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The relationship between symmetries and Gauss kernels for the Schrédinger equation iu: = uzz + f(z)u is

established. It is shown that if the Lie point symmetries of the equation are nontrivial, a classical integral transformations

of the Gauss kernels can be obtained. Then the Gauss kernels of Schrodinger equations are derived by inverting

the integral transformations. Furthermore, the relationship between Gauss kernels for two equations related by an

equivalence transformation is identified.

Keywords: Schrédinger equation, symmetry group, Gauss kernel, equivalence transformation

PACS: 03.65.Fd, 02.20.Sv, 02.30.Jr

1. Introduction

Schrédinger equations appear in various domains
in the field of mathematical physics, for example they
are the basic equations in quantum mechanics.[!l The
linear time-dependent equation

iug + Au =0,

is the Schrédinger equation for “free particles”, when
there is no force acting on the particle. If the parti-
cle moves in a force field given by a potential V', such
as the electric potential, as proposed by Schrédinger,
the equation describing the evolution of a quantum
particle in space in the presence of a potential V is

52
ihuy + %Au =Vu, (1)

where u : R X R" — C is the wave function of a quan-
tum particle, A is Planck’s constant, m is the mass of
the particle, and the potential function V is assumed
to depend only on the spatial variable x.

For Eq. (1), if we consider the case of (1+1) di-
mensions, its solution for the Cauchy problem with
the initial condition

u(z,0) = ¢(), (2)
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is given by

oo
ue.t)= [ plto 2o (3)
—o0
where p(t,z,2) is the Gauss kernel for Eq. (1). It
follows from Eq. (3) that solutions to the Cauchy
problem of the linear evolutionary equations can be
directly obtained by convolution of initial data and
Gauss kernels of the equations under study. Based on
the Gauss kernels of the linear equations, one can rep-
resent the solutions of semi-linear equations by inte-
gral equations with Gauss kernels as the kernel. Such
a representation is helpful for the analysis or estimate
to solutions of semi-linear evolutionary equations.
This study is devoted to the construction of Gauss
kernels for the (1+1)-dimensional linear Schrédinger

equations

iU = Uge + f(¥)u, z€R (4)

by using Lie symmetry groups. Lie’s point symmetries
of partial differential equations (PDEs) describe their
geometric or basic physical properties. The method
of determining Lie’s point symmetries was introduced
first by Liel?! who performed classification of Lie’s
point symmetries of the one-dimensional heat equa-
tion, which is also called the classical method. Today,
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Lie’s symmetry method is one of the most powerful
tools for solving linear and nonlinear PDEs.B—9 Tt
provides us with a powerful approach for obtaining ex-
act analytic solutions of PDEs. It is worthwhile noting
that many of these special solutions illustrate some im-
portant physical phenomena. More importantly, ex-
act solutions stemming from symmetry methods have
been used frequently to study various properties of the
equations.[10—16]

It was shown by many studies!'”=2% that Gauss
kernels to linear PDEs are closely related to their Lie
symmetries. Lie’s symmetry method provides us with
an efficient method to obtain Gauss kernels of linear
PDEs.
kernel of the Fokker—Planck equation by using the
Goard? used the so-

called method of reduction to canonical form to ob-

Bluman and Cole9 constructed the Gauss

symmetry of the equation.

tain Gauss kernels for a class of parabolic PDEs. Re-
cently, Craddock et al. suggested an efficient method
to obtain Gauss kernels for a wide class of parabolic
equations by using Lie symmetries admitted by the
equations under study, which was first introduced
in Ref. [21] and further developed in Refs. [22]-[24].
Their approach relies on the fact that if a parabolic
PDE admits at least four-dimensional nontrivial Lie
symmetry groups, then it is always possible to con-
struct, or up to a slight modification of infinitesimal
parameter and variables, classical integral transforma-
tions of the Gauss kernels of the PDE by utilizing
a time-independent solution. More recently, Crad-
dock and Lennox!?®! extended their method to obtain
fundamental solutions of multi-dimensional parabolic
PDEs.

The aim of this paper is to develop a method due
to Craddock to obtain the Gauss kernels of the lin-
We will identify the

potential function f so that the corresponding equa-

ear Schrodinger equation (4).

tion admits nontrivial Lie point symmetries which nat-
urally yield some integral transformations of Gauss
kernels. In this paper, both Laplace transformation
and Fourier transformation are explored to obtain the
Gauss kernels. Furthermore, the connection between
the Gauss kernels of two equations related by an equiv-

alence transformations is established.

