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We address the problem of encoding entanglement-assisted (EA) quantum error-correcting codes (QECCs) and of

the corresponding complexity. We present an iterative algorithm from which a quantum circuit composed of CNOT,

H, and S gates can be derived directly with complexity O(n?) to encode the qubits being sent. Moreover, we derive
the number of each gate consumed in our algorithm according to which we can design EA QECCs with low encoding

complexity. Another advantage brought by our algorithm is the easiness and efficiency of programming on classical

computers.
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1. Introduction

Information processing based on quantum me-
chanics (so-called quantum information processing),
which is viewed as the key technic for the next in-
formation revolution, has attracted more and more
attention.' 3! Noise is a great bane of information
processing, in order to implement quantum informa-
tion processing reliably, we have to protect against the
effects of noise. As the role played by error-correcting
codes in classical settings, quantum error-correcting
codes are essential in quantum settings.[*~8]

The most important contributions to the the-
ory of constructing quantum error-correcting codes
(QECCs) from classical codes are the establishment
of stabilizer formalism!® and the presentation of
Calderbank-Shor-Steane (CSS) codes.I"8] According
to these two theories, we can import classical dual-
containing binary or quaternary codes into quantum
codes directly, since a commuting subgroup of G,V
(so-called stabilizer) can be obtained from a dual-
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containing classical code.?—12]

Unfortunately, in gen-
eral, most modern codes do not satisfy the dual-
containing constraint. Thus it is hard to import those
codes, such as low-density parity check (LDPC) codes,
into quantum domain."3) However, if pre-shared en-
tanglement is available, entanglement-assisted (EA)
stabilizer formalism proposed in Ref. [14], will allow us
to import an arbitrary classical binary or quarternary
code into quantum codes by embedding a noncom-
muting group into a larger stabilizer which associates
with a well-defined quantum code, named EAQECC.
Thus, we have more freedom to design sparse quan-
tum codes, and in general, EAQECCs have superior
performances over conventional QECCs.[15—17]

The encoding operations of conventional quan-
tum stabilizer codes can be immediately obtained
from their stabilizer. However, it is not the case
for EAQECCs. Considering that encoding complex-
ity is one of the most important properties for a code

in practical applications, we ask the following ques-
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D@, is a group of n-fold tensor products of single-qubit Pauli operators with the possible overall factors +1, i under multipli-

cation.
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tions for EAQECCs: How about the encoding com-
plexity of EAQECCs? In other words, could we en-
code EAQECCs with polynomial complexity? Below,
we will present an iterative algorithm to address this
problem. As what will be shown, an iterative encod-
ing algorithm is presented in this paper. Using this
algorithm, a quantum circuit composed of CNOT', H,
and S gates can be derived directly, with complexity
O(n?), to encode the qubits being sent based on the
EA stabilizer fomalism, where n is the code length.

2. Encoding algorithm of EA

quantum stabilizer codes

The operations required in the encoding of
EAQECCs can be described as follows: suppose Al-
ice wants to encode her quantum state |¢) according
to the structure of a classical binary or quarternary
code whose check matrix is H and, initially, neces-
sary entanglement has been shared between Alice and
Bob. Then Alice needs to perform operations on her
|1}, her half of the entangled pairs and some nec-
essary ancilla qubits?) such that after these opera-
tions, the quantum state being sent associates with
M, where M is the group generated by the set of gen-
erators {M;,i = 1,...,r} which are mapped from H
(see Ref. [14] for details).

The organization of this section is as follows. In
Subsection 2.1, we review a strategy to transform M
into its canonical form which could be decomposed
into an “isotropic” subgroup generated by a set of
commuting generators and a “symplectic” subgroup
generated by a set of anti-commuting generator pairs.
In Subsection 2.2, we present an iterative algorithm
to show how we could encode k logical qubits into n
physical qubits by using s ancilla bits, ¢ ebits based
on EA stabilizer formalism, where s is the number of
independent generators in the isotropic subgroup, c is
the number of anti-commuting pairs of generators in
the symplectic subgroup, and n is equal to the sum
of s, ¢, and k. Finally, the complexity analysis of our
algorithm is given in Subsection 2.3.

