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In this paper, the improved complex variable moving least-squares (ICVMLS) approximation is presented. The

ICVMLS approximation has an explicit physics meaning. Compared with the complex variable moving least-squares

(CVMLS) approximations presented by Cheng and Ren, the ICVMLS approximation has a great computational precision

and efficiency. Based on the element-free Galerkin (EFG) method and the ICVMLS approximation, the improved

complex variable element-free Galerkin (ICVEFG) method is presented for two-dimensional elasticity problems, and the

corresponding formulae are obtained. Compared with the conventional EFG method, the ICVEFG method has a great

computational accuracy and efficiency. For the purpose of demonstration, three selected numerical examples are solved

using the ICVEFG method.
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1. Introduction

In recent years, meshless methods have been suc-
cessfully developed and used to solve a variety of sci-
ence and engineering problems.[1−7] Some traditional
numerical methods, such as the finite element method
(FEM) and the boundary element method (BEM),
are very successful methods for science and engineer-
ing problems, but they cannot be effectively applied
to some complicated problems, such as extremely
large deformation and crack growth problems.[1,2] The
meshless method, which is based on nodes with a mini-
mum of meshing or no meshing at all, can solve many
engineering problems that are not suited to conven-
tional computational methods. The meshless method
has shown some advantages over traditional numerical
methods.[1,3]

The moving least-squares (MLS) approximation,[8]

which is most widely used, is one of the methods used
to form the shape function in the meshless method.
The shape function that is formed with the MLS ap-
proximation is able to obtain a very accurate solution.
However, the MLS approximation is the approxima-
tion of a scalar function, and thus the meshless method

that is derived from it requires a lot of nodes in the
domain.[9,10]

To overcome the above disadvantage of the
MLS approximation, the complex variable mov-
ing least-squares (CVMLS) approximation has been
developed.[9−15] The CVMLS approximation is the ap-
proximation of a vector function, and with this ap-
proximation, the trial function of a two-dimensional
problem is formed with a one-dimensional basis func-
tion. The number of unknown coefficients in the trial
function of the CVMLS approximation is less than
that in the trial function of the MLS approximation,
and we can thus select fewer nodes in the meshless
method that is formed from the CVMLS approxima-
tion than those required in the meshless method of
the MLS approximation with no loss of accuracy. The
meshless method that is derived from the CVMLS
approximation also has a greater computational ef-
ficiency.

In the CVMLS approximation, the mathematical
and the physical meanings of the functional are not
clear. Then, based on the CVMLS approximation,
a new complex variable moving least-squares approxi-
mation has been developed,[16] in which the functional
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has an explicit physics meaning.
In this paper, the improved complex variable

moving least-squares (ICVMLS) approximation is pre-
sented. The ICVMLS approximation has an ex-
plicit physics meaning. Compared with the com-
plex variable moving least-squares (CVMLS) approxi-
mations presented by Cheng and Ren, the ICVMLS
approximation has a great computational accuracy
and efficiency. Based on the element-free Galerkin
(EFG) method[17,18] and the ICVMLS approximation,
the improved complex variable element-free Galerkin
(ICVEFG) method is presented for two-dimensional
elasticity problems, and the corresponding formu-
lae are obtained. Compared with conventional EFG
methods, the ICVEFG method has a great compu-
tational accuracy and efficiency. For the purposes of
demonstration, three selected numerical examples are
solved using the ICVEFG method.

2. Improved complex variable

moving least-squares approx-

imation

Similar to the CVMLS approximation, the
ICVMLS approximation is also an approximation of
a vector function.

In the ICVMLS approximation, the trial function
is

uh(z) = uh
1 (z) + iuh

2 (z)

=
m∑

i=1

p̄i(z)ai(z) = p̄T(z)a(z),

z = x1 + ix2 ∈ Ω, (1)

where uh(z) is the approximation of function u(z),
p̄T(z) = (p̄1(z), p̄2(z), . . . , p̄m(z)) is the basis func-
tion vector which equals the conjugate of the ba-
sis function vector pT(z) = (p1(z), p2(z), . . . , pm(z)),
aT(z) = (a1(z), a2(z), . . . , am(z)) is the corresponding
coefficient vector, and m is the number of terms in the
basis function.

