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Starting from a weak Lax pair, the general Lie point symmetry group of the Konopelchenko–Dubrovsky equation

is obtained by using the general direct method. And the corresponding Lie algebra structure is proved to be a Kac–

Moody–Virasoro type. Furthermore, a new multi-soliton solution for the Konopelchenko–Dubrovsky equation is also

given from this symmetry group and a known solution.
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1. Introduction

The study of symmetries plays an important role
in various branches of some natural sciences espe-
cially in integrable systems.[1−4] For a partial differ-
ential equation (PDE), if we find its symmetry, we
can obtain the exact solution, corresponding conser-
vation law and Hamiltonian structure. Therefore, to
find some symmetry groups for a PDE is always an
interesting topic.[5−9] There is a standard method de-
pending on the famous first fundamental theorem of
Lie[1,2] to find the Lie point symmetry group of some
nonlinear systems. Although this standard method
had been widely used to find Lie point symmetry al-
gebras and groups for almost all known integrable sys-
tems, it is still quite complicated and difficult to find
non-Lie point symmetry groups. Fortunately, Lou and
Ma[10−13] had proposed a general direct method. By
the general direct method, both the Lie point sym-
metry groups and the non-Lie symmetry ones can be
obtained for some nonlinear PDEs. Moreover, the ex-
pressions of the exact finite transformations of the Lie
groups are much simpler than those obtained via the
standard approaches.

Note that there are lots of studies on the sym-
metries of integrable systems using the general di-

rect method, while there is little application of this
method on Lax pairs. In fact, the Lax pair of inte-
grable models has been proved to be very important
in the study of its various interesting properties. In
particular, it is useful to obtain infinite numbers of
symmetries.[14,15] Based on Lax pair, Lou[16] devel-
oped a simple method to find directly a finite symme-
try transformation group.

In this paper, starting from a weak Lax pair of the
Konopelchenko–Dubrovsky (KD) equation, the gen-
eral Lie point symmetry group of the KD equation is
obtained.

2. Symmetry transformation

group and exact solution of the

KD equation

The KD system, presented by Konopelchenko and
Dubrovsky[17] in 1984, has the form

ut − uxxx − 6buux +
3
2
a2u2ux − 3vy + 3auxv = 0,

uy − vx = 0, (1)

where

u = u(x, y, t),
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v = v(x, y, t),

the subscripts denote partial differential derivatives,
and a and b are real parameters. Equation (1) is a
nonlinear integrable evolution equation on two spatial
dimensions and one temporal. It is just the compati-
bility conditions of the following system

ψy + ψxx +
(

au +
2b

a

)
ψx = 0, (2)

ψt − 4ψxxx − 6
(

au − 2b

a

)
ψxx

+
(

3av − 3
2
a2u2 + 6bu − 12

b2

a2
− 3aux

)
ψx = 0.

(3)

That is to say, equations (2) and (3) are a Lax pair
of system (1). For uy = 0, equation (1) becomes
the Gardner equation (combined KdV and modified
KdV equations). For a = 0, equation (1) is the well-
known Kadomtsev–Petviashvili (KP) equation. When
b = 0, equation (1) is the modified KP equation.
The KD equation is solved by the inverse scattering
transformation,[18] and some soliton wave solutions
and soliton-like solutions are given.[19−22] In Ref. [23],
Li et al. calculated the generalized symmetries by the
formal series method presented by Lou.[24−26] Using
the standard truncated Painlevé analysis, Lin et al.[27]

obtained some new types of multi-soliton solutions of
the KD equation.

In order to obtain the finite symmetry transfor-
mation group of the KD equation, we let

ψ = βG(ξ, η, τ), (4)

where β, ξ, η, τ are functions of x, y, and t, and G

satisfies the following equations

G(ξ, η, τ)η

= −G(ξ, η, τ)ξξ −
[
aU(ξ, η, τ) +

2b

a

]
G(ξ, η, τ)ξ,

(5)

4G(ξ, η, τ)ξξξ

= (3aV (ξ, η, τ) − 3
2
a2U(ξ, η, τ)2

− 6bU(ξ, η, τ) − 12
b2

a2

− 3aU(ξ, η, τ)ξ)G(ξ, η, τ)ξ + G(ξ, η, τ)τ

− 6
(

aU(ξ, η, τ) − 2b

a

)
G(ξ, η, τ)ξξ. (6)

Substituting Eq. (4) and Eqs. (5), (6) into Eq. (2), we
obtain

−19βη2
xU2a5Gξξ + 8βτ2

xa3Gττ

+ 8βτya3Gτ + · · · = 0. (7)

Obviously, β should not be zero and there exists no
nontrivial solution for τx = 0, τy = 0, and ηx = 0, so

τx = 0, τy = 0, ηx = 0 i.e.

