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Photonic zitterbewegung and its interpretation∗
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In terms of the volume-integrated Poynting vector, we present a quantum field-theory investigation of the zit-

terbewegung (ZB) of photons, and show that this ZB occurs only in the presence of virtual longitudinal and scalar

photons. To present a heuristic explanation for such a ZB, by assuming that the space time is sufficiently close to the

flat Minkowski space, we show that the gravitational interaction can result in the ZB of photons.
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1. Introduction

Zitterbewegung (ZB, a German word, means
“trembling motion”) is a theoretical rapid motion of
elementary particles. The existence of such a motion
was proposed first by Schrödinger in 1930 as a re-
sult of his analysis of the wave packet solutions of the
Dirac equation for relativistic electrons in free space,
in which an interference between positive and negative
energy states produces what appears to be a fluctua-
tion of the position of an electron around the median.
Historically, investigations of the ZB of relativistic
particles mainly focused on the Dirac electron, and de-
veloped just at the level of quantum mechanics. Some
investigations of the ZB of photons are based on the
concept of position operator (e.g., Ref. [1]). Unfortu-
nately, the photonic position operator is an ill-defined
concept. Recently, an interest in ZB has been rekin-
dled by the investigations of spintronics, graphene,
superconducting systems, among others,[2−10] which
inspires us to carry out a quantum field-theory inves-
tigation of the ZB of Dirac particles.[11,12]

For a free Dirac electron (with a mass of m)
in a vacuum, the ZB frequency mc2/~ is of the or-
der of 1020 Hz, and the spatial extension of the ZB
motion is comparable to the Compton wavelength
~/mc (≈ 10−12 m). Thus, it is impossible to ob-
serve this effect with the currently available experi-
mental means. However, the presence of ZB is a gen-

eral feature of spinor systems with linear dispersion
relations. Trapped ions as well as condensed mat-
ter systems, including graphene and semiconductor
quantum wires, have been proposed as candidate sys-
tems for observing ZB.[2−16] For example, the ZB of
electrons in narrow gap semiconductors has more ad-
vantageous characteristics:[14] frequency ωZ = εg/~
(≈1015 Hz) and amplitude λZ = ~/m∗

0u (≈ 10−9 m),
where εg is the energy gap, m∗

0 is the effective mass,
and u ≈ 106 m/s (which acts as the velocity of light
in a vacuum) is the maximum electron velocity in the
two-band energy spectrum. One can expect that the
ZB of charge carriers in these materials can be ob-
served experimentally. In fact, it was recently claimed
that ZB had been measured.[8] Moreover, an observa-
tion of an acoustic analogue of ZB was reported re-
cently in sonic crystals.[17]

On the other hand, in Ref. [18], the author
claimed that the ZB of photons can appear near the
Dirac point in a two-dimensional photonic crystal, and
it can be observed by measuring the time dependence
of the transmission coefficient through photonic crys-
tal slabs. However, contrary to the theory of the Dirac
electron’s ZB, a rigorous theory for photon ZB is still
lacking. The existing theory of photon ZB is problem-
atic, because 1) it is based on an ill-defined concept,
i.e., the photonic position operator; 2) it is based on
quantum mechanics, but the quantum theory of pho-
tons is a direct quantum field theory). As a result, the
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validity of conclusions in Ref. [18] is easy to oppugn.
In this paper, adopting the volume-integrated

Poynting vector, we present a quantum field-theory
investigation of the ZB of photons, and present a
heuristic explanation for such a ZB. In the follow-
ing, natural units of ~ = c = 1 are used, and the
four-dimensional (4D) flat spacetime metric tensor is
taken as ηµν = diag(1,−1,−1,−1) (µ, ν = 0, 1, 2, 3).
Repeated indices automatically imply summation ac-
cording to the Einstein rule.