2. Symmetry groups and the

Gauss kernel

Let us now consider the n-th order (141) dimen-
sional linear PDEs

Aty ulD (2,8), . u™ (@, 1) = 0, ()

where (z,t) € R x RT are independent variables, u is
the dependent variable, and u(7) denotes the set of all
the partial derivatives of order j of u, j =1,...,n.

Let G be a Lie symmetry group generated by the
vector field of the form

V= {(x,t,u)@x +T(x7t7u)at +¢(xat7u)au7 (6)

where 90/0,, = 0., &, 7, and ¢ are infinitesimals cor-
responding to x, t, and u, respectively. According to
Lie’s infinitesimal criterion for symmetry,3=6 V' gen-
erates a symmetry of equation (5) if and only if

VO Az, tu,u® (2, t), .. u™ (@, 0)) [ =0, (7)

where V(") is the n-th prolongation of V on the n-th
jet space of (x,t,u), M denotes the solution mani-
fold of equation (5). Equation (7) yields the system
of over-determined equations for infinitesimals &, T,
and ¢. Thus the problem of constructing a symmetry
group admitted by Eq. (5) is equivalent to finding its
symmetry algebra through solving an over-determined
system of equations. Then the transformation group
admitted by Eq. (5) is obtained by exponentiating the

infinitesimal generators which is carried out by solving

the system
dz . dt _ -~ _. du IO
E_g(l.vtau)v &—T({E,t,u), a_d)(xvtvu)v (8)
with the initial condition
#(0) =z, t0)=t, (0)=u. (9)

Here we denote the action of the symmetry generated
by V as

Ue(z,t) = o(x, t;e)ular (z, t; €), ax(x, t;€)),  (10)

where the real number € is the group parameter. We
call o the multiplier, a; and as the change of variables
(see Olver’s book!) for more details on the theory of
Lie symmetries). It turns out that if u(z,t) is a solu-
tion of Eq. (5), then equation (10) is also a solution, at
least for sufficiently small e. This allows us to connect
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the solutions (3) and (10). By choosing a known ana-
lytic solution u(z, t) and plugging the resulting @.(x, t)
in Eq. (3), we obtain the relation

+oo
| pltiz 2oz, utar (2,00, aafz,0:0))

— 00

= dc(z,1). (11)

Since o, a1, and as are known, equation (11) is a fam-
ily of integral equations for p(t,z, z). For example, if
0(z,0,e)u(a1(z,0,€),a2(2,0,€)) = e~ *¢(z), where ¢
is some function of z, equation (11) implies @.(x,t) is
a Laplace transformation of p(t,z,z). It was proved
in Refs. [21], [22], and [24] that if equation (11) holds
for some distribution p, then p is the Gauss kernel
of Eq. (5). It follows that the Gauss kernel can be
recovered by inverting the integral transformation of
Ue(x,t), which is said to be the characteristic solu-
tion for the equation. In Refs. [22] and [24], instead
of the Laplace transformation, other classical transfor-
mations including the generalized Laplace, Whittaker,
Hankel, and Fourier transformations are also used to
They showed
that if the symmetry group of the PDE is nontrival,

derive Gauss kernels of linear PDEs.

the solution . (x,t) corresponding to some symmetry,
or a slight modification of the infinitesimal parame-
ter is always a classical integral transformation of the
Gauss kernel of the PDE. Therefore, to apply Crad-
dock’s approach for the construction of Gauss kernels
of the linear Schrdodinger equations of the form (4), we
need to look for the proper integral transformation of
the Gauss kernel by symmetry transformation.

3. Gauss kernels of Eq. (4)

3.1. Lie point symmetries

First, we classify Lie point symmetries of Eq. (4).
Following the general Lie’s algorithm, we look for the
vector field (6) admitted by Eq. (4).
for Eq. (4) to be invariant with respect to operator V'

The criterion

reads as

VO (iuy — gy — f(z)u)|a =0,
A= iut — Ugx — f(m)u, (12)

where V2 is the second prolongation of the operator
V', and it has the following form

V) =V 460y, +¢"0,

ww)

where ¢! and ¢®* depend on &, 7, and ¢, and can be
determined by Lie’s recursive prolongation formulae.