The local approximation at point z is defined as

uh(z, ẑ) =
m∑

i=1

p̄i(z) · ai(z, ẑ) = p̄T(z) · a(z, ẑ), (2)

where ẑ is the node in the local domain of z.
Define a functional

J =
n∑

I=1

w(z − zI)
∣∣uh(zI , z) − u(zI)

∣∣2

=
n∑

I=1

w(z − zI)
(
uh(zI , z) − u(zI)

)
×

(
uh(zI , z) − u(zI)

)
=

n∑
I=1

w(z − zI)
( m∑

i=1

p̄i(zI) · ai(z, ẑ) − u(zI)
)

×
( m∑

i=1

p̄i(zI) · ai(z, ẑ) − u(zI)
)
, (3)

where w(z − zI) is a weighting function with compact
support, and zI (I = 1, 2, . . . , n) are the nodes with
domains of influence which cover point z.

Define inner product

(f, g)z =
n∑

I=1

w(z − zI)f(zI)ḡ(zI),

∀f, g ∈ C0(Ω̄), (4)

where ḡ(zI) is the conjugate of g(zI), Ω̄ = Ω ∪ ∂Ω,
and C0(Ω̄) is the set of all continuous functions in the
domain Ω̄. And the corresponding norm at z is of
course

‖f‖z = [(f, f)z]
1/2

. (5)

Equation (3) can be written as

J = (P̄ a(z, ẑ) − u(ẑ))TW (z, ẑ)(P̄ a(z, ẑ) − u(ẑ))

=
∥∥p̄T(z) · a(z, ẑ) − u

∥∥2

z
, (6)

u(ẑ) = (u(z1), u(z2), . . . , u(zn))T = Qu, (7)

u =
(
u1(z1), u2(z1), u1(z2), u2(z2), . . . ,

u1(zn), u2(zn)
)T

, (8)

Q =



1 i 0 0 0 0 · · · 0 0

0 0 1 i 0 0 · · · 0 0

0 0 0 0 1 i · · · 0 0
...

...
...

...
...

...
. . .

...
...

0 0 0 0 0 0 · · · 1 i


n×2n

, (9)

P =


p1(z1) p2(z1) · · · pm(z1)

p1(z2) p2(z2) · · · pm(z2)
...

...
. . .

...

p1(zn) p2(zn) · · · pm(zn)


n×m

, (10)

P̄ =


p̄1(z1) p̄2(z1) · · · p̄m(z1)

p̄1(z2) p̄2(z2) · · · p̄m(z2)
...

...
. . .

...

p̄1(zn) p̄2(zn) · · · p̄m(zn)


n×m

, (11)

aT(z, ẑ) = (a1(z, ẑ), a2(z, ẑ), . . . , am(z, ẑ))

= (a1, a2, . . . , am), (12)
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W (z, ẑ) =


w(z − z1) 0 · · · 0

0 w(z − z2) · · · 0
...

...
. . .

...

0 0 · · · w(z − zn)


n×n

.

(13)

Equation (3) can also be written as

J = ‖a1p̄1 + a2p̄2 + · · · + amp̄m − u‖2
z , (14)

where p̄i = p̄i(z), i = 1, 2, . . . ,m.

Then let u(1) be the projection of u in the span
(p̄1, p̄2, . . . , p̄m), obviously

J (1) =
∥∥∥u(1) − u

∥∥∥2

z
(15)

is the minimum of the functional J .

The function u could be written as

u = u(1) + u(2), (16)

where u(2)⊥ span (p̄1, p̄2, . . . , p̄m).

Obviously,(
p̄i, u

(2)
)
z

= 0, (i = 1, 2, . . . ,m), (17)

then, we have

(p̄i, u)z = (p̄i, u
(1))z + (p̄i, u

(2))z

= (p̄i, u
(1))z, (i = 1, 2, . . . ,m). (18)

Equation (18) can be written as

(p̄i, u)z = (p̄i, u
(1))z

= (p̄i, a1p̄1 + a2p̄2 + · · · + amp̄m)z, (19)

then, we have
(p̄1, p̄1)z (p̄1, p̄2)z · · · (p̄1, p̄m)z

(p̄2, p̄1)z (p̄2, p̄2)z · · · (p̄2, p̄m)z

...
...

