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Starting from a weak Lax pair, the general Lie point symmetry group of the Konopelchenko-Dubrovsky equation

is obtained by using the general direct method. And the corresponding Lie algebra structure is proved to be a Kac—

Moody—Virasoro type. Furthermore, a new multi-soliton solution for the Konopelchenko—Dubrovsky equation is also

given from this symmetry group and a known solution.
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1. Introduction

The study of symmetries plays an important role
in various branches of some natural sciences espe-
cially in integrable systems.!!~4 For a partial differ-
ential equation (PDE), if we find its symmetry, we
can obtain the exact solution, corresponding conser-
vation law and Hamiltonian structure. Therefore, to
find some symmetry groups for a PDE is always an
interesting topic.[>~% There is a standard method de-
pending on the famous first fundamental theorem of
Liel"? to find the Lie point symmetry group of some
Although this standard method
had been widely used to find Lie point symmetry al-

nonlinear systems.

gebras and groups for almost all known integrable sys-
tems, it is still quite complicated and difficult to find
non-Lie point symmetry groups. Fortunately, Lou and
Mal'9=13] had proposed a general direct method. By
the general direct method, both the Lie point sym-
metry groups and the non-Lie symmetry ones can be
obtained for some nonlinear PDEs. Moreover, the ex-
pressions of the exact finite transformations of the Lie
groups are much simpler than those obtained via the
standard approaches.

Note that there are lots of studies on the sym-

metries of integrable systems using the general di-
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rect method, while there is little application of this
method on Lax pairs. In fact, the Lax pair of inte-
grable models has been proved to be very important
in the study of its various interesting properties. In
particular, it is useful to obtain infinite numbers of

(14.15] Based on Lax pair, Loul'® devel-

symmetries.
oped a simple method to find directly a finite symme-
try transformation group.

In this paper, starting from a weak Lax pair of the
Konopelchenko-Dubrovsky (KD) equation, the gen-
eral Lie point symmetry group of the KD equation is

obtained.

2. Symmetry transformation

group and exact solution of the

KD equation

The KD system, presented by Konopelchenko and
Dubrovsky['” in 1984, has the form

3
Ut — Ugpe — ODUUL + §a2u2um — 3vy + 3auzv =0,

Uy — Vg = Oa (1)
where

u = u(z,y,t),
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v =v(z,y,t),

the subscripts denote partial differential derivatives,
and a and b are real parameters. Equation (1) is a
nonlinear integrable evolution equation on two spatial
dimensions and one temporal. It is just the compati-

bility conditions of the following system

wy + Yz + (au + ib) L/)Jt =0, (2)

a
3, b2
+ ( 3av — =a“u® 4+ 6bu — 12— — 3au, | Y, = 0.
2 a?
(3)
That is to say, equations (2) and (3) are a Lax pair
of system (1).

the Gardner equation (combined KdV and modified
KdV equations). For a = 0, equation (1) is the well-

For u, = 0, equation (1) becomes

known Kadomtsev—Petviashvili (KP) equation. When
b = 0, equation (1) is the modified KP equation.
The KD equation is solved by the inverse scattering
transformation,*® and some soliton wave solutions
and soliton-like solutions are given.['9=22] In Ref. [23],
Li et al. calculated the generalized symmetries by the
formal series method presented by Lou.[?*=26] Using
the standard truncated Painlevé analysis, Lin et al.[>"]
obtained some new types of multi-soliton solutions of
the KD equation.

In order to obtain the finite symmetry transfor-

mation group of the KD equation, we let

Y= ﬁG(gan’T)v (4)

where 3, £, n, 7 are functions of z, y, and ¢, and G

satisfies the following equations

G(&n,7)n
= ~Glen7)ec - [a €. + 2] Glen e,
)
AG(§,m, 7)eee

= (30‘V(§7n7 T) - ga2U(f77]7 7)2
— 60U (&,n,7) — 12E

a2
- 30’U(§7 m, T)ﬁ)G(év m, T)f + G(§7 m, T).,—
~o(wenn-2)eenne  ©

Substituting Eq. (4) and Egs. (5), (6) into Eq. (2), we
obtain
—198n2U%a°Gee + 86720°G-
+ 867,a°G + -+ - = 0. (7)

Obviously, 8 should not be zero and there exists no

nontrivial solution for 7, = 0, 7, = 0, and 1, = 0, so

Ty = 07 Ty = O, nz = 0 i.e.