It is easy to show that 7 only depends on ¢, and then
the standard symmetry group calculation leads to the
equation

10t = Gue — fO+ [(bu — T/ () f — Ef (2)]u
+ (Caw — 16 — 200u) s + (2650 — duu )il
+ (26, — 7'(1))Uaa + 280 UgUss
— féuuuy = 0. (13)

From Eq. (13) we can read off individual equations for
&, 7, and ¢ by equating the coefficients of the deriva-
tives of u. First, in view of the coefficients of u ..,
we find £ does not depend on u. And then the coeffi-
cient of u,, gives

£ = 57 () + plt),

where p is some function of ¢t. Examining the term

involving u2, we see that
Puu =0,
which implies that ¢ must be linear in u, namely
oz, t,u) = alx, t)u + Bz, t),

for some functions o and 3. The coefficient of u,, leads
to . .
a(z,t) = — 27" (2" = Sp(b)z +n(t),

where 7 depends on ¢ only. Finally, plugging these
results into Eq. (13), we find that 3 is any solution
of Eq. (4) and the functions 7, p, and n satisfy the
following equation:

§7 O+ 3000 1[0 + 170

o @) = 70|y e 1| =0, (a)

It follows that functions 7, p, and 1 and then the sym-
metries of the equation are determined by the poten-
tial function f. Differentiating it with respect to x
third yields

5

PO + (@) + 51D w)e )7 (0 = 0.05)

Therefore, we need to distinguish two cases for
further discussion: 7/(¢) # 0 and 7/(t) = 0.

Case 1 7/(t) #0

In this case, equation (15) implies there are two
possible forms for f, which are

la) f = A(z +a)* + B(z + a) + 5y + D,

1b) f = Az* + Bz + C,
where A, B, C, D, and a are arbitrary constants. We
now consider each case separately.
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Case la f = A(r+a)’+B(x+a)+ ($+a)2 +D.

In this subcase, we arrive at B = 0, otherwise it
leads to 7/(t) = 0 which contradicts the assumption
in this case. To solve equation (14), there are three
cases to be considered.

Case la-1 A > 0. The corresponding vector

fields of the symmetries to the corresponding equa-

tion are
Vl = at7 ‘/2 :ualw Vﬁ :6(.’L',t)8u’
Vs = exp(4VAt) {2V A(z + )9, + 0,

—uli(242% + 4Aax + 24a® + D) + VA9, },
—exp(—4V A {2V A(z + a)d, — O,
uli(242° + 4Aazx + 2Aa® + D) — VA]d,}.

Case 1a-2 A < 0. The Lie algebra is generated
by the vector fields

Vi

Vi =0, Va=ud,, Vz=p(z,1)0,,

Vi = 2V —Acos(4vV—At)(z + a)d, + sin(4v/—At)0;
— ufisin(4v/—At)(242? + 4Aazx + 2Aa* + D)
+ V= Acos(4vV—At)]dy},

Vi = —{2V—Asin(4vV—At)(x + a)d, — cos(4v/—At)0;

+ uli cos(4V/—At)(2Ax? + 4Aazx + 2Aa* + D)
—Asin(4v —At)]0, }.

Case 1a-3 A = 0. A basis for the Lie algebra
consists of

Vl = at7 ‘/2 = ua’u) Vﬂ = 6(x7t)a’lu
Vs = (x4 a)d, + 2t0y — 2D iutd,,
Vi = (x+a)td, + 20,

1 t
- [i <4:172 + gx + Dt2> + 2]u8u.

Case 1b f = Axz? + Bx + C.

In this subcase, analogous to the earlier analysis,
there are three cases to be considered.

Case 1b-1 A > 0. In this case, the corresponding
vector fields of the symmetries to the corresponding

equation are

‘/1 = 825; ‘/2 :ua’ua Vﬁ :ﬁ(l‘,t)a
B 2Az+B 2,2

+8ABz + B% +4AC) + 4A3/2]6u},

24z + B
Vi = — eXp(—4\/Zt){x+3I — 9+ L [i(8A%2

VA 44
+8ABx + B> +4AC) — 4A3/2]8u},

Vs = exp(2v/At) [az ) <2A + f)a}

Vs = exp(— 2ft)[a +1“(2A + ) }

Case 1b-2 A < 0. The Lie algebra is generated
by the vector fields

Vi =0, Va=ud,, Vz=p0(x,1)0u,
Vs = Sm(f/;At)(QAx + B)9,, + cos(4v —At)0;
- H i cos(4v/—At)(8A4%x2 + 8ABx + B? + 4AC)

+4(—A)>/? sin(4v/—At)]0,,,
Vi = —{“’S(ngt)(QAx + B)d, — sin(4v/—At)d;

+ ﬁ [isin(4v/—At)(84%2* + 8ABx + B® + 4AC)

—4(—A)3/2 cos(4v/—At))9,, }7

(2Az + B)iucos(2v/—At)
2¢/—A

(2Ax + B)iusin(2v/—At)
2v-A

Case 1b-3 A = 0. A basis for the Lie algebra
consists of

Vs = sin(2vV—At)d, + Ou,

Vs = cos(2v—At)0, — Oy.