. . .
...

(p̄m, p̄1)z (p̄m, p̄2)z · · · (p̄m, p̄m)
z




ā1(z, ẑ)

ā2(z, ẑ)
...

ām(z, ẑ)



=


(p̄1, u)z

(p̄2, u)z

...

(p̄m, u)z

 . (20)

Equation (20) can be written as

(P̄ TW (z, ẑ)P )ā(z, ẑ) = P̄ TW (z, ẑ)ū(ẑ), (21)

and the conjugate of Eq. (21) can be written as

(P TW (z, ẑ)P̄ )a(z, ẑ) = P TW (z, ẑ)u(ẑ), (22)

then we have

a(z, ẑ) = A−1(z, ẑ)B(z, ẑ)u(ẑ), (23)

where
A(z, ẑ) = P TW (z, ẑ)P̄ , (24)

B(z, ẑ) = P TW (z, ẑ). (25)

The expression of the local approximation uh(z, ẑ)
is

uh(z, ẑ) = Φ(z)u(ẑ) =
n∑

I=1

ΦI(z)u(zI), (26)

where Φ(z) is called the shape function and

Φ(z) = (Φ1(z), Φ2(z), . . . , Φn(z))

= p̄T(z)A−1(z, ẑ)B(z, ẑ). (27)

From Eq. (26) we have

uh
1 (z) = Re

[
Φ(z)u(ẑ)

]
= Re

[ n∑
I=1

ΦI(z)u(zI)
]
, (28)

uh
2 (z) = Im

[
Φ(z)u(ẑ)

]
= Im

[ n∑
I=1

ΦI(z)u(zI)
]
. (29)

This is the ICVMLS approximation.
The ICVMLS approximation presented in this pa-

per has all advantages of the CVMLS approxima-
tion. In the ICVMLS approximation, the trial func-
tion of a two-dimensional problem is formed with a
one-dimensional basis function. Then the number
of unknown coefficients in the trial function of the
ICVMLS approximation is less than that in the trial
function of the MLS approximation. In the MLS ap-
proximation, the linear basis is pT = (1, x1, x2), and
three unknown coefficients are included in the trial
function (1), whereas in the ICVMLS approximation,
the linear basis is p̄T = (1, z̄), and two unknown
coefficients are included in the trial function (1).
In the MLS approximation, the quadratic basis is
pT = (1, x1, x2, x

2
1, x1x2, x

2
2), and six unknown coef-

ficients are included in the trial function (1), whereas
in the ICVMLS approximation, the quadratic basis is
p̄T = (1, z̄, z̄2), and three unknown coefficients are in-
cluded in the trial function (1). For an arbitrary point
in the domain, we need fewer nodes with domains of
influence which cover the point, and thus we also re-
quire fewer nodes in the whole domain.

Compared with the case in the CVMLS approxi-
mation, the functional J in the ICVMLS approxima-
tion has an explicit physics meaning.

Compared with the case in another CVMLS ap-
proximation presented in Ref. [16], in the ICVMLS
approximation, the conjugate of the polynomial basis
function is used to obtain high computational accu-
racy and efficiency. Thus the meshless method that
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is derived from the ICVMLS approximation will also
have higher computational accuracy and efficiency.

We will give an example to show the advantages
of the ICVMLS approximation. Let

u1(x1, x2) =
(
1 − x1

2

)
x1x2 +

1
2
x3

2 − x2,

u2(x1, x2) = −1
2

[
(1 − x1)x2

2 +
(
1 − x1

3

)
x2

1

]
− x1.

And 441 nodes (x1i, x2j), where

x1i = 0.1 × i − 0.1,

x2j = 0.1 × j − 0.1, (i, j = 1, 2, . . . , 21),

are selected. Then we calculate twenty thousand and
one approximate values of the functions and their
derivatives for points (pi, qi) (i = 1, 2, . . . , 20001),
where pi = 0.45, qi = 0.0001 × i−0.0001. We find
the CPU time that the ICVMLS approximation takes
is 41.0519 s, and the one that the CVMLS approxima-
tion presented in Ref. [16] took was 42.6279 s. The ap-
proximate values of u1 and u2 of the ICVMLS approx-
imation and the CVMLS approximation presented in
Ref. [16] are shown in Fig. 1 and Fig. 2 respectively,
and we find the function approximation values of the
ICVMLS approximation and the CVMLS approxima-
tion are both close to the analytical values. However,
the approximate value of the derivative u1,1 of the
ICVMLS approximation has less error than that of
the CVMLS approximation (see Fig. 3), and the ap-
proximate value of the derivative u2,2, especially near
the boundary, of the ICVMLS approximation also has
less error than that by the CVMLS approximation (see
Fig. 4 and Table 1). Thus the ICVMLS approxima-
tion has a greater accuracy and computational effi-
ciency than the CVMLS approximation presented in
Ref. [16].

Table 1. Approximate values of function u2,2 near

the boundary.

Node coordinate Analytical ICVMLS CVMLS

(0.45, 1.9991) −1.0995 −1.07865 −0.107872

(0.45, 1.9992) −1.09956 −1.07869 −0.10669

(0.45, 1.9993) −1.09962 −1.07872 −0.105507

(0.45, 1.9994) −1.09967 −1.07876 −0.104323

(0.45, 1.9995) −1.09973 −1.0788 −0.103138

(0.45, 1.9996) −1.09978 −1.07883 −0.101952

(0.45, 1.9997) −1.09984 −1.07887 −0.100765

(0.45, 1.9998) −1.09989 −1.0789 −0.0995769

(0.45, 1.9999) −1.09994 −1.07894 −0.104323

(0.45, 2.0000) −1.1 −1.07898 −0.103138
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Fig. 1. Function u1 at x1 = 0.45.
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Fig. 2. Function u2 at x1 = 0.45.
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Fig. 3. Function u1,1 at x1 = 0.45.
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Fig. 4. Function u2,2 at x1 = 0.45.
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3. Improved complex variable

element-free Galerkin method

for two-dimensional elasticity

problems

According to the ICVMLS approximation and the
EFG method, we propose an improved complex vari-
able element-free Galerkin (ICVEFG) method for two-
dimensional elasticity problems as follows.

From the approximation function (26), the dis-
placement at an arbitrary point z = x1 + ix2 in the

domain can be expressed as

u(z) = u1(z) + iu2(z) = Φ(z)u(ẑ)

=
n∑

I=1

ΦI(z)u(zI), (30)

i.e.,

u1(z) = Re[Φ(z)u(ẑ)] = Re
[ n∑

I=1

ΦI(z)u(zI)
]
, (31)

u2(z) = Im[Φ(z)u(ẑ)] = Im
[ n∑

I=1

ΦI(z)u(zI)
]
. (32)

The strain tensor ε(z) is

ε(z) =



(
Re

[ n∑
I=1

ΦI(z)u(zI)
])

,1(
Im

[ n∑
I=1

ΦI(z)u(zI)
])

,2(
Re

[ n∑
I=1

ΦI(z)u(zI)
])

,2 +
(
Im

[ n∑
I=1

ΦI(z)u(zI)
])

,1

 , (33)

i.e.,

ε(z) =


Re

[ n∑
I=1

ΦI,1(z)u(zI)
]

Im
[ n∑

I=1

ΦI,2(z)u(zI)
]

Re
[ n∑

I=1

ΦI,2(z)u(zI)
]

+ Im
[ n∑

I=1

ΦI,1(z)u(zI)
]

 . (34)

The strain tensor ε(z) can then be expressed as

ε(z) = Lu(z), (35)

where

L(·) =


(Re[·]),1

(Im[·]),2

(Re[·]),2 + (Im[·]),1

 . (36)

From Eqs. (7) and (26) we have

ε(z) = L(Φ(z)u(ẑ)) = L(Φ(z)Qu) = B(z) · u, (37)

where
B(z) = (B1(z),B2(z), . . . , Bn(z)), (38)

Bi(z) =


Re[Φi,1(z)] −Im[Φi,1(z)]

Im[Φi,2(z)] Re[Φi,2(z)]

Re[Φi,2(x)] + Im[Φi,1(z)] −Im[Φi,2(z)] + Re[Φi,1(z)]

 . (39)

The stress tensor σ(z) can then be expressed as

σ(z) = D · ε(z) = D · B(z) · u, (40)

where

D =
E

1 − ν2


1 ν 0

ν 1 0

0 0 (1 − ν)/2

 (41)
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for a plain stress problem, and

D =
E

(1 + ν)(1 − 2ν)


1 − ν ν 0

ν 1 − ν 0

0 0 (1 − 2ν)/2


(42)

for a plain strain problem, E is the Young’s modulus,
and ν is the Poisson’s ratio.

Consider the following two-dimensional problem
on the domain Ω bounded by Γ :

∇ · σ + b = 0, in Ω, (43)

where b is the body force vector.
The corresponding boundary conditions are

u = u0, on Γu, (44)

t = σ · n = t0, on Γσ, (45)

where t is the traction vector, u0 and t0 are the pre-
scribed displacement and traction vectors on the dis-
placement boundary Γu and on the traction boundary
Γσ, respectively, and n is the unit vector outward nor-
mal to the boundary Γ .

The Galerkin weak form of Eqs. (43)–(45) is∫
Ω

σTδεdΩ −
∫

Ω

bTδudΩ −
∫

Γσ

tTδudΓ − δWu = 0,

(46)
where δ is the variational operator, and δWu repre-
sents a term that is introduced to enforce the essen-
tial boundary conditions. The explicit form of δWu

depends on the method by which the essential bound-
ary conditions are applied, and the different discrete
equations of Eq. (46) will be obtained as follows.

When the essential boundary conditions are ap-
plied with a penalty method, δWu is defined as

δWu = α

∫
Γu

δuT(u − u0)dΓ , (47)

where α is the penalty factor which is a function of
coordinates. To impose the boundary conditions com-
pletely, the penalty factor must be infinite, which is
not possible in practical numerical analysis. In gen-
eral, the use of a large positive number of the penalty
factor will enforce the boundary conditions. In this
paper, when

α = 1.0 × 102∼5E, (48)

the solution will have a good accuracy.
Substituting Eqs. (30), (37), (40), and (47) into

Eq. (46) yields

(K + G)u = F + q, (49)

where

K =
∫

Ω

BTDBdΩ, (50)

F =
∫

Ω

Φ̃TbdΩ +
∫

Γσ

Φ̃Tt0dΓ , (51)

G = α

∫
Γu

Φ̃TSΦ̃dΓ , (52)

q = α

∫
Γu

Φ̃TSu0dΓ , (53)

and

Φ̃(z) = (Φ̃I(z), Φ̃I(z), . . . , Φ̃n(z)), (54)

Φ̃I(z) =

 Re [ΦI(z)] −Im [ΦI(z)]

Im [ΦI(z)] Re [ΦI(z)]

 , (55)

S =

 s1 0

0 s2

 , (56)

si =


1, if ui is the prescribed displacement on Γu

i = 1, 2;

0, if ui is not the prescribed displacement on

Γu i = 1, 2.
(57)

Then the improved complex variable element-free
Galerkin (ICVEFG) method is presented.

4. Numerical examples

Three examples solved with the ICVEFG method
are presented in this section. The node distribution
for each example is regular. And the linear basis func-
tion and the cubic spline weight function are used.

The first example is for the Timoshenko beam
subjected to traction at the free end as shown in Fig. 5.
The beam has a length of L, height D, and its width
is unit width, then the beam is assumed to be in a
state of plane stress. The analytical displacements for
this problem are given as[19]

u1 = − px2

6EI

[
(6L − 3x1)x1

+ (2 + ν)
[
x2

2 −
D2

4
]]

, (58)

u2 =
p

6EI

[
3ν(L − x1)x2

2

+ (4 + 5ν)
D2x1

4
+ (3L − x1)x2

1

]
, (59)

where the moment of inertia I of the beam is given by

I =
D3

12
. (60)
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The corresponding stresses are

σ11 = −p(L − x1)x2

I
, (61)

σ22 = 0, (62)

σ12 =
p

2I

[D2

4
− x2

2

]
. (63)

The problem is solved for the plane stress case with
E = 3.0 × 107 Pa, v = 0.4, L = 48 m, D = 12 m, and
p = 1000 N.

The node distribution in the domain is shown in
Fig. 6, and 11 × 5 nodes are selected. And the essen-
tial boundary conditions are applied with the penalty
method and the penalty factor α = 1.0 × 102E.

L

D

p

x

x

Fig. 5. A cantilever beam.

 

Fig. 6. Node distribution of the cantilever beam.
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Fig. 7. Displacement u2 at x2 = 0.
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 P

a

Fig. 8. Stress σ11 at x1 = L/2.

The numerical results of the ICVEFG method are
presented in Figs. 7 and 8. And it is evident that the
present results are in excellent agreement with the an-
alytical solution.

For the purpose of error estimation and conver-
gence study, the relative error is defined as

r =
∑

i

∣∣∣∣unum
i − uexact

i

uexact
i

∣∣∣∣2. (64)

For this example, the errors of the displacement un-
der different node distributions are shown in Fig. 9.
And the errors of the stress under different node dis-
tributions are shown in Fig. 10. The present results
show that the more nodes there are, the greater the
accuracy will be.

5T2 10T4 15T6 20T8

0.0

0.1

0.2

0.3

0.4

0.5

E
r
r
o
r

Node distribution

Fig. 9. Error of displacement u2 at x2 = 0.

5T2 10T4 15T6 20T8
0.00

0.02

0.04

0.06

0.08

0.10

E
r
r
o
r

Node distribution

Fig. 10. Error of stress σ11 at x1 = L/2.

q q

10 m

10 m

2 m

Fig. 11. A rectangular plate with a hole under a dis-

tributed load.
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The second example to be considered is a perfo-
rated plate under a distributed load (see Fig. 11). The
load is p = 1000 Pa. The other parameters that are
used in our analysis are Poisson’s ratio ν = 0.25 and
Young’s modulus E = 2.0 × 108 Pa.

The analytical displacements of this perforated
rectangular plate are[19]

ur =
p

4G

{
r
[ (κ − 1)

2
+ cos 2θ

]
+

a2

r
[1 + (1 + κ)cos 2θ] − a4

r3
cos 2θ

}
, (65)

uθ =
p

4G
sin 2θ

[
(1 − κ)

a2

r
− r − a4

r3

]
, (66)

where a is the radius of the central hole, G is the shear
module, and κ is the Kolosov constant. And the cor-
responding analytical stresses are

σr =
p

2

(
1 − a2

r2

)
+

p

2
cos 2θ

(
1 − a2

r2

)(
1 − 3

a2

r2

)
, (67)

σθ =
p

2

(
1 +

a2

r2

)
− p

2
cos 2θ

(
1 + 3

a4

r4

)
, (68)

τrθ = τθr = −p

2
sin 2θ

(
1 − a2

r2

)(
1 + 3

a2

r2

)
. (69)

O x

 x

q

Fig. 12. A quarter of the rectangular plate and the

boundary conditions.

Fig. 13. Nodes in the domain of the rectangular plate

with a hole.

By taking advantage of the symmetry of the model,
only a quarter of the model needs to be considered
in the analysis (see Fig. 12). Figure 13 shows the
distribution of the nodes in the domain for this prob-
lem. The essential boundary conditions are applied
with the penalty method, and the penalty factor α =
1.0 × 105E.

The numerical results of the ICVEFG method and
the CVEFG method are presented in Fig. 14, Fig. 15,
and Fig. 16. And it is evident that the numerical
results of displacement of the ICVEFG method and
the CVEFG method are both close to the analytical
solution. However the numerical results of stress of
the ICVEFG method are in greater agreement with
the analytical solution than the ones obtained of the
CVEFG method.

1 2 3 4 5
0.14

0.18

0.22

0.26

r/m

analytical
CVEFG 
ICVEFG

u
r
/



↩

 m

Fig. 14. Displacement ur at θ = 0.
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Fig. 15. Displacement ur at θ = π/2.
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Fig. 16. Stress σr at θ = 0.
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The third example to be considered is a circular
ring under a distributed inner pressure as shown in
Fig. 17. The distributed inner pressure p = 1.0× 105,
Poisson’s ratio ν = 0.25, and the shear module E =
105. The inner and the outer radii of the circular ring
are b = 5 and a = 1 respectively.

For the plane stress case, the analytical displace-
ments of the circular ring problem are[19]

ur =
a2pr

E(b2 − a2)

[
1 − ν +

b2

r2
(1 + ν)

]
, (70)

uθ = 0. (71)

ba

Fig. 17. A circular ring under a distributed inner pressure.

 

 
O x

x

Fig. 18. Numerical model of the circular ring.

 

Fig. 19. Nodes in the domain of the numerical model of

the circular ring.

And the corresponding stresses are

σr =
a2p

(b2 − a2)

[
1 − b2

r2

]
, (72)

σθ =
a2p

(b2 − a2)

[
1 +

b2

r2

]
. (73)

By taking advantage of the symmetry of the model,
only a quarter of the model needs to be considered
in the analysis (see Fig. 18). Figure 19 shows the
distribution of the nodes in the domain for this prob-
lem. The essential boundary conditions are applied
with the penalty method, and the penalty factor α =
1.0 × 102E.

The numerical results of the ICVEFG method are
presented in Figs. 20, 21, and 22. We again verify
these numerical results with the available analytical
solution. As expected, it is obvious that the numeri-
cal results of the displacement of the ICVEFG method
and the CVEFG method are both close to the analyti-
cal solution. However the numerical results of stress of
the ICVEFG method are in much greater agreement
with the analytical solution than the ones obtained of
the CVEFG method.

The errors of stress varying with node distribu-
tion of the ICVEFG method and the CVEFG method
are shown in Fig. 23 and Fig. 24. The present results
also show that the more nodes there are, the greater
the accuracy will be. It is shown that, under the same
node distribution, the numerical error of the ICVEFG
method is much less than that of the CVEFG method;
and under the same accuracy, the ICVEFG method
needs fewer nodes than the CVEFG method. The er-
ror for 8× 8 node distribution of the ICVEFG is able
to approach the error for 12× 12 node distribution of
the CVEFG method as shown in Figs. 23 and 24. The
CPU time that the ICVEFG method took for 8 × 8
node distribution is 6.1 s, and the CPU time that the
CVEFG method took for 12 × 12 node distribution
is 34.9 s. Then the ICVEFG method has a greater
computational accuracy and efficiency.

1 2 3 4 5
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6

8

10

12

14

u
r
/
1
0

-
4
 m

r/m 

analytical
CVEFG 
ICVEFG

Fig. 20. Displacement ur at θ = 0.
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Fig.21. Stress σr at θ = 0. Fig.22. Stress σθ at θ = 0.
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Fig.23. Error of stress σr at θ = 0. Fig.24. Error of stress σθ at θ = 0.

5. Conclusions

In this paper, the ICVMLS approximation is pre-
sented. The ICVMLS approximation has all the ad-
vantages of the CVMLS approximation. Compared
with the CVMLS approximations presented by Cheng,
the functional in the ICVMLS approximation has an
explicit physics meaning. Compared with the CVMLS
approximations presented by Ren, the ICVMLS ap-
proximation has a greater computational accuracy and
efficiency.

Based on the EFG method and the ICVMLS ap-
proximation, the ICVEFG method is presented for
two-dimensional elasticity problems. Under the same
node distribution, the numerical error of the ICVEFG
method is much less than that of the CVEFG method.
And under the same accuracy, the ICVEFG method
needs fewer nodes than the CVEFG method. Thus
the ICVEFG method has a greater computational ac-
curacy and efficiency.
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