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We present the matrix U. The 9 x 9 U matrix is a representation of specialized Temperley—Lieb algebra. Based

on which, a unitary R matrix is generated via the Yang—Baxterization approach. The 9 x 9 R matrix, a solution of the

Yang—Baxter equation, is universal for quantum entanglement.
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1. Introduction

Very recently, braiding operators and the Yang—
Baxter equation (YBE) have been introduced to
the field of quantum information and quantum
computation.!='") The YBE originated from solv-
ing the one-dimensional dé-interacting models!*2:13]
and the statistical models.l" A solution R matrix
of the YBE can be obtained from a given braid
group representation (BGR) by introducing a spec-
tral parameter.['>16] The authors in Ref. [2] has ex-
plored the role of unitary braiding operators in quan-
tum computation. It has been shown that the unitary
braid matrix can be identified as the universal quan-
tum gate.2~4 This motivates a novel way to study
quantum entanglement and the Berry phase based
on the theory of braiding operators, as well as the
YBE. Along this direction, the first step is initiated by
Zhang, Kauffman and Ge.[*) In Ref. [4], the Bell ma-
trix, generating two-qubit entangled states, has been
recognized to be a unitary braid transformation. Here-
after many researchers have devoted great effort to
research of the topic.[>~14
As is known, Temperley-Lieb algebra (TLA)[!]
In fact,
TLA is the subalgebra of braid algebra, and any rep-

is intimately connected with braid group.

resentation of TLA constructs automatically a rep-
resentation of a corresponding braid group. A uni-
tary solution of the YBE can also be constructed from
a representation of TLA via Yang—Baxterization ap-
proach, so TLA has been widely used in the construc-
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tion of YBE solutions.'8~22 Recently, the author in
Ref. [23] showed that TLA is found to present a suit-
able mathematical framework for describing entangle
swapping and universal quantum computation. In a
very recent work, a reducible representation of TLA
is constructed on the tensor product of n-dimensional
space.[?Y] Due to the importance of TLA in quantum
information processing, we shall seek for high dimen-
sional matrix solutions of TLA. By means of the Yang—
Baxterization approach, a matrix R associated with
TLA can be constructed.

This paper is organized as follows. In Section 2,
we first recall the method of constructing some n? x n?
matrix solutions of TLA, and then using this method,
we obtain a 9x 9 matrix representation of TLA. In Sec-
tion 3, related to this U matrix, we derive a unitary
matrix R and investigate the entanglement properties
of it. We show that the arbitrary degree of entangle-
ment for two qubits entangled states can be generated
via the unitary R matrix acting on the standard basis.
We end this paper with a brief conclusion.

2. A 9 X 9 matrix representation
of TLA

We first briefly review the theory of TLA.7 Tt is
the algebra generated by U; (1 = 1,2,...,n — 1) which
subjects to the following relations,

UiUis1U; = U,
U?=dU;, 1<i<n-—1,

1<i<n, (1la)
(1b)
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UU; =U;U;, i —j| > 2,

(1c)
where d is the single loop in the knot theory which
does not depend on the sites of the lattices. The no-
tation U; = Uj ;41 is used, U; iy implies [} ® -+ ®
Ii 19U ® 142 ®---®I,, and I; represents the unit
matrix of the j-th particle. We call U the representa-
tion of TLA.

In Ref. [24], a method of constructing some n?xn?
Let us
review it briefly. The representation is defined by
two invertible n x n matrices A € GL(n,C) and
B € GL(n,C), which can also be seen as an n*-
dimensional vector A,, € (C"®C") and an n’-

dimensional vector B,, € (C"™® C™), respectively.

matrix solutions of TLA has been shown.

The generators U; can be expressed as
(Ui = ARBS € Mat (CT @ C1Ly), (2)

where one explicitly writes the indices corresponding
to the factors in the tensor product space. The no-
tations Ucaf =

used. In order to satisfy Eq. (1b), if and only if
(BA)" (AB) = L, (3)

ab,eds Af = Aab, and Bj = Beq are

equation (la) determines the single loop d:

U} =Utr (A"B), d=tr(A"B), (4)
where tr (ATB) denotes the trace of matrix AT B, and
AT denotes the transpose of matrix A. By means
of this method [Eq. (2)], one can construct lots of
n? x n? matrix U with d = tr (ATB) as long as
n X n matrices A and B satisfy Eq. (3). Especially,
when B = A~!, the generators U; can be expressed

as (Up)ag = Ap (A71)5.

Let A and B are 3 x 3 matrices. We set

00a 00r
A=|10b0|, B=|0s0|. (5)
c00 t0o0

According to the method of constructing some n? x n?
matrices solutions of TLA, we obtain a 9 x 9 matrix

representation of TLA as follows:

000 0 0 0 000
000 0 0 0 000
000 0 0 0 000
000 q —q'/2eilv1—¢2) e2iv 000
U=]1000 _q1/2 e i(p1—w2) 1 _q—1/2ei(<p1+<p2) 000 |. (6)
000 e 2 —q /2 g i(erte2) g ! 000
000 0 0 0 000
000 0 0 0 000
000 0 0 0 000

In the matrix U, there are all three parameters q,
1, and 2. The parameter ¢ originates from the g¢-
deformation of the braiding operators, @1 and @ are

free parameters.