Vi =0, Va=ud,, Vz=_p(z,1)0,,
Vs = (z + 3Bt?)d, + 2t0,
— iu(B*t? + 3Bxt + 2Ct)0,,,
Vi = (z + Bt*)to, + t20,
- %[1(3%4 +4Ct? + 6Bat® + 2%) + 2t]0,,

Vs = 8, — %(m 4 Bt2)d,, Vi=0, —iButd,.
Case 2 7/(t) =0.
If 7/(t) = 0, equation (14) now reads as

1

F(@)o(t) = () i—5p"(t)z = 0. (16)

Two cases arise:

Case 2a p # 0. In this case, it is easy to show

that f must be of the form f = A2z24+Bx+C. Actually,
this subcase can be reduced to the subcase 1b.

Case 2b p=0. If p = 0, from Eq. (16) we see

that 7 is an arbitrary constant and then equation (14)

holds identically. Therefore, f is an arbitrary function
of . The symmetry algebra has the basis: Vi = 0,
Vo = ud,, and Vg = B(z,t)d,.

020301-4



Chin. Phys. B Vol. 21, No. 2 (2012) 020301

3.2. Gauss kernels on Case 1b

In Ref. 21
derive Gauss kernels of the parabolic equations over

|, Laplace transformation was used to

the positive half-line. For equations (4) defined over
the whole of R, we can obtain their Gauss kernels
by inverting the Fourier transformation. In the fol-
lowing, we will illustrate our method for Case 1b.
In this case, the corresponding equations admit six-
dimensional symmetry groups, the symmetries can be
used to produce Fourier transformations of Gauss ker-
nels. To compute the Gauss kernels, we need the fol-
lowing fact.

Proposition 1 For linear Schrodinger equa-
tions (4), let the potential function f be of the form
f(x) = Ax® + Bx + C, where A, B, and C are ar-
bitrary constants and A > 0. Then, if A # 0, the
corresponding equation has the symmetry solution

—2ievV/Acosh(2VAt)x

—|—ie2 Asinh(4V/At)
[1—cosh(4ft)]]

Uc(w,t) = exp

;7:
x u(x — 2esinh(2V/At), t); (17)

if A =0, equation (4) has the symmetry solution
te(z,t) = exp ie(et -2z — 2Bt2)] u(z — et,t),(18)

where € is a sufficiently small parameter and u is an
arbitrary solution of the corresponding equation.

Proof If A > 0, it follows from the vector fields
Vs and Vi in subcase 1b-1 that equation (4) admits
the symmetry

V = 2sinh(2V/At)d, 1u(2\Fx+\/Z

Note that the group action is generated by the vector
field (6), which is obtained by solving the first-order
system of ODEs (8) subject to the initial condition (9).
Solving the system (8) for V' and multiplying the re-
sult by the constant exp(i Be/v/A) produces Eq. (17).

If A =0, the corresponding equation in Case la-2
admits the vector field V5. Exponentiating Vs leads to
Eq. (18). O

Notice that in both cases we have u.(x,0) =
e~ 17%y(x,0) for some constant v. Thus by equation
(11), we can seek a Gauss kernel with the property
that

/ e~ ¥z, 0)p(t, z, 2)dz = in o (,1),  (19)

— 00

) cosh(2V/At)d,

which implies that iy, (z,t) is the Fourier transfor-
mation of u(z,0)p(t, z,2). In other words, the Gauss
kernel can be obtained by inverting the Fourier trans-
formation of @/, (z,t). In the following, we present
two examples to illustrate our approach.

Example 1 Consider

. 2
11U = Ugy + AT U,

r€R, a>0. (20)

By Proposition 1, it has the symmetry
tc(z,t) = exp [ — 2iey/acosh(2v/at)x
+ie asinh(éh/&t)}
X u(x — 2esinh(2+y/at), t),

which implies that if u(x,t) is a solution of Eq. (20),

then so is @.(z,t), for sufficiently small e. Here we

take
u(a:,t):exp( vai 2+ft>

as the initial solution, and then equation (19) becomes

0o .
/ e” 1M exp <—\/an2)p(t,x,z)dz
. 2

1
- ex"{ T4
+4iMaze 2V 4 2a(ia? + 2t)]}.

[(A2(1 — e 4Vat)

Using the inverse Fourier transformation, we obtain
the Gauss kernel given by

1 Va(z? + 22)i Vazzi
al/*exp [— 2tan(2y/at) * sin(%/ﬁtJ
—2misin(2\/at)

Example 2 Consider

p(t,x,z) =

iU = Ugy — azu, T € R, (21)

It follows that if u solves the equation, then so does

ﬁe(x,t) = exp <4€2t — % T + 2t2> (I’ — Gt,t).