2.1. Transforming a noncommuting set
of generators to its canonical form
According to the EA stabilizer formalism, it is

easy to construct a quantum code from a classi-
cal binary or quarternary code as follows. Without

2)These encoded qubits plus the other half of the pre-shared entangled pairs held by Bob associates with a stabilizer.[

3)Binary codes can be viewed as a subclass of quaternary codes.
4)

loss of generality, suppose that the classical code is
quarternary® and the check matrix is

1 w 1 0 1 0
H.o=| 11 010 1 (1)
w 0 w 0 1 w

Here, as is customary, we take GF(4) to consist of
the elements 0,1, w, @, with w? = w4+ 1,w? = 1, and
conjugation defined by = z2. The isomorphic rela-
tion between Pauli operator and GF'(4) is as follows,
I -0, X <1, 7Z < w and Y < @(w?); multipli-
cation < addition and commutativity < trace inner
product.

In order to construct a quantum code, we first

~

transform H. to H., where

1 w 1 0 1 0

1 1 0 1 0 1

— H,. w 0 w 0 1 w
HC = = B (2)

wH, w o w 0 w O

w w 0 w 0 w

v 0 v 0 w w

Then using the isomorphic relation between Pauli op-
erator and GF'(4), a set of Pauli generators M could
be obtained, where

Mi=X Z X I X I,
My=X X I X I X,
Ms=Z7Z 121 X Z,
My=2ZY Z 1 Z I,
Ms=Z7Z Z I Z 1 Z,

Me=Y I'Y I ZY. (3)

Obviously, M is noncommuting. In order to encode
quantum state according to M, we need to transform
M to its canonical form first, then we will know how
many entangled pairs should be pre-shared between
the sender and the receiver (say Alice and Bob), how
many ancilla bits Alice should prepare, and how many
bits could be encoded. The following strategy men-
tioned in Ref. [18] can give us an iterative procedure
to achieve this transformation.

Without loss of generality, suppose M has r inde-
pendent generators {M;,i = 1,...,r}. Then we can
choose products of M; such that the products com-
mute and anti-commute in pairs. This can be achieved
by using the following strategy®) .['8]

14)

We set a variable ¢, initially being 0, to indicate the number of anti-commuting pairs in M.
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(i) If all M; commute to begin with, they are al-
ready in the required form with ¢ = 0, end. Otherwise,
go to (ii).

(ii) Let ¢ = ¢ + 1, then identify a pair M;, and
M;, that are anti-commuting and make them M/ and
M.

(iii) If any other M, anti-commutes with M,
then multiply it by M,,; if, on the other hand, M;
anti-commutes with M;,, then multiply it by M;,; and
if both, by both.

(iv) Remove M;, and M,,.

modified M;’s, if they commute with each other, end;

For the remaining

or else, go to (ii).

Consequently, we can transform M to its canon-
ical form M’ so that [M],M/] = 0, unless i =
2j—1,9 =25 (j <c) when {M/, M/,} = 0. Moreover,
from this mathematic transformation, the number of
entangled pairs (c) that should be pre-shared between
Alice and Bob, the number of ancilla qubits (s) will
be consumed in the encoding process, and the number
of logical qubits (k) can be encoded in a block can be
obtained: s=r—2c, k=n+4+c—r.