2. Photonic zitterbewegung

In general, the ZB of particles can be studied in
terms of the corresponding free fields in flat space-
time, while, to interpret how ZB behaviours occur,
one needs to resort to the interactions between quan-
tum fields. In a flat spacetime and outside a source,
let Aµ(x) = (A0,A) be a 4D electromagnetic poten-
tial, by which the electromagnetic field intensities can
be expressed as

E = −∇A0 − ∂tA, B = ∇× A. (1)

In the Lorentz gauge condition, one can expand Aµ(x)
into

Aµ(x) =
∑

k

3∑
s=0

1√
2ωV

eµ(k, s)[b̂(k, s) exp(−ikµxµ)

+ b̂†(k, s) exp(ikµxµ)], (2)

where V =
∫

d3x represents the normalization volume
(box normalization is adopted), kµxµ = ωt − k · x,
kµ = (ω, k) (with ω = |k|) represents a 4D wavenum-
ber vector (also the 4D momentum of single pho-
tons, ~ = c = 1) , the expansion coefficients b̂(k, s)
and b̂†(k, s) (b̂† denotes the Hermitian conjugate of

b̂, and so on) represent the photonic annihilation
and creation operators, respectively. Moreover, the
unit vectors eµ(k, s)’s are four 4D polarization vec-
tors with the four indices of s = 0, 1, 2, 3 corre-
sponding to four kinds of photons, respectively. Let
{ε(k, 1), ε(k,−1), ε(k, 0)} denote a 3D orthonormal
basis, which is formed by the following three unit vec-
tors:

ε(k, 1) = ε∗(k,−1)

=
1√
2 |k|

(
k1k3 − ik2 |k|

k1 − ik2
,
k2k3 + ik1 |k|

k1 − ik2
,

−(k1 + ik2)
)

,

ε(k, 0) =
k

|k|
=

1
|k|

(k1, k2, k3),

(3)

where ε∗(k,−1) denotes the complex conjugate of
ε(k,−1) (and so on). As an example, let k = (0, 0, k3)
with k3 > 0, one has ε(k,±1) =

√
1/2(1,±i, 0) and

ε(k, 0) = (0, 0, 1). In fact, ε(k,±1) and ε(k, 0) rep-
resent the three polarization vectors of the electro-
magnetic field, where ε(k, 0) (parallel to k) denotes
the longitudinal polarization vector, while ε(k,±1)
(perpendicular to k) corresponds to the right- and
left-hand circular polarization vectors, respectively.
Therefore, they are actually the spinor representa-
tion of three linear polarization vectors. Using Eq. (3)
with ω = |k|, the four 4D polarization vectors eµ(k, s)
(s = 0, 1, 2, 3) in Eq. (2) can be chosen as eµ(k, 0) = (1, 0, 0, 0), eµ(k, 1) = (0, ε(k, 1)),

eµ(k, 2) = (0, ε(k,−1)), eµ(k, 3) = (0, ε(k, 0)).
(4)

Using Eqs. (1)–(4), k = |k| ε(k, 0) = ωε(k, 0), and
λε(k, λ) = 0 for λ = 0, one can show that the electro-
magnetic field intensities are


E =

∑
k,λ

√
ω

V

[
1√

1 + λ2
ε(k, λ)

]
[â(k, λ) exp(−ikµxµ) + â†(k, λ) exp(ikµxµ)],

B =
∑
k,λ

√
ω

V

[
−i√

1 + λ2
λε(k, λ)

]
[â(k, λ) exp(−ikµxµ) + â†(k, λ) exp(ikµxµ)],

(5)

where λ = ±1, 0, and
â(k, 1) = ib̂(k, 1),

â(k,−1) = ib̂(k, 2),

â(k, 0) = i[b̂(k, 3) − b̂(k, 0)]/
√

2.

(6)

Therefore, when the electromagnetic field is described
by the 4D electromagnetic potential, there involves
four polarization vectors together describing four
kinds of photons; while described by the electromag-
netic field intensities are only three polarization vec-
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tors labeled by the parameters λ = ±1, 0, and equa-
tion (6) implies that the λ = 0 solution describes
the admixture of the longitudinal (s=3) and scalar
(s=0) photons, and the λ = ±1 solutions describe the
two transverse photons (s=1, 2). According to quan-
tum electrodynamics (QED), only those state vec-
tors (say, |Φ〉) are admitted for which the expecta-
tion value of the Lorentz gauge condition is satisfied:
〈Φ| ∂µAµ |Φ〉 = 0. Let Aµ(x) = A

(+)
µ (x) + A

(−)
µ (x),

where A
(+)
µ and A

(−)
µ are the positive and the negative

frequency components of Aµ(x), respectively. Using
the stronger condition of ∂µA

(+)
µ |Φ〉 = 0, considering

that kµeµ(k, 1) = kµeµ(k, 2) = 0 and kµeµ(k, 0) =
−kµeµ(k, 3), one can obtain

â(k, 0) |Φ〉 = i
1√
2
[b̂(k, 3) − b̂(k, 0)] |Φ〉 = 0. (7a)