We choose
L 5.3,
u(z,t) = exp | (axt + 3¢ t°)i
and take e = 2]\, so the Gauss kernel p(t, z, z) satisfies

o0 .
/ e 1A p(t, x, 2)dz

— 00

1
= exp [3a2t3 +iX% — Az + at?) + axt] .
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We can thus apply the inverse Fourier transformation
to recover the Gauss kernel, namely

p(t,z,z)
1 2,3 _ )2
_ exp a’t +a(x+z)t_(x z) A
2¢/—mti 12 2 4t

For equations belonging to Case la, they ad-
mit four-dimensional non-trivial Lie point symmetries.
However, we cannot find a proper symmetry that can
generate the Fourier transformation of the Gauss ker-
nel. Furthermore, since these equations are defined
over the whole of R, the method given in Ref. [21]
cannot be directly used to compute the Gauss kernels.
Note that equation

iU = TULy + %uw + f(x)u, z€RT (22)
is related with the equation
iU, = uyy +4f(°)u, yeR (23)
by the equivalence transformation
r =% =41 (24)

A natural question now arises: Is there any relation-
ship between the Gauss kernels for the two classes of
equations? In the following, we will establish the con-
nections between Gauss kernels for the equations re-
lated by the equivalence transformation, by which the
fundamental solutions of Eq. (4) belong to Case 1la can
be obtained by the Gauss kernels of the corresponding
equations (22) related to Eq. (4) through the equiva-
lence transformations (24).

4. Gauss kernels on Case 1la

4.1. Equivalence transformations and

fundamental solutions

Now we study the relationship of Gauss kernels of
two equations related by equivalence transformations,

Blr,y.2) = r(Y(y,7), T (0)p(T (1), Y (y,7), Y (Z,7))r (Y (2,0), 7(0)) Yz(2, 7).

thus we can obtain the Gauss kernel from a given
Gauss kernel of another equation which is related to
the equation under study by an equivalence transfor-
mation. We first restrict our consideration to an in-
vertible point transformation of the following form
T=T), y=X(zt), a=r(z,t)hu. (25)
Requiring invertibility of Egs. (25) yields X, #
0, T(t) # 0, and r # 0. Assume that transforma-
tion (25) is an equivalence transformation of a class of

linear equations

E(x,t,u) =0, v €2, tc R, (26)
so that the transformed equations
E(y,7,i)=0, ye 2, TR’ (27)

belong to the same class of equations as the initial one.

Denote the inverse transformations of X and T by
r=Y(y,7), t=T"'(r).

It follows from the above assumption that if u(x,t)

solves the initial equations (26), then

a(y,m) =r(Y(y,7), T (T)u(Y (y,7), T~(7)) (28)

is a solution of the transformed system (27). The rela-
tionship between Gauss kernels of equations (26) and
(27) is governed by the following theorem.

Theorem 1 Assume that linear equation (26)
can be transformed into equation (27) by equivalence
transformation (25), and the compatibility condition
7(0) = 0 is satisfied, if p(¢, x, ) is the Gauss kernel of
the initial equation (26), then the Gauss kernel of the
transformed equation (27) is

(29)

Proof The fact that p(¢,z, z) solves Eq. (26) for each fixed z implies that p(7,y, Z) of the form (29) solves

equation (27) for each fixed Z. Furthermore,

R LERIE
2

= /T(Y(y,7)7T_l(T))p(T_l(T)vY(y,T)’Y(Z’T))T_l(Y(iO%7(0))3’2(5’7)?1(570)&

(9]

= /Q r(z, t)p(t, x, 2)u(z,0)Yz(X (2,1), T(t)) X, (2, t)dz
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= r(xz,t) /Qp(t,x,z)u(z,O)dz =r(z, t)u(z,t) = a(y, 7).

Therefore, if u(x,t) is the solution of the Cauchy problem of Eq. (26) with the initial data u(z,0), then the
integral pr 7,9, 2)4(Z,0)dZ is a solution of the Cauchy problem for Eq. (27) with the initial data @(y,0).

Consequently, p(T,y, 2) is a Gauss kernel of the transformed system. [

4.2. Classification of Lie symmetries for
Eq. (22)

Since the classification of Lie point symmetries
for equations of the form (23) has been given in Sec-
tion 2, we can directly use these classification results.
Omitting the detailed calculation, we just present a
complete list of Lie point symmetries admitted by

Eq. (22).
Case I 7/(t) #0.
CaseIa f=4(yz+a)+ 4(\/§+a)2 +2
Case Ia-1 A > 0.

