black hole,
with mass M , angular momentum J = Ma, and nut
charge n, its metric takes the following form

ds2 = −∆

ρ2
[dt + (2n cos θ − a sin2 θ)dϕ]2

+
sin2 θ

ρ2
[adt − (r2 + n2 + a2)dϕ]2

+
ρ2dr2

∆
+ ρ2dθ2, (1)

where

ρ2 = r2 + (n + a cos θ)2,

∆ = r2 − 2Mr + a2 − n2, (2)

which are exact solutions of the Einstein equations.[30]

The gauge field is

A = −nr

ρ2
[dt + (2n cos θ − a sin2 θ)dϕ]. (3)

There are two horizons located at

r± = M ±
√

M2 − a2 + n2. (4)

The angular velocity and the Bekenstein–Hawking en-
tropy are respectively as follows:

ΩH =
a

r2
+ + n2 + a2

,

S = π(r2
+ + a2 + n2). (5)

For a complex massless scalar field with charge q,
the Klein–Gordon equation is

(∇µ + i qAµ)(∇µ + i qAµ)Φ = 0. (6)

The wave equation can be simplified by assuming the
following form of the scalar field

Φ(t, r, θ, ϕ) = exp(− iωt + imϕ)S(θ)R(r), (7)

where ω and m are the quantum numbers. In the non-
extremal and low frequency limit r+ω ¿ 1, the radial
equation could be simplified as

∂r((r − r+)(r − r−)∂rR(r))

+
[
(ma − ω(r2

+ + a2 + n2) + qnr+)2

(r − r+)(r+ − r−)

−
(ma − ω(r2

− + a2 + n2) + qnr−)2

(r − r−)(r+ − r−)

]
R(r)

= λR(r). (8)

It would be interesting to study the radial equa-
tion in the extremal limit. In this case ∆ = (r − r+)2

and the radial equation could be simplified as

∂r((r − r+)2)∂rR(r) +
2[ω(r2

+ + a2 + n2) − ma − qnr+](2ωr+ − nq)
r − r+

+
[ω(r2

+ + a2 + n2) − ma − nqr+]2

(r − r+)2
+ CR(r) = 0. (9)

Following Ref. [26] there is twofold 2D conformal sym-
metry encoded in the solution space of the above equa-
tions. By assuming q = 0 in Eqs. (8) and (9), one
can find a hidden conformal symmetry from the ra-
dial equation. This leads to a holographic description
of the Kerr–Bolt black hole in non-extremal and ex-
tremal limits, as shown in Refs. [28] and [29], respec-
tively. In addition, in the radial equations (Eqs. (8)
and (9)) one may set m = 0 as well. This leads to an-
other holographic description of the Kerr–Bolt black
hole, which will be called Q-picture.

3. Hidden conformal symmetry

in the Q-picture

In order to study the hidden conformal symme-
try, we need to introduce the following coordinates for
non-extremal black hole[9]

w+ =
√

r − r+

r − r−
exp(2πT q

Rχ + 2nq
Rt), (10)

w− =
√

r − r+

r − r−
exp(2πT q

Lχ + 2nq
Lt), (11)
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y =
√

r+ − r−
r − r−

exp(π(T q
R + T q

L)χ + (nq
R + nq

l )t). (12)

Following Ref. [9], we define left and right moving
vectors by

H1 = i ∂+, (13)

H0 = i
(

ω+∂+ +
1
2
y∂y

)
, (14)

H−1 = i((ω+)2∂+ + ω+y∂y − y2∂−), (15)

H̄1 = i ∂−, (16)

H̄0 = i
(

ω−∂− +
1
2
y∂y

)
, (17)

H̄−1 = i((ω−)2∂− + ω−y∂y − y2∂+), (18)

for which each satisfies the SL(2, R) algebra

[H0,H±1] = ∓ iH±1, [H−1,H1] = −2 iH0, (19)

and

[H̄0, H̄±1] = ∓ i H̄±1, [H̄−1, H̄1] = −2 i H̄0. (20)

The quadratic Casimir is

H2 = H̄2 =−H2
0 +

1
2
(H1H−1 + H−1H1)

=
1
4
(y2∂2

y − y∂y) + y2∂+∂−. (21)

In terms of (r, t, φ), the Casimir becomes

H2 = (r − r+)(r − r−)
∂2

∂r2
+ (2r − r+ − r−)

∂

∂r

+
r+ − r−
r − r−

(
T q

L − T q
R

P
∂t −

nq
L − nq

R

πP
∂ϕ

)2

− r+ − r−
r − r+

(
T q

L + T q
R

P
∂t −

nq
L + nq

R

πP
∂ϕ

)2

, (22)

where P = 4(T q
Lnq

R − T q
Rnq

L). For the Q-picture de-
scription one should turn off the ϕ-direction momen-
tum mode, by imposing m = 0, and the radial equa-
tion in non-extremal limit, becomes

∂r((r − r+)(r − r−)∂rR(r))