2.2.Iterative encoding algorithm and
complexity analysis

Now suppose the canonical noncommuting group
M’ with six generators (r = 6) has been obtained by
using the strategy mentioned in the last subsection,
for

M,=X Z X1 X 1,
My=X X T X I X,
My=2 121X Z
M,=2Y Z 1 Z I,
M=Z XY X Z Z,
M,=XY ZY X X. (4)

It is easy to check that there are two anti-commuting
pairs (M], M%) and (M5, M}), thusc =2, s =r—2¢ =
6—-2x2=2,k=n+c—r=6+2—6=2. Suppose
Alice and Bob have two pre-shared entangled pairs
(J00) + [11))/v/2, two ancillia qubits |0) and two logi-
cal qubits to be sent. Then the stabilizer with which
these initial qubits associate is generated by

Mi=X I I I I I|x I
My=2z I I I I I|Z I
1\23:1 X I I I 1|1 X, )
My=I 2z I I I I|I Z
Ms=1 I Z I I I|1 1
M¢=I I I 2z I I|I I

where the left part of M (denoted by ML) is associ-
ated with the qubits possessed by Alice, and the right
part ]\//:fg is associated with the other half of the two
entangled pairs possessed by Bob. Because the goal
of Alice is to encode her qubits according to M’, the
task left for her is to perform encoding operations on
her qubits so that the set of operators her qubits is
associated with will be transformed from ]\/4; to M'.
(M’ |]T4\R) can give a well-defined EAQECCs space.

Although the isomorphic relation between M\L
and M’ in the viewpoint of commutation does allow
us to design a quantum circuit composed of CNOT,
H and S gates to achieve this transformation,8—20]
it appears a little difficult to design it out directly. In
light of the property of CNOT, H, and S gates, if we
can design a quantum circuit transforming M’ to M\L,
the reverse circuit will give us what we desire.

Next, we show how we can transform M’ to ML
using CNOT', H, and S gates but begin with two im-
portant theorems that our algorithm based on.®!

Theorem 1 The encoded operators should obey
the same commutation relations as their unencoded
counterpart, or else, we violate the uncertainty prin-
ciple.

Theorem 2 Any operation taking element of G,
to element of G,, under conjugation can be composed
of the CNOT, H, and S gates. These gates will pre-
serve the commutation relations between the elements
of Gy,.

In order to present our algorithm clearly, we first
need to represent Pauli operators as symplectic binary
vectors (X|Z) (the left is the X part, the right the Z
part). For example, I < (0/0), X < (1|0), Z < (0]1),
and Y < (1]1). Thus,

1 01010|/01000O0O0

11010100 0O0O0TO0

, 000O0OT1TO0(101O0O0T1
M = (6)

01 000O0O1T 11010

011100101011

1 10111{01 1100
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Then according to the transformation functions
of CNOT, H, and S (Table 1),2!] the transformation
matrices of these quantum gates can be easily obtained
when right multiplied on pauli operators, for

1 100
010 0
CNOT = , (7)
00 1 0
00 1 1
01
H= , (8)
10
11
S = . 9)
01

Table 1. Transformation functions of CNOT, H, and S.

Operation Input Output
CNOT X1 X1Xo
X2 X2
A Z1
Zo Z1Z5
H X Z
Z X
S X Y
Z Z

That is, when right multiplied on Pauli operator,
CNOT(i — j)® adds the i-th column in the X part
to the j-th column in the X part and adds the j-th
column in the Z part to the i-th column in the Z part.
H (i) switches the i-th column in the X part with the
i-th column in the Z part. S(i) adds the i-th column
in the X part to the i-th column in the Z part. Due
to these operations, we can transform M’ to E as
follows.

(I) If ¢ is equal to 0 go to (V); else go to (II).

(IT) Transforming the first generator of the con-
cerning anti-commuting pair to X,1%: Arrange the
first row so that its z17) is 1. Then clear all other
entries in the first row by the following steps. First,
except for x1, for all other nonzero entries (say i-th) in

the X part perform CNOT(1 — 4) on qubit one and

the i-th qubit. After that, if z; is equal to 0, perform
S on qubit one. If not, do nothing. Second, except
for z1, for all other nonzero entries (say j-th) in the
Z part, perform CNOT(1 — j) on qubit one and the
j-th qubit.
(I11).