Vi =0, Va=ud,, Vz=p(z,1)0,,
Vs = eVAAVA(VT + a)Vad, + 40,
—uli(24z 4 4Aav/x + 240® + D) + VA]d,},
Vi = —e VAUVA(VT + a)Vz0, — 40,
uli(24z + 4Aav/z + 24a® + D) — VA9, }.

Case Ia-2 A < 0.

Vi =0, Va=ud,, Vg=_p(z,1)0,,

V3 = 4v—Acos(V—At)(vx + a)yz0,
+ 4 sin(v/—At) 0,
—ufisin(v/—At)(2Az + 4Aa\/x
+24a* + D) + V= A cos(V—At)] 0y,

Vi = —{4v—Asin(v—At)(Vx + a) 20,
— 4 cos(vV—At)d,
+ ufi cos(v—At)(2Az + 4Aar/z
+2A4a% + D) — V= Asin(vV—At)]d,}.

Case Ia-3 A=0.

Vi =0, Vea=ud,, Vz=p(x,1)0u,

D
Vi = 202 + )V, + 210, — 20,
Vi = 2(Vx + a)y/xtd, + 20,
D
— [i <x+2a\/§+4t2> +;]u8u.

CaseIb f=42+ 2 /z+<.
Case Ib-1 A > 0.

‘/1 = 8t; ‘/2 = U/aua Vﬁ = ﬁ(xvt)a’um

V3

Va

Vs

Ve

Vi

Vs =

Vi =

Vs

Vs

Vi

Vs

Vi
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— VAt 2(2AVx + B) _u 2
- {m VD, + 40, — L [(3A%

+8ABVx + B* + 4AC) + 4A3/2}3u},
— —VAt w — 4 & : A2 2
+8ABx + B? 4 4AC) — 4A3/2]6u},

— exp (“@) 20, -

= exp (—\Ft) [2[8
Case Ib-2 A < 0.
=0y Vo=udy, Vz=p0(x,t)0u,

31ngt) (247 + B)zd, + 4cos(v—At)d,

— ﬂ [icos(v/—At)(8A%x + 8ABVx

+ B2+ 4AC) + 4(—A)*? sin(v/—At)]d,

cos(\/it)
{ N 2(2Av/z + B)0, —4s1n(\/7t)

+ m [isin(v/—At)(8A4%z + SABV/x

+ B? 4 4AC) — 4(—14)3/2 cos(\/jt)]au}a

24V + B))au} ,

\/Z(zA\/E + B)au} .

2 sin (;At> V0,

+(2/12\F\/J%miucos <2At)3u,

2 cos (2At LR
(2A2ff+ B), iusin <;At> O

Case Ib-3 A =0.

= ata ‘/2 = Uau, VB = ﬁ(‘r)t)aﬂm

:2(f+31§t2)f8 + 2t0,

iu (B
—lu(mt?’ +33ft+20t>8

=2 (ﬁ + 16#) Vatd, + t20,

(B*, C, 3B —, t
—u[ <256t + 5t +?\/§t +x +§3u,
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B
Vs = atd, — iu<ﬁ+ 16t2>8u,
i B
Ve ::2\/58w——lifut8u.

Case IT 7/(t) = 0. In this case, f is an arbitrary
function of . The symmetry algebra is generated by
Vi = 0, Vo = udy, and Vg = B(x,1)0,.

4.3. Gauss kernels on Case Ia

We now compute Gauss kernels for equations

1 C
iUy = TUpy + —Uy + —u, = €RT, (30)

2 4z

and

2
zeRT, A>0, (31)

, 1 (A C D>
iU = ZUgy + Uy + | =2+ — + — |u,
T

which belong to Cases Ia-3 and Ia-1, respectively.
Then applying Theorem 1, the Gauss kernels of equa-
tions

and

C
iur = uyy + (Ay2+ " +D>u, yeR (33)

can be obtained through the transformation (24).
We now employ the method given in Ref. [21] to

To obtain

its fundamental solution, the following proposition is

compute the Gauss kernel for Eq. (30).

needed.
Proposition 2 The linear Schrodinger equation

. 1 C D "
1ut—xum+2uz+(4x+4>u, x € R (34)

has the symmetry

B(z.t) = 1 [_ie(Dt2 +4x)]

ex
V1+et 4(1 + et)

oiiapria) @

where € is a sufficiently small parameter and u is an ar-
bitrary solution of Eq. (34). If u(z,t) = ug(z) with ug
an analytic, stationary solution then there is a Gauss
kernel p(t, z,y) of Eq. (34) satisfying

+o0 )
/0 e  1p(t,x, 2)ug(z)dz = ac(x,t).  (36)

Proof The above classification results show that
equation (34) admits the infinitesimal symmetry of the
form

t

V = 2td, + 120, — u [i(m + gﬁ) + 2] Du.-

Exponentiating this vector field and applying it to a
solution u(z,t) yields @.(x,t) which has the property
that @.(x,0) = e~ 1“*ug(z). Then by Theorem 1 in
Ref. [22], Proposition 2 is then proved. O

For the Gauss kernel of Egs. (30) and (32), we
have the following result.