Similarly, using 〈Φ| ∂µA
(−)
µ = 0 one has

〈Φ| â†(k, 0) = 〈Φ| i 1√
2
[b̂†(k, 3) − b̂†(k, 0)] = 0. (7b)

According to QED, there are commutation relations:

[b̂(k, s), b̂†(k′, s′)] = −ηss′δkk′ (8)

with the others vanishing. Using Eqs. (5) and (7), one
can obtain

[â(k, λ), â†(k′, λ′)] = δkk′δλλ′ , λ, λ′ = ±1 (9)

with other commutators vanishing. In particular, one
has [â(k, 0), â†(k′, 0)] = 0. The ZB of photons can
be studied via the momentum of the electromagnetic
field given by J =

∫
(E × B)d3x. Using Eqs. (5) and

(9) one has

J =
∫

(E × B)d3x =
∑

k,λ=±1

kâ†(k, λ)â(k, λ) −
∑

k,λ=±1

ω√
2
ε(k, λ)[â†(k, 0)â(k, λ) + h.c.]

−
∑

k,λ=±1

λω

2
√

2
ε(k,−λ)[â(k, λ)â(−k, 0) exp(−2iωt) + h.c.]

+
∑

k,λ=±1

λω

2
√

2
ε(−k, λ)[â(k, 0)â(−k, λ) exp(−2iωt) + h.c.], (10)

where â(±k, 0) ≡ â(k0,±k, 0) (and so on). The first

term on the right-hand side of Eq. (10), as the clas-

sic term, represents the total momentum of transverse

photons (i.e., radiation photons), while the others are

usually left out because of Eq. (7). On the other

hand, the third and fourth terms on the right-hand

side of Eq. (10) are perpendicular to k and repre-

sent the transverse ZB motions superposing the classic

momentum, they contain â(±k, 0) and â†(±k, 0) and

then correspond to the admixture of longitudinal and

scalar photons (see Eq. (6)). Equation (7) implies that

the contributions of longitudinal and scalar photons

cancel each other. However, the longitudinal and the

scalar photons can exist in the form of virtual photons

(for example, the Coulomb interaction arises from the

combined exchange of virtual longitudinal and scalar

photons[19]). Therefore, equation (10) shows that the

ZB of photons occurs only in the presence of virtual

longitudinal and scalar photons.

3. A heuristic interpretation for

photonic zitterbewegung

In Refs. [20] and [21], an interpretation for
the Dirac electron’s ZB is presented in quantum-
mechanical language, which can be rephrased in the
language of quantum field theory,[12] i.e., the ZB for
a particle arises from the influence of virtual particle–
antiparticle pairs around the particle. In a similar way
one can present an interpretation for photon ZB. How-
ever, photons do not carry the electric charge (only
carry the gravitational charge, i.e., photon 4D mo-
mentum), to induce the ZB of photons, the electro-
magnetic vacuum should be replaced by the gravita-
tional vacuum, where the gravitational field is related
to a photon in a similar way that the electromagnetic
field is related to an electron. In fact, the contribu-
tions from the ZB terms of Eq. (10) do not vanish
provided that equation (7) does not hold true. Then,
we discuss the ZB of photons in a gravitational field
(i.e., in a curved spacetime). For simplicity, we will
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just provide a heuristic explanation.
Equation (2) can be regarded as an expansion in

terms of the plane waves of exp(±ikµxµ). In a curved
spacetime with the metric tensor of gµν , equation (2)
is no longer valid. However, one can expand an arbi-
trary field of Aµ(x) by means of its Fourier transform
into

Aµ(x) =
∑

k

3∑
s=0

1√
2ωV

eµ(k, s)[f(k, s) exp(−ikµxµ)

+ f†(k, s) exp(ikµxµ)], (11)

where f(k, s) is an operator function in momentum
space (note that Aµ(x) is real). The Lorentz gauge
condition of 〈Φ| ∂µAµ |Φ〉 = 0 expressed in an inertial
coordinate system in flat spacetime now becomes

〈Φ|∇µAµ |Φ〉 = 〈Φ| (1/
√
−g)∂µ(

√
−gAµ) |Φ〉 = 0, (12)

where g = det(gµν), ∇µ denotes the covariant deriva-
tive. Equation (12) implies that