τ ≡ τ(t), η ≡ η(y, t). (8)

Thus we have

8a2(aβy + 2bβx + a2uβx + aβxx)G

+ 8a3βx(ξ2
x − ηy)Gξξ + · · · = 0, (9)

(−24a6uβxx − 48b2βxa3 + 12a6vβx + 48a4bβxx

− 6a7u2βx − 12a6uxβx + 24ua5βx + 4a5βt

− 16a5βxxx)G + 4a5β(τt − ξ3
x)Gξξξ + · · · = 0.

(10)

It is easy to see that

β = c, ξ = τ
1/3
t x + f(y, t),

η = τ
2/3
t y + g(t). (11)

Now the substitution of Eq. (11) with Eq. (8) into
Eqs. (9) and (10) leads to

−8a2
(
a2τ

2/3
t U − 2bτ

1/3
t − afy + 2τ

2/3
t b

− a2uτ
1/3
t

)
Gξ = 0, (12)

4a4
(
−12τtb + 12bτ

2/3
t + 6a2τtU

−
(

2
3
yτttτ

−1/3
t + gt

)
a − 6a2uτ

2/3
t

)
Gξξ

+ 2a3
(
−6a3τtV − 6a3uxτ

1/3
t

− 4a(2yτttτ
−1/3
t + gt)b

+ 2a2

(
1
3
xτttτ

−1/3
t + ft

)
− 2a3(2yτttτ

−1/3
t + gt)U

+ 3a4τtU
2 − 3a4u2τ

1/3
t + 12a2τtbU

+ 12a2buτ
1/3
t + 6a3vτ

1/3
t − 24b2τ

1/3
t

+ 6a3τtU + 24τtb
2
)
Gξ = 0. (13)

By vanishing the coefficients of the polynomials of G

and its derivatives, we obtain the determining equa-
tions. With the help of Maple software, an infinite-
dimensional symmetry algebra, depending on three
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arbitrary functions of the variable t, is derived. The
result in detail is given below.

Theorem 1 If (U = U(x, y, t) and V =
V (x, y, t)) is a solution to the KD equation, then (u, v)
is given by

u = U(ξ, η, τ)τ1/3
t +

2b

a2
(1 − τ

1/3
t )

− y

9a
τttτ

−1
t − gt

6a
τ
−2/3
t ,

v = τ
2/3
t V (ξ, η, τ) +

(
τ2
tt

54a
τ−2
t − τttt

54a
τ−1
t

)
y2

+
(

gt

27a
τttτ

−5/3
t − gtt

18a
τ
−2/3
t − 2b

9a2
τttτ

−2/3
t

)
y

+
(

1
9
τttyτ

−2/3
t +

1
6
gtτ

−1/3
t

)
U(ξ, η, τ)

− 1
9a

τttxτ−1
t − 1

3a
htτ

−1/3
t +

1
72a

g2
t τ

−4/3
t

− b

3a2
gtτ

−1/3
t +

2b2

a3
(1 − τ

2/3
t ),

with

ξ = τ
1/3
t x +

1
18

y2τttτ
−2/3
t +

1
6
ygtτ

−1/3
t + h(t),

η = τ
2/3
t y + g(t), τ = τ(t), (14)

where τ(t), g(t), h(t) are all arbitrary functions of t.

Writing down a special selection of the arbitrary

functions (τ, h, g) in the forms

τ = t + εf(t), h = εk(t), g = εl(t),

then we can re-obtain the Lie point symmetry algebra

with the general symmetry elements

σ = σ1(f) + σ2(l) + σ3(k)

=


(

1
3
ftx +

1
18

y2fttt

)
ux +

2
3
ftyuy + fut +

2
3
ftu − 1

9a
ftty − 2b

3a2
ft(

1
3
ftx +

1
18

y2fttt

)
vx +

2
3
ft(yvy + v) + fvt −

1
54a

fttty
2 − 4b

3a3
ft + p(x, y, t)



+


1
6
ltyux + luy − 1

6a
lt

1
6
ltyvx + lvy − 1

6a
lt

 +

 kux

kvx − 1
3a

kt

 , (15)

where

p(x, y, t) =
(

1
9
yu − 1

9a
x − 2b

a2
y

)
ftt.

The related Kac–Moody–Virasoro type symmetry al-
gebra is as follows:

[σ1(f1), σ1(f2)] = σ1(f1f2t − f2f1t),

[σ1(f), σ2(l)] = σ2

(
flt −

2
3
lft

)
,

[σ1(f), σ3(k)] = σ3

(
1
3
kft − fkt

)
,

[σ2(l1), σ2(l2)] =
1
6
σ3(l1l2t − l2l1t),

[σ2(l), σ3(k)] = 0,

[σ3(k1), σ3(k2)] = 0.

