
Chin. Phys. B Vol. 21, No. 12 (2012) 128902

Stochastic bounded consensus tracking of leader follower

multi-agent systems with measurement noises and

sampled-data∗

Wu Zhi-Hai(吴治海)a)†, Peng Li(彭 力)a)b), Xie Lin-Bo(谢林柏)a), and Wen Ji-Wei(闻继伟)a)

a)The Key Laboratory for Advanced Process Control of Light Industry of the Ministry of Education, School of Internet of Things

Engineering, Jiangnan University, Wuxi 214122, China

b)The State Key Laboratory for Digital Manufacturing Equipment and Technology, School of Mechanical Science and

Engineering, Huazhong University of Science and Technology, Wuhan 430074, China

(Received 27 April 2012; revised manuscript received 5 June 2012)

This paper is concerned with the stochastic bounded consensus tracking problems of leader–follower multi-agent

systems, where the control input of an agent can only use the information measured at the sampling instants from its

neighbours or the virtual leader with a time-varying reference state, and the measurements are corrupted by random

noises. The probability limit theory and the algebra graph theory are employed to derive the necessary and sufficient

conditions guaranteeing the mean square bounded consensus tracking. It is shown that the maximum allowable upper

boundary of the sampling period simultaneously depends on the constant feedback gains and the network topology.

Furthermore, the effects of the sampling period on the tracking performance are analysed. It turns out that from

the view point of the sampling period, there is a trade-off between the tracking speed and the static tracking error.

Simulations are provided to demonstrate the effectiveness of the theoretical results.
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1. Introduction

In recent years, consensus of multi-agent systems,

due to their broad applications, including swarming,

flocking, rendezvous, formation control, distributed

sensor networks, and so on, has attracted a great

deal of attention. For most of the existing consensus

protocols,[1−5] the final common value to be achieved

is a function of initial states of all the agents, and

it is inherently a prior unknown constant. This is the

so-called χ-consensus.[6] However, in real applications,

it is often required that all the agents converge to a

desired common value, which evolves with time, as

occurs in the consensus tracking, where all the agents

exchange their own state information with their neigh-

borhood agents with the common goal of tracking a

time-varying reference state that is available to only a

portion of agents. Thus, the χ-consensus protocols are

ineffective to directly deal with the consensus track-

ing of a desired time-varying reference state. To solve

this problem, consensus protocols of leader–follower

multi-agent systems are proposed, and up to now,

significant attention has been paid to the consensus

tracking of leader–follower multi-agent systems.[7−17]

Jadbabaie et al.[7] considered the nearest neighbour-

hood principle and proved that if all the agents are

jointly connected with their leader, then their states

will converge to the state of the leader as time goes

on. Ren and Beard[8] extended the results of Ref. [7]

to the directed topology case and gave some more re-

laxed topology conditions. In Ref. [9], Ren proved

that proportional-like continuous-time consensus pro-

tocols cannot guarantee that all the agents track a vir-

tual leader with a time-varying reference state that is

available to only a subset of agents, whereas propor-

tional and derivative-like continuous-time consensus
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protocols can do.