(III) Transforming the second generator of the

Finally, perform S on qubit one, go to

concerning anti-commuting pair to Z;: First, except
for z1, for all other nonzero entries (say i-th) in the
Z part in the second row perform CNOT(1 — i) on
qubit one and the i-th qubit. After that, set a local
variable f (initially being 0), and let f = 1 when
is equal to 1. Then perform H on qubit one. Second,
for all nonzero entries (say j-th) in the X part in the
second row, perform CNOT(1 — j) on qubit one and
the j-th qubit. Next, if f is equal to 1, perform S on
qubit one and then H on qubit one, or else perform H
on qubit one only. Finally, let ¢ = ¢ — 1, go to (IV).

(IV) Firstly, remove the first two rows (X; and
Z1) entirely, and for all other rows, remove the first
column in their X part and the first column in their
Z part. We name the remaining matrix M, and for
this M go to (I).

(V) Transforming the commuting generator into
Zy: If s is equal to 0, end; or else, arrange the first
row so that its z; is equal to 1. Then transform this
row to Z; according to the strategies mentioned in
(III). Next remove this row entirely and for the re-
maining matrix, remove the first column both in the
X part and Z part. Finally, name the new matrix M;,
assign s = s — 1, and for this M; go to (V).

As for our example, after the implementations of
steps (I), (II), and (IIT), M’ in Eq. (4) will transform

to

N~ o~ NN
< o~~~
NN N~ S
Mo N NN~
~ NN X~
<ON O~ N[~ O~

5)The i-th qubit is the control qubit and the j-th is the target one.
6) X; means that except for the i-th entry being X, all other entries are I. The definition of Z; is similar.

7)

We use x; to denote the i-th entry in the X part of the concerning generator, and similarly for z;.
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and ¢ becomes 1. Thus for the bottom right part of
Eq. (10) named M, in our algorithm, steps (II) and
(IIT) will be implemented giving ¢ = 0 and

X

M’ =

N~ N~ N

~ O~ N X~ o~
<o~ NN~
MO~ O~ N~
I I
MON[~ N~ ~

Now c is equal to 0 and s is equal to 2, thus for the
bottom right part of M’ in Eq. (11), step (V) will be
implemented giving s = 1 and

4 | B

X I I |I I I
Z I I |I I I
) I X I |I I I
M = (12)
I Z I |1 1 T
I Iz |I I I
I I z)|Z 7Z X

Finally, step (V) is implemented again for the bot-
tom right part of Eq. (12), named M; in our algo-
rithm, yielding the final required matrix (the left part
of Eq. (5)) and s = 0, end.

Consequently, the following quantum circuit
(Fig. 1) can be obtained according to the procedure

mentioned above.

|
—HSipSHpiH]

(]
T

[1gt)4
[ 1p+)4

0y

|
|
|
|
:
|
WS H- | 10)!

‘ |gpt)A

“'________65;2.
.y
&
2
[x]
S

| lyt)4

Fig. 1. Quantum circuit directly derived from the algorithm mentioned in the text to encode the sent quantum code
which is associated with the noncommuting group M (Eq. (4) (the left part of Eq. (13)). |¢1)# indicates the pre-shared
entanglement pair possessed by Alice, |0) indicates the ancilla qubit, and |)# indicates the qubit being sent by Alice.
After the implementation of A section, the first row of M’ will be transformed to X;. After the implementation of B
section, the second row of M’ will be transformed to Z1, similarly for C, D, E, F sections. After the implementation
of C and D, M will be transformed into Eq. (11). After the implementation of E, M will be transformed into Eq. (12).
After the implementation of the last section F', M will be transformed into the required matrix (the left part of Eq. (5)).

Thus it is obvious that the reverse of this quantum circuit will transform the left part of M (Eq. (5)) into the left part of

M (Eg. (13)), which is just the encoding procedure for an EAQECC, where the extra qubit is assumed to be possessed

by Bob and to be error-free.