By means of Theorem 1, starting from a known
multi-soliton solution, a new exact solution of the KD
equation can be obtained. In Ref. [22], a new kind of
multi-soliton solution is given:

u =
2

b(1 +
∑n

i=1(cosh(Hi) exp(Ei)))

×
n∑

i=1

[(sinh(Hi)Ki + cosh(Hi)ki) exp(Ei)],

(16)

v =
2

b(1 +
∑n

i=1(cosh(Hi) exp(Ei)))

×
n∑

i=1

[
2
b
(a − bki)Ki sinh(Hi) exp(Ei)

+
(

K2
i + k2

i − 2
b
aki

)
cosh(Hi) exp(Ei)

]
,

(17)

where

Hi = Kix +
2
b
(a − bki)Kiy

+
4Ki

b2
(3a2 − 6abki + 3b2K2

i + b2K2
i )t + ai,

Ei = kix +
(

2
b
aki − K2

i − k2
i

)
y

+
4
b2

(3b2kiK
2
1 − 3ab(K2

i + k2
i )

+ 3a2ki + b2k3
i )t + bi,

and ki, Ki, ai, bi are arbitrary constants.
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Applying Theorem 1 to the solution, Eqs. (16)
and (17), the group-invariant solution is

u =
2τ

1/3
t

b(1 +
∑n

i=1(cosh(Hi) exp(Ei)))

×
n∑

i=1

[(sinh(Hi)Ki + cosh(Hi)ki) exp(Ei)]

+
2b

a2
(1 − τ

1/3
t ) − y

9a
τttτ

−1
t − gt

6a
τ
−2/3
t , (18)

v =
2τ

2/3
t

b(1 +
∑n

i=1(cosh(Hi) exp(Ei)))

×
n∑

i=1

[
2
b
(a − bki)Ki sinh(Hi) exp(Ei)

+
(

K2
i + k2

i − 2
b
aki

)
cosh(Hi) exp(Ei)

]
+

4τttyτ
−2/3
t + 6gtτ

−1/3
t

18b(1 +
∑n

i=1(cosh(Hi) exp(Ei)))

×
n∑

i=1

[(sinh(Hi)Ki + cosh(Hi)ki) exp(Ei)]

+
(

gt

27a
τttτ

−5/3
t − gtt

18a
τ
−2/3
t − 2b

9a2
τttτ

−2/3
t

)
y

+
(

τ2
tt

54a
τ−2
t − τttt

54a
τ−1
t

)
y2 − 1

9a
τttxτ−1

t

− 1
3a

htτ
−1/3
t +

1
72a

g2
t τ

−4/3
t − b

3a2
gtτ

−1/3
t

+
2b2

a3
(1 − τ

2/3
t ), (19)

where

Hi = Kiξ +
2
b
(a − bki)Kiη

+
4Ki

b2
(3a2 − 6abki + 3b2K2

i + b2K2
i )τ + ai,

Ei = kiξ +
(

2
b
aki − K2

i − k2
i

)
η

+
4
b2

(3b2kiK
2
1 − 3ab(K2

i + k2
i )

+ 3a2ki + b2k3
i )τ + bi,

and ξ, η, τ are determined by Eq. (14), ki, Ki, ai, bi

are arbitrary constants. By selecting the arbitrary
functions h(t), g(t), introduced by the transforma-
tion group, one can obtain complicated and abundant
structures of the KD equation. And when we take
τ(t) = t, g(t) = 0, h(t) = 0, then the solutions, equa-
tions (18) and (19), are reduced to Eqs. (16) and (17)
(the result shown in Ref. [22]), respectively.

Figure 1 shows the structure of a four-soliton so-
lution of the field u at t = 0 for Eq. (18) with k1 = 1/2,
k2 = 1, K1 = 3/2, K2 = −1/2, a = −1, b = 1, s1 = 0,
s2 = 0, r1 = 0, r2 = 8, ξ = x + sin(t), η = y, τ = t.

Fig. 1. Four-soliton solution for the field u at t = 0 in

Eq. (18) with k1 = 1/2, k2 = 1, K1 = 3/2, K2 = −1/2,

a = −1, b = 1, s1 = 0, s2 = 0, r1 = 0, r2 = 8,

ξ = x + sin(t), η = y, and τ = t.

3. Summary and discussion

In summary, starting from the Lax pair expression
of the KD equation, the finite symmetry transforma-
tion group theorem is obtained in a very simple way.
According to Theorem 1, the related Lie point symme-
tries which have a Kac–Moody–Virasoro structure can
be obtained simply by restricting the arbitrary func-
tions in infinitesimal forms. It is necessary to point
out that we can obtain all group-invariant solutions
from known solutions by Theorem 1. This method is
valid for other types of known (2+1)-dimensional in-
tegrable models such as the Kadomtsev–Petviashvili
equation and the Davey–Stewartson system, Broer–
Kaup equation, and even (3+1)-dimensional Jimbo–
Miwa equation.
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