T=7(t), n=nyt). (8)

Thus we have

8a*(afBy + 2bB3: + a*uBy + aBes)G

+8a® B, (6 —ny)Gee + - =0, (9)

(—24a°uf,, — 48b%B,a> + 120503, + 48a b3,

— 6a"u?B, — 12a%u, B, + 24ua® B, + 4a° B,

— 160°Br00) G + 4a”B(7y — &) Gege + -+ = 0.
(10)

It is easy to see that

B=c¢, E=7"c+ f(y1),

n=1""y+g(t). (11)

Now the substitution of Eq. (11) with Eq. (8) into
Egs. (9) and (10) leads to

—8a* (a2Tt2/3U — 2th1/3 —afy + 27}2/3b
- GQUTtI/S) Ge =0, (12)

4a* (—12Ttb +12672% + 602U

2 _
- <3yTttTt 1/3 + gt) a— 6a2u73/3> Gee

+ 243 (—6a37'tV — 6a3u$7't1/3
— 4a(2y7’tt7{1/3 +g¢)b

1 _
+ 24> (31’7%7} /3 + ft)

— 2a3(2yTttTt_1/3 +9)U

+ 3a*rU? — 3a4u27't1/3 + 12a% 10U

+ 12azbu7t1/3 + 6a3v7't1/3 — 24[)27't1/3

+ 6a’r,U + 247'tb2) Ge =0. (13)

By vanishing the coeflicients of the polynomials of G
and its derivatives, we obtain the determining equa-
tions. With the help of Maple software, an infinite-

dimensional symmetry algebra, depending on three
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arbitrary functions of the variable ¢, is derived. The b b oy 2752(1 203
t t )
result in detail is given below. 3 a’
Theorem 1 If (U = U(z,y,t) and V. = 4y
V(z,y,t)) is a solution to the KD equation, then (u,v)
. 1 _ 1 —1/:
is given by &= Ttl/sx + EszttTt 2/3 + EygtTt Y3 + h(t),
/3, 2b 1/3

w=UE 0 D+ 50 -7 n=7""y+g(t), T=r(t) (14)

Y -1 9t 208

— =TT — ; : :
9a "t 6a ! where 7(t), g(t), h(t) are all arbitrary functions of ¢.

2
v = 73/3‘/(5’ n, )+ (;Z;Tt—z _ ;'Z;Tt—1> Y Writing down a special selection of the arbitrary

gt —5/3 G —2/3 2b —2/3
+ (27 ! T 18t / T gg2 Tt />y

functions (7, h, g) in the forms

T=t4ef(t), h=ek(t), g=-d(t),

1
+ (thtyTt 278 + 69 tTy 1/3> U(fa 7, T)
then we can re-obtain the Lie point symmetry algebra

- %Tttht - %0 t Tt with the general symmetry elements

o = o1(f) + o2(1) + o3(k)

1 2b
(3ft33+ yfttt)'uw"" 5 fryuy + fur + ftu— aftty_

ﬁft

1 1 1 4b
<3ftl‘ + 1_Y fttt) Vg + gft(yvy +v) + fo — %fttty - ﬁft +p(z,y,1)

1 1
gltyum + luy — 6—1,5 ku,
+ @+ 1, (15)
1ltyv + lv, — ilt kv — 37]%
67" Y 6a a
‘ n
where xS [(sinh(H;)K; + cosh(Hy) ki) exp(E)],
1 1 2b i=1
t) = - —
p(z,y,t) (gyu 9a > et (16)
. 2
The related Kac-Moody—Virasoro type symmetry al- v
gebra is as follows: b(L+ 35—y (cosh(H;) exp(E)))
— bk;) h E;
01(F). 01 (f)] = o1 (fufor — Fofur). . Z { @ = bhki) K sinb(Hy) exp( )
(D) ald] = (1= 311 . (Kz e baki) cosh(E) exp(59)].
[o1(f),03(k)] = 03 <3kft_fkt) ) (17)
1 where
[o2(11), 02(12)] = 603(l1l2t — lalyy), 5
[02(1), o5 (k)] = 0, H, = K;x + g(a — bk Ky
[ (k1), 03 (k)] = 0. + 4? (302 — Gabk; + 302K + B K2)t + ai,
i 2
].3y r.neans of .Theorem 1, starting f-rom a known B = ki + (aki K2 klg) y
multi-soliton solution, a new exact solution of the KD b