If Alice applies the quantum circuit reversely on
her sending qubits, the corresponding stabilizer will
be transformed from M (Eq. (5)) to to M’ (Eq. (13)),
for

Mi=X Z X I X I|X I
My=X X I X I X|zZ I
J\Z/B,:Z I Z I X Z|I X (13
My=2 Y Z I 2z I|I Z
Ms=7Z XY X Z Z|1I I
M¢=XY Z Y X X|I I

If the qubits held by Bob are assumed to be error-
free, the error-correcting capacity of this EA quan-

tum code will rely on the structure of the left part of
M , which is exactly the quantum counterpart of the
check matrix of our concerning classical quarternary
code. As pointed out in Ref. [14], the better the clas-
sical quarternary code is, the better the corresponding
EA quantum code will be.

Next, we show some key points in our iterative
algorithm based on the two theorems. First, in step
(III), we need not arrange z; to be equal to 1. This
is because after the implementation of step (II), z;
is already 1. If not, it violates the two theorems.
For the same reason, after the implementations of

steps (IT) and (IIT), besides the first two generators
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which are transformed to X; and Z; respectively, the
first entries of all other generators must be I (see
Eq. (10)).
trix will not destroy the transformations we have done.

Whereby, the operations on the new ma-

This is the key of our iterative strategy being feasi-
ble. Second, after the implementation of step (V),
the first generator of the new matrix is Z;, however,
for the remaining generators, their first entries could
be Z but not I (see Eq. (12)).
erties of generators, {g1,92,...,Gi,---,0j,---

{917927' c s Y9iy- -5 9i95, - -
these entries to I by multiplying the first generator

In light of the prop-

agT} =
,gr}, we can transform

of the new matrix.®) This is why we can remove the
first entries of the remaining generator in step (V),
and also the reason why our iterative idea is applied
in step (V).

2.3. Encoding complexity analysis

Considering the importance of encoding complex-
ity, it is interesting to analyse the complexity yielded
by our algorithm. According to our algorithm, we
first choose an anti-commuting pair in the symplectic
group, and transform the two concerning generators
into X; (step (II)) and Z; (step (III)), respectively.
Obviously, the initially arranged procedure in step (II)
will consume three CNOT gates and one H gate at
most, which corresponds to the case where there is no
X entry in this generator and the first entry is I. The
following clearance of other entries in step (II) will
consume 2(n — 1) CNOT gates and two S gates at
most. Similarly, when we transform a generator with
n entries into Z;, 2(n — 1) CNOT gates, two H gate
and one S gate will be consumed. Thus transforming
a pair of anti-commuting generators, each with n en-
tries, into X7 and Zj, respectively, (4n — 1) CNOT
gates, three S gates, and three H gates will be con-
sumed. Because the transformation from a generator
in the isotropic subgroup into Z; (step (V)) is similar
to the step (III)), except an extra required procedure
to arrange the Z; of this row is 1. Therefore this trans-
formation will consume (2n 4+ 1) CNOT gates, three
H gates, and one S gate totally.

Now suppose Alice encodes k qubits in n physical
bits using ¢ pre-shared entangled pairs and s ancilla
qubits. The encoding circuit yielded by our algorithm
will, at most, consume [(4c+ 2s)n —2c¢% —2s X ¢+ ¢ —
s242s] CNOT gates, 3(c+s) H gates, and (3c+s) S

8)

care whether it is I or Z.

gates. Because c+s+k = n, we say that the encoding
complexity of EAQECCs is O(n?).

3. Conclusion

In this paper, we present an iterative algorithm
to address the encoding of EAQECCsS, from which a
quantum circuit composed of CNOT', H, and S gates
can be derived directly with complexity O(n?). In ad-
dition, we demonstrate the feasibility of our iterative
encoding algorithm.
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