−
[
((nr+/l)∂χ + (r2

+ + a2 + n2)∂t)2

(r − r+)(r+ − r−)

+
((nr−/l)∂χ − (r2

− + a2 + n2)∂t)2

(r − r−)(r+ − r−)

]
R(r)

= λR(r). (23)

Operator ∂χ acts on the internal space of U(1)
symmetry of the complex scalar field and its eigen-
value is the charge of the scalar field ∂χΦ = i lqΦ. The
parameter l is a varying constant, as we will see the

central charges and the temperatures are parameter-
ized by it. The radial equation is the Casimir operator
Eq. (22), acting on Φ with the following identifications

nq
L =

r+ + r−
4n2

, nq
R =

r+ − r−
4n2

,

T q
L =

l(r2
+ + r2

− + 2(a2 + n2))
4πn3

,

T q
R =

r2
+ − r2

−
4πn3

. (24)

For the extremal black hole we should use the fol-
lowing conformal coordinate[31]

w+ =
1
2

(
α1t + β1χ +

γ1

r − r+

)
, (25)

w− =
1
2

(
exp(2πTLχ + 2nLt) − 2

γ1

)
, (26)

y =
√

γ1

r − r+
exp(πTLχ + nLt). (27)

Then the corresponding SL(2, R) quadratic
Casimir is

H2 = ∂r(∆∂r) −
(

γ1(2πTL∂t − 2nL∂χ)
Ā(r − r+)

)2

− 2γ1(2πTL∂t − 2nL∂χ)
Ā2(r − r+)

(β1∂t − α1∂χ). (28)

where Ā = 2πTLα1 − 2nLβ1 and ∆ = (r − r+)2. In
the Q-picture, we set m = 0 and rewrite the radial
equation as

H̄2R(r) = H2R(r) = −CR(r), (29)

then equation (9) becomes to

∂r((r − r+)2)∂rR(r)

+
2[ω(r2

+ + a2 + n2) − qnr+](2ωr+ − nq)
r − r+

+
[ω(r2

+ + a2 + n2) − nqr+]2

(r − r+)2
+ CR(r) = 0. (30)

Equations (29) and (30) are equal to the following
identification

αq
1 = − γ1

n2
, nq

L =
r+

2n2
,

βq
1 =

2lγ1r+

n3
, T q

L =
l(r2

+ + a2 + n2)
2πn3

. (31)

The left-temperature T q
L and nq

L are consistent with
Eq. (24) in the extremal limit. In order to have a
microscopic description of the black hole we need to
determine the central charge of the dual CFT. We
start from the near extreme black hole and consider
its near-horizon geometry.[19] Similar to the Kerr case,
we have the following coordinate transformation

r =
r+ + r−

2
+ εr0r̂, r+ − r− = µεr0,

020403-3



Chin. Phys. B Vol. 21, No. 2 (2012) 020403

t =
r0

ε
t̂, ϕ = ϕ +

ar0

ε(r2
0 + a2 + n2)

t̂, (32)

then we have the near-horizon geometry of a near-
extremal Kerr–Bolt black hole in the limit ε →
0[4,32,33]

ds2 = Γ (θ)
(
−

(
r̂ − µ

2

)(
r̂ +

µ

2

)
d t̂2

+
dr̂2

(r̂ − µ
2 )(r̂ + µ

2 )
+ α(θ)dθ2

)
× γ(θ)(dϕ̂ + P̂ r̂d t̂)2, (33)

where

Γ (θ) =
ρ2
+r2

0

r2
+ + a2 + n2

, α(θ) =
r2
+ + a2 + n2

r2
0

,

γ(θ) =
sin2 θ(r2

+ + a2 + n2)2

ρ2
+r2

0

,

P̂ =
ar2

0(r+ + r−)
(r2

+ + a2 + n2)2
,

ρ2
+ = r2

+ + (n + a cos θ)2, r2
0 = r2

+ + a2 + n2. (34)

Through a translation r̂ → r̂ + µ/2 the above metric
changes to the original form of the near-NHEK geom-
etry given in Ref. [4]. We should emphasize that the
singularities in the metric Eq. (1) as well as in Eq. (33)
at the poles have a more complicated structure than
that belonging to the familiar spherical coordinates
for sphere S2. These two string singularities should
be removed by two separate identifications. Further
identification is needed to remove the singularity at
the horizon of Eq. (1) and all of the identifications
must be compatible. Despite the detailed study of
these three compatible identifications for Kerr–Bolt
spacetimes,[30,34] there are no known explicit compat-
ible identifications for Kerr–Bolt spacetimes with the
cosmological constant. So, we proceed our calculation
to find the central charge of dual CFT to the geometry
of Eq. (33), which should be singularity-free after im-
posing compatible identifications. We leave studying
the identifications of Eq. (1) for a future article.