3. Yang—Baxterization and en-

tanglement

We call the process of obtaining the matrix R
from a given U matrix YangBaxterization.['®-2% Next
we derive a unitary matrix R from the U matrix via

the Yang—Baxterization approach. In this work, we

are interested in the following relativistic YBE

R12 (U) st (13_—;21;1)) R12 (U)

= R23 (’U) ng (%) Rgg (U) , (7)
where R1s = R® I, Ry = I ® R. The spectral
parameters u and v usually play an important role
which are related to the one-dimensional momentum
in some typical models.'>13] Let the unitary Yang-
Baxter matrix take the form

R(u)=p(u)I +F(u)U), (8)

where p(u) and F (u) are two functions of u to be
determined by Eq. (7). Let AT denote the transpose

020305-2



Chin. Phys. B Vol. 21, No. 2 (2012) 020305

conjugate of matrix A. Through the unitary condi-
tion (R (u) R (u) = R (u) R' (u) = I) we can derive
that ¢ and ; (i = 1,2) are real.

Substituting Eq. (1) and Eq. (8) into Eq. (7), we
easily obtain

u—+v
1+ F2uv

v Fu)F®)F <1:LL;;;U> =0, (9)

F(u)+F(v)F< >+dF(u)F(v)

equation (9) has a solution(?®!

_ 2ePu
V&A1 (ﬁ2u2 — iefu/ B4 —B) + 1) ’
P (10)

Let % denote conjugate. The unitary condition can be

0210 _ B2u? + 2icfuy/d? /(4 — d?) + 1
T Pt - 2icfu B - )+ 1

where the new parameter 6 is real. Let p(u) = e

i0
The Yang—Baxter matrix can be rewritten in the fol-

lowing form

R(&@ly@?) = eI - / (9) U, (12)

where f (0) = 2isinf/d. Generally a solution of R (u)
depends on two parameters: (7 the first is 0 (0 is time-
independent), the second is ¢; contained in the braid-
ing matrix. Alternatively, we can rewrite R (u) as
R(0,01,92). In the matrix form, the R (6,1, v2)
can be recast as follows:

R (0,1, p2)
— diag (R, RS, R R RY), (13)

tenable only under the condition that p* (u) p(u) =1  where
and F'(u) + F* (u) + dF (u) F* (u) = 0. Taking ac- Rgl) = elf,
count into these conditions, we obtain a solution _
. 5(2) 616 0
67210 -1 R2 = 10 )
F(u)=————, 0 e
d
el —f(0)q F(0)g'/2eiterme) —f(0) e
RY = F(0) q1/2 e i(p1=w2) el — £(0) £(0) g~ V/2 eiler1te2)
—f(0) e 2ier  f()gV2eileten)  i0 _ f(h) gl

Here, the block diagram represents the matrix in block form. That is R (6, @1, @2) = @?:1 R,(f) (R,(j) isakxk

matrix) and Réz) = Rgl), Rgs) = R&l)‘

In this paper we choose {|11),]10),]01),|1 —1),|00),|—11),|0 —1),|—10),|—1 — 1)} as the basis. When
the unitary Yang Baxter matrix R (6, @1, @2) acts on the basis, the matrix R (6, @1, ) transfers the two-qubit

product states to entangled states

R(0,01,902) |1 — 1) =[e'® — f(0)q] |1 — 1) + f (8) ¢"/2 e~ #17¥2) |00) — f (0) e~21¥ |-11),
R(0,01,02)]00) = f(0) ¢"/? e (®1722) |1 — 1) + [e!? — [ (0)]00) + f (0) g~ */? e {#1¥2) |—11)
R(0,01,¢2) |—11) = —f () " [L = 1) + f (8) ¢ /2 &' 192) |00) + [’ —

By means of concurrence, we study these entan-
gled states. In Ref. [26], the generalized concurrence
(or the degree of entanglement!?”—32]) for two qubits

is given by
N
C=y/——(1-1), 15
(1) (15)
where I, = Tr[pd] = Tr[pi] = |rol* +
|I€1|4 4o+ |/-ed_1|4, with ps and pp are the re-

duced density matrices for the subsystems, and &;’s
(=0,1,2,...,N — 1) are the Schmidt coefficients (N

(14a)
(14b)

FO) ¢ |-11). (14c)

is the N-dimensional space).

According to Eq. (15), we can obtain the entan-
glement degree of Eq. (14). The three entangled states
have the same entanglement degree

C(l)=C(2)=C(3) = w\/l ¥ 2cos2 6.
(16)
It is clear that the concurrence only depends on
the parameter 6. In Fig. 1, we find that the concur-
rence ranges from 0 to 1 when the parameter 6 runs
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from 0 to m. However, for § € [0,7], the entangle-
ment is not a monotonic function of §. And when
0 = w/3, we will generate three complete and orthog-
onal maximally entangled states of two qubits. The
entanglement does not depend on the parameters ¢,

and s.
1.0
0.8 \
0.6
]
0.4
0.2
0
—2m -7 0 s 2

0

Fig. 1. The concurrence in the two-qubit model is plotted
versus 6.

4. Conclusion

In this paper, using the method shown in Ref. [24],
we obtained the matrix U which satisfies TLA rela-
tions. Then we obtained a 9 x 9 matrix representation
of TLA.

We showed a unitary R matrix via Yang-
Baxterization of the U matrix. Finally, we investi-
gated the entanglement properties of R matrix, and
it is shown that the arbitrary degree of entanglement
for two-qubit entangled states can be generated via
the unitary matrix R matrix acting on the standard
basis.
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