Theorem 2

The Gauss kernels for Egs. (30) and (32) are given
respectively by

ri=3(2) o252

2iv/xz
><12d—1/2< lt ), (37)
and
. _ i - i(y? + 22
B(r,y.2) = 5=\/yZexp 4 F)
2T 4T
iyz
IV - 38
X lag 1/2(27,)7 (38)

where 1, is the modified Bessel function of the first
kind with order ~.

Proof It follows from Proposition 2 that equa-
tion (30) has the symmetry solution

Ue(z,t) =

1 jex
exp | —
V1+et P 14 et

« T t
U\ —V7/4m—m—=,—— |-
(1+et)2’ 1+t

Clearly, equation (30) has the solution
1
ug(z) =2¢, d= Z(l + V1 -—160C).

Substituting it into Eq. (36) yields

o0 .
/ e 1t 2)z%dz
0

d .
x 1€X

S — _ ). 39

(1 + ety2d+iz P ( 1+ et) (39)

Inverting equation (39) gives immediately Gauss ker-

nel (37).

Similarly, one can show that the Gauss kernel of
Eq. (32) is given by Eq. (38). O

For Eq. (31), we can use a group-invariant solu-
tion to construct its Gauss kernel. A group-invariant
solution is a solution which is left invariant under the
action of a group transformation. A detailed and rig-

orous discussion on group-invariant solutions and their

020301-8
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applications can be found in Olver’s book!4l (see also
in Refs. [3] and [23]). The following theorem given in
Ref. [23] is needed for our approach.

Theorem 3 Consider a boundary value prob-
lem for a k-th order scalar PDE F(x, D%u) = 0,
Z,) defined on a domain 2 C R™ with
boundary conditions By, (x,u,u*"") = 0 prescribed

x = (z1,...,

on boundary surfaces wq(x) =0, « = 1,2,...,s. A
vector field V' is admitted by the BVP if:

(i) V¥[F(x, D*u)] = 0 when F(x, D%u) = 0;

(ii) V(wa(x)) = 0 when wy(x) = 0;

(iii) V™' [Ba(x,u,u* )] = 0 when B,(z,
u,uF"Y) =0 on wy(x) =0, a=1,2,...,s.

If the BVP admits a vector field V', then the so-
lution of the BVP is a group-invariant solution with
respect to the symmetries generated by V.

Applying Theorem 2 and Theorem 3 to the con-
struction of Gauss kernels of Eqgs. (31) and (33), one
obtains the following result.

Theorem 4 The Gauss kernel for Egs. (31) and
(33) are given respectively by

p(t,z,2)
VA [ (\/Zi(x+z) D )}
= ————exp|— | —————=—=+ —ti
sinh(@t) 2tanh(@t) 4
1/4 . \/T
X 1 Tz
X — ZI — ) (40)
(Z) 1-4c/2 <sinh \/Zzt>
and
p(7,y, %)

2V A

= ———F— €X

sinh(2v/A7) T { (\/W - Dﬂﬂ

2 tanh(2v/Ar)
(D) (V)
z 1-ac/z sinh(2v/A7)

Proof Equation (30) admits a Lie algebra of sym-

(41)

metries spanned by {Vi — V4, V3} in Case Ia-1 with
a = 0. To solve

iug = +1 + A +O+D
iU = TUgy 2uw 495 =11 u,

T e R+; A > O?
u(z,0) = o6(x — 2),

we need to look for symmetries of the form V =
4

> ¢ Vi which preserve the boundary conditions. By

k=1

Theorem 3, we have:

(I) V(z) =0, when z =0;
(IT) V(t) =0, when t = 0;
(IIT) V(u — 6) = 0, when u(z,0) = 6(z — 2).

It is easy to show that these conditions hold if and
only if ¢3 = ¢4, c1 = —8¢s, and ¢o = 2(2Ay + D)ics.
We then compute the invariants for the action of

V =cs[-8V1 + V3 + Vi +2(24y + D) i Va).