The near horizon gauge field is

A[1] = f(θ)(dϕ̂ + p̂r̂d t̂) (35)

with

f(θ) =
n(r+ + a2 + n2)(r2

+ − (a2 + n2) cos2 θ)
ρ2
+a(r+ + r−)

. (36)

In order to obtain central charge in Q-picture we need
to uplift the geometry to five dimensions

ds2 = ds2
BH + (dy + A[1])2, (37)

where ds2
BH is the four-dimensional (4D) near horizon

metric Eq. (1) and y is the fiber coordinate with pe-
riod 2πl. There is a degree of freedom in the gauge
potential

A[1] → A[1] + ςdϕ̂ (38)

with

ς =
n(r+r− + a2)
a(r+ + r−)

, (39)

so that

A[1] = (f(θ) − ς)dϕ̂ + f(θ)p̂r̂d t̂. (40)

Following Ref. [19], the central charge can be
computed from five-dimensional (5D) generalization
Eq. (37)

Cq
R = Cq

L = 3
p̂ς

l

∫ φ

0

dθ
√

Γ (θ)α(θ)γ(θ) =
6n3

l
. (41)

Here we assume that the left and right central charges
should be the same, similar to the Kerr case, then
the CFT microscopic entropy matches the Bekenstein–
Hawking area entropy of the Kerr–Bolt black hole

Sq
CFT =

π2

3
(Cq

LT q
L + Cq

RT q
R) = π(r2

+ + a2 + n2). (42)

4. Scattering in Q-picture

As what we did for the J-picture in Refs. [28] and
[29], we are going to study the scattering process to
find further support for the duality. The solutions of
Eq. (8), with m = 0, also include the ingoing and
outgoing modes

Rin
q = z− i αq (1 − z)βqF (aq, bq, cq; z),

Rout
q = zi αq (1 − z)β∗

q F (a∗
q , b

∗
q , c

∗
q ; z). (43)

As like the case in the J-picture,

hq
L = hq

R = L + 1. (44)

Hence the coefficient aq and bq can be expressed in
terms of the conformal weight

aq = hq
R − i

ω̃R

2πT q
R

, bq = hq
L − i

ω̃L

2πT q
L

, (45)

the ω̃q
L and ω̃q

R are composed by frequencies (ωq
L, ωq

R),
charges (qq

L, qq
R), and chemical potentials (µq

L, µq
R) as

ω̃q
L = ωq

L − qq
Lµq

L, ω̃R = ωq
R − qq

Rµq
R (46)
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with

ωq
L =

lω(r+ + r−)(r2
+ + r2

− + 2(a2 + n2))
2n3

, qq
L = q,

ωq
R =

lω(r+ + r−)(r2
+ + r2

− + 2(a2 + n2))
2n3

, qq
R = q,

µq
L =

l(r2
+ + r2

− + 2(a2 + n2))
2n2

,

nq
R =

l(r+ + r−)2

2n2
. (47)

The absorption cross section can be read out directly
from the conjugate charges in this picture

Pabs ∼ sinh(2παq) | Γ (aq) |2| Γ (bq) |2 . (48)

To see explicitly that Pabs matches the microscopic
grey body factor of the dual CFT, we need to identify
the conjugate charges, δEL and δER defined by

δSBH = δSq
CFT =

δEq
L

T q
L

+
δEq

R

T q
R

. (49)

From the first law of black hole thermodynamics

THδSBH = δM − ΦHn − ΩHδJ, (50)

and

δEL = ωL, δER = ωR, (51)

the absorption cross section can be expressed as

Pabs ∼ (T q
L)2hL−1(T q

R)2hR−1

× sinh
(

ω̃q
L

2T q
L

+
ω̃q

R

2T q
R

)∣∣∣∣Γ(
hq

L + i
ω̃q

L

2πT q
L

)∣∣∣∣2
×

∣∣∣∣Γ(
hq

R + i
ω̃q

R

2πT q
R

)∣∣∣∣2, (52)

which is the finite temperature absorption cross sec-
tion for 2D CFT.

5. Conclusion

In this paper, we have investigated the hidden
conformal symmetry of extremal and non-extremal
Kerr–Bolt black holes in a holographic Q-picture.
We solved the wave equation of a massless charged
scalar field in the background of Kerr–Bolt spacetimes
in non-extremal and extremal cases respectively and
found that in the near region, the wave equation can
be written in terms of the SL(2, R) quadratic Casimir.
Our results show that the absorption cross section is
consistent with the finite temperature absorption cross

section for a 2D CFT. The entropy of the black hole is
reproduced by the Cardy formula. So, in our interest-
ing background a probe scalar field at low frequencies
can exhibit two different 2D conformal symmetries in
its equation of motion. Therefore, one can say that
there are two different individual 2D CFTs holograph-
ically dual to the Kerr–Bolt black hole, coming from
the corresponding two possible limits. Previously we
have investigated the J-picture of these spacetimes in
Refs. [28] and [29]. In the present paper we have con-
sidered the Q-picture. So we considered the charged
scalar field with m = 0, where the radial part of the
wave equation can be written again as the Casimir
of SL(2, R)R × SL(2, R)L. In these two different pic-
tures, the expression of the central charges and the
temperatures of the dual CFTs have different forms.
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