Most researches on the consensus tracking of

leader–follower multi-agent systems in the above lit-

erature assume that each agent measures the states

of its neighbours and the leader accurately. Obvi-

ously, this assumption is only an ideal approxima-

tion for real communication channels, since real net-

works are often in uncertain communication environ-

ments with various source noises, channel noises, and

sink noises. Thus, it is necessary to study the ef-

fects of measurement noises on the consensus tracking

of leader–follower multi-agent systems. Recently, the

consensus of leaderless multi-agent systems with mea-

surement noises has been widely studied in Refs. [18]–

[24]. Ren et al.[18] and Kingston et al.[19] introduced

the time-varying consensus gains, designed the con-

sensus protocols based on a Kalman filter structure,

and proved that when there is no noise, the proto-

cols designed can ensure consensus to be achieved

asymptotically. Xiao et al.[20] considered the aver-

age consensus of first-order discrete-time multi-agent

systems with additive input noises and designed the

optimal weighted adjacent matrix to minimize the

static mean square error. Since the consensus gain

and the adjacent matrix are both time-invariant, the

average state will diverge with the probability state

as time goes on, even if the noises are bounded. In

Ref. [21], the stochastic approximation type proto-

cols with the decreasing consensus gains were em-

ployed to guarantee the mean square or almost sure

consensus of first-order discrete-time multi-agent sys-

tems with measurement noises. In Ref. [22], Li and

Zhang considered the average consensus of first-order

discrete-time multi-agent systems with measurement

noises and time-varying topologies, and proved that

if the network switches between jointly-containing-

spanning-tree, instantaneously balanced graphs, then

the designed protocol can guarantee that each in-

dividual state converges, both almost surely and in

mean square, to a common random variable, whose

expectation is the average of the initial states of all

the agents. In Ref. [23], Li and Zhang investigated

the average consensus of first-order continuous-time

multi-agent systems with measurement noises and ob-

tained the convergence conditions guaranteeing the

mean square consensus. However, compared with the

consensus of leaderless multi-agent systems with mea-

surement noises, the consensus tracking of leader–

follower multi-agent systems with measurement noises

has attracted only a little attention.[25−28] Huang

and Hanton[25] considered the consensus of discrete-

time leader–follower multi-agent systems with mea-

surement noises, and derived the sufficient conditions

guaranteeing the stochastic approximation type pro-

tocols with the decreasing consensus gains to reach

the mean square consensus by using the stochastic

Lyapunov analysis. Ma et al.[26] investigated the con-

sensus of continuous-time leader–follower multi-agent

systems with measurement noises, and obtained suffi-

cient conditions for the mean square consensus by em-

ploying the stochastic analysis and the algebra graph

theory. In Ref. [27], Hu and Feng developed a dis-

tributed tracking control scheme with distributed es-

timators based on a novel velocity decomposition tech-

nology for a continuous-time leader–follower multi-

agent system with measurement noises, proving that

the closed loop tracking control system is stochasti-

cally stable in a mean square and the estimation errors

converge to zero in a mean square as well.

For most of the work in the above literature,

continuous-time consensus protocols were used for

guaranteeing the consensus of multi-agent systems

with continuous-time dynamics, and discrete-time

consensus protocols were used for guaranteeing the

consensus of multi-agent systems with discrete-time

dynamics. However, due to the application of digi-

tal sensors and controllers, in many cases, though the

system itself is a continuous process, only sampled-

data at discrete sampling instants are available for

the synthesis of control laws. Compared with a full-

state information transmission, which might result in

high communication traffic, the transmission of the

state information at the sampling instants can effec-

tively save the bandwidth of networks and commu-

nication cost. Considering the broad applications of

digital communication and control in distributed sys-

tems, it is of great significance to study the consensus

of multi-agent systems based on sampled-data. Up

to now, considerable efforts have been devoted to the

sampled-data consensus of leaderless multi-agent sys-

tems without measurement noises,[29−32] and only a

little attention has been paid to the sampled-data con-

sensus of leaderless multi-agent systems with measure-

ment noises,[33] and the sampled-data consensus of

leader–follower multi-agent systems without measure-

ment noises.[34] To the best of our knowledge, there

is no published report on the sampled-data consensus

tracking of leader–follower multi-agent systems with

measurement noises.

Based on the above considerations, it is necessary

to study the consensus tracking problems of leader–

follower multi-agent systems with measurement noises

based on sampled-data. To this end, in this paper, we

investigate the stochastic bounded consensus track-
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ing problems of leader–follower multi-agent systems,

where the control input of an agent can only use the in-

formation measured at the sampling instants from its

neighbours and the virtual leader with a time-varying

reference state, and the measurements are corrupted

by random noises.

The remainder of this paper is organized as fol-

lows. In Section 2, some preliminaries are provided

and the problem is formulated. Convergence analy-

sis of the mean square bounded consensus tracking

protocols is investigated in Section 3. Numerical sim-

ulations are provided in Section 4. Finally, concluding

remarks are stated in Section 5.

2. Preliminaries and problem

statement

2.1.Algebra graph theory and some no-

tations

Let G = (V,E,A) be a weighted undirected graph

with a set of nodes V = {v1, v2, . . . , vN}, a set of

edges E ⊆ V × V , and the weighted adjacent ma-

trix A = [aij ] with nonnegative adjacent elements

aij . The node indexes of G belong to a finite in-

dex set I = {1, 2, . . . , N}. An edge of G is denoted

by eij = (vi, vj). The adjacent elements associated

with the edges are positive, i.e., eij ∈ E ⇔ aij > 0.

Moreover, we assume aii = 0 for all i ∈ I. Assume

that the considered graph is undirected, which means

eij ∈ E ⇔ eji ∈ E. Thus, the adjacent matrix A is

symmetric. The set of neighbours of node vi is denoted

by Ni = {vj ∈ V : eij ∈ E}. The degree of node vi is

defined as di =
∑

j∈Ni

aij . The Laplacian matrix of G is

defined as L = D−A, where D = Diag(d1, d2, . . . , dN )

is the degree matrix of G with diagonal elements di
and zero off-diagonal elements. An important fact of

L is that all the row sums are zero and thus L has

a right eigenvector 1N associated with the zero eig-

invalue, where 1N denotes the N -dimensional column

vector with all ones. A path between two distinct

nodes vi and vj is meant by a sequence of distinct

edges of the form (vi, vk1), (vk1 , vk2), . . . , (vkl