The corresponding invariant solution has the invariant

)"

form

N T
2tanh(@t) 4

< F(C). (12)
where F'(¢) is an arbitrary function of the similarity
variable

B T
4sinh?(A¢1)

Substituting Eq. (42) into Eq. (31), we find that F(¢)
satisfies the ODE 18¢2F”(¢) + (3+ 16 A2( +4c)F = 0.
And hence

F(Q) = 2¢/Az([e1(2) L 7=352(21 V A=()
+e2(2) I i=a62(21 V AzQ)],

where ¢; and ¢ are arbitrary functions of z. Here we
take ¢1(z) = 1 and c2(2) = 0, and then the Gauss
kernel (40) for Eq. (31) follows.

Subsequently, an application of Theorem 2 leads
to the Gauss kernel for Eq. (33). O

5. Concluding remarks

In this paper, we developed Craddock’s method to
construct the Gauss kernels for Schrodinger equations
with some potential functions. The relationship be-
tween the Lie point symmetries and Gauss kernels to
Schrédinger equations was identified. Explicit Gauss
kernels to several specified forms of equations were ob-
tained by inverting Laplace or Fourier transformations
of certain group-invariant solutions. We also estab-
lished the relationship between Gauss kernels of two
systems which are related by equivalence transforma-
tions. Several examples are used to illustrate such a
relationship.

Integrable PDEs are divided into two classes: S-
integrable and C-integrable.[?S) If a nonlinear PDE
can be linearized through transformations of indepen-
dent and dependent variables, then it is said to be
It has been shown in Refs. [27] and
[28] (see, also, the relevant references therein) that

C-integrable.

020301-9
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a number of scalar or systems of nonlinear evolu-

tionary equations can be linearized by using hodo-

graph transformations.

Motivated by the above re-

sults, the Cauchy problem of nonlinear Schrodinger

and parabolic PDEs can be solved explicitly provided

that the equations can be linearized through hodo-

graph transformations.

References

Hartree D 1986 Proc. Camb. Philos. Soc. 24 89

Lie S 1929 Gesammelte Abhandlungen, Vierter Band:
Abhandlungen zur Theorie der Differentialgleichungen
(Leipzig: Teubner)

Bluman G W and Kumei S 1989 Symmetries and Differ-
ential Equations (New York: Springer)

Olver P J 1993 Applications of Lie Groups to Differential
Equations (New York: Springer)

Ovsiannikov L 'V 1982 Group Analysis of Differential
Equations (New York: Academic Press)

Ibragimov N H 1985 Transformation Groups Applied to
Mathematical Physics (Boston: Reidel)

Dong Z Z, Chen Y and Lang Y H 2010 Chin. Phys. B 19
090205

Xie Y L, Jia L Q and Yang X F 2011 Acta Phys. Sin. 60
030201 (in Chinese)

Liu X M and Li Y C 2011 Acta Phys. Sin. 60 070201 (in
Chinese)

[10]
(11]

(12]

(13]

(14]
(15]
[16]

(17]
(18]
(19]
20]
(21]
(22]
23]

[24]
[25]
[26]

27]
28]

020301-10

Galaktionov V A 1990 Diff. Int. Eqns. 3 863

Galaktionov V. A 1994 Nonlinear Anal. Theory, Meth.
Appl. 23 1595

Galaktionov V A, Dorodnytzin V A, Elenin G G, Kur-
djumov S P and Samarskii A A 1988 J. Sov. Math. 41
1222

Wang Y F, Lou S Y and Qian X M 2010 Chin. Phys. B
19 050202

Qian S P and Tian L X 2007 Chin. Phys. 16 303

Ma H C and Lou S Y 2005 Chin. Phys. 14 1495

Yang Z, Ma S H and Fang J P 2011 Acta Phys. Sin. 60
040608 (in Chinese)

Craddock M 1995 J. Diff. Eqns. 116 202

Craddock M 2000 J. Diff. Egns. 166 107

Bluman G W and Cole J D 1969 J. Math. Mech. 18 1025
Goard J 2006 J. Appl. Math. Decis. Sci. 2006 1
Craddock M and Platen E 2004 J. Diff. Eqns. 207 285
Craddock M and Lennox K A 2007 J. Diff. Eqns. 232 652

Craddock M and Lennox K A 2009 Ann. Appl. Prob. 19
127

Craddock M 2009 J. Diff. Eqns. 246 2538

Craddock M and Lennox K A 2010 Quantitative Fi-
nance Research Centre (Sydney: University of Technol-
ogy) No. 274

Calogero F 1991 What Is Integrability? (Berlin: Springer)
p-1

Sophocleous C 2003 Nonlinear Anal. TMA 55 441

Kang J and Qu C Z 2010 Stud. Appl. Math. 124 247