〈Φ|∇µAµ |Φ〉 = 〈Φ| ∂µAµ |Φ〉 + 〈Φ|Aµ∂µ(ln |g|) |Φ〉

= 0. (13)

On the other hand, in the curved spacetime the elec-
tromagnetic field tensor satisfies

Fµν = ∇µAν −∇νAµ = ∂µAν − ∂νAµ. (14)

Thus

E = −∇A0 − ∂tA

and

B = ∇× A

are still valid. In a similar way to obtaining Eq. (5)
from Eq. (2), from Eq. (11) one can obtain


E =

∑
k,λ

√
ω

V

[
1√

1 + λ2
ε(k, λ)

]
[h(k, λ) exp(−ikµxµ) + h†(k, λ) exp(ikµxµ)],

B =
∑
k,λ

√
ω

V

[
−i√

1 + λ2
λε(k, λ)

]
[h(k, λ) exp(−ikµxµ) + h†(k, λ) exp(ikµxµ)],

(15)

where λ = ±1, 0, and
h(k, 1) = if(k, 1),

h(k,−1) = if(k, 2),

h(k, 0) = i[f(k, 3) − f(k, 0)]/
√

2.

(16)

For simplicity, we assume that gµν is a diagonal ma-
trix. In the present case, equation (10) becomes[22]

J =
∫

(E × B)
√

g11g22g33d3x. (17)

To present a heuristic insight, we take a weak field
approximation as follows:

gµν ≈ ηµν + hµν , hµν ¿ 1, hµν ≡ 0 for µ, ν 6= 0. (18)

Assume that such a weak field approximation results
in f(k, s) ≈ b̂(k, s) (using Eqs. (6) and (16) yields
h(k, λ) ≈ â(k, λ)), such that equations (11), (15), and
(16) can be replaced by Eqs. (2), (5), and (6), respec-
tively. In particular, our weak field approximation
given by Eq. (18) implies that g11 = g22 = g33 = 1,
so that equation (17) is identical to Eq. (10). As a
result, we can discuss the ZB of photons based on
Eqs. (10), (7), and (13). In the stronger conditions of

∇µA
(+)
µ |Φ〉 = 0, equations (13) and (18) imply that

∂µA(+)
µ |Φ〉 + A(+)

µ ∂µ ln(1 + h00) |Φ〉 = 0. (19)

For the moment, equation (7) is no longer valid as long
as the second term on the left-hand side of Eq. (19)
does not vanish, then it follows that the ZB contri-
butions in Eq. (10) do not vanish provided that the
gravitational interaction is taken into account.

As is well known, from the point of view of quan-
tum field theory, gravitational forces come from the
exchange of virtual gravitions, and a static gravita-
tional field is full of virtual gravitions with the spin
projections of ±2, ±1, and 0 (while the spin projec-
tions of a real gravition are ±2 only), where a virtual
gravition can produce a virtual photon–photon pair
(the anti-particle of a photon is the photon itself).
For the moment, the ZB of photons can be interpreted
as follows. Assume that in a gravitational field there
is a real photon (as the original transverse photon),
around which there exists a virtual photon pair con-
sisting of a transverse photon and a longitudinal (or
scalar) photon (see the ZB terms in Eq. (10)), subse-
quently the longitudinal (or scalar) photon of the vir-
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tual pair annihilates together with the original trans-
verse photon, while the pair’s transverse photon which
is left over now replaces the original transverse pho-
ton, by such an exchange the ZB of the real transverse
photon occurs.

4. Discussion and conclusion

At the level of quantum field theory, the ZB of rel-
ativistic particles can be studied in a unified manner
via the momentum vectors of particles (rather than via
their position operators). Likewise, using the volume-
integrated Poynting vector, one can present a quan-
tum field-theory investigation on the ZB of photons.
The photonic ZB occurs only in the presence of virtual
longitudinal and scalar photons. As a result, only the
gravitational interaction can result in the ZB of pho-
tons. The ZB of a free relativistic particle has never
been observed, but the behaviour of such a particle
has been simulated with a trapped ion, by placing
it into an environment such that the nonrelativistic
Schrödinger equation for the ion has the same math-
ematical form as the Dirac equation (although the
physical situation is different). Similarly, ZB might be
studied by means of interdisciplinary studies.[23−26]
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