equation can be obtained. In Ref. [22], a new kind of 42(3b2k K2 — 3ab(K? + k?)
b

multi-soliton solution is given: 9.3
+ 3a%k; + b2 k3)t + by,

2

w= b(1+ 1, (cosh(H;) exp(E;))) and k;, K;, a;, b; are arbitrary constants.
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Applying Theorem 1 to the solution, Egs. (16)
and (17), the group-invariant solution is

27}1/ 3

b(1 + 325, (cosh(H;) exp(E;)))

X Z[(sinh(Hi)Ki + cosh(H;)k;) exp(E;))

2b 1/3

+ 50— L g2 (1)

) — thtTf_ — Ty )
9a ’ 6a

27‘,52/3

b(1 + >7i, (cosh(H;) exp(E;)))

n 2 .
% Z {b(a — bk;)K; sinh(H;) exp(FE;)
i=1

+ (Kf + k7 — i“’f) cosh(H;) exp(Ei)]

4Ttty7[2/3 + 6gtT;1/3

* 18b(1 + Y1, (cosh(H;) exp(E;)))

X Z[(sinh(Hi)Ki + cosh(H;)k;) exp(E;)]

gt —5/3 9 —2/3 2b —2/3
* (zmwt T84t o2 )Y

2
T — Tt — 1 —
+ (&ZLTt 2 %Tt 1) y2 — @Tttx’rt 1
9 —4/3 b ~1/3
%gt Tt - ﬁgtTt

+ ?(1 -7, (19)

1
— —hyr, 13 4

2
Hi = K&+ - (a — bki) Kin

AK;
+ (3a% — 6abk; + 3V’ K7 4+ b*K2)7 + aj,
2
b

El—kl€+< aki—Kf—k?)n

4
+ b—2(3b2kiK12 — 3ab(K? + k?)
+ 3a?k; + V2k3)T + by,

and &, n, 7 are determined by Eq. (14), k;, K, a;, b;
are arbitrary constants. By selecting the arbitrary
functions h(t), g(t), introduced by the transforma-
tion group, one can obtain complicated and abundant
structures of the KD equation. And when we take
T(t) =t, g(t) = 0, h(t) = 0, then the solutions, equa-
tions (18) and (19), are reduced to Eqs. (16) and (17)
(the result shown in Ref. [22]), respectively.

Figure 1 shows the structure of a four-soliton so-
lution of the field w at t = 0 for Eq. (18) with k1 = 1/2,
ko =1, K =3/2, Ky =—1/2,a=—-1,b=1, s, =0,

$9=0,711=0,179=8 &= +sin(t),n=y, T =t

s

Fig. 1. Four-soliton solution for the field u at ¢ = 0 in
Eq. (18) with k1 = 1/2, ko = 1, K1 = 3/2, K2 = —1/2,
a=-1,b=1 8 =0, s2 =0, 711 =0, 19 = 8,
E=z+sin(t),n=y,and 7 =t

3. Summary and discussion

In summary, starting from the Lax pair expression
of the KD equation, the finite symmetry transforma-
tion group theorem is obtained in a very simple way.
According to Theorem 1, the related Lie point symme-
tries which have a Kac—-Moody—Virasoro structure can
be obtained simply by restricting the arbitrary func-
tions in infinitesimal forms. It is necessary to point
out that we can obtain all group-invariant solutions
from known solutions by Theorem 1. This method is
valid for other types of known (2+41)-dimensional in-
tegrable models such as the Kadomtsev—Petviashvili
equation and the Davey—Stewartson system, Broer—
Kaup equation, and even (3+41)-dimensional Jimbo—

Miwa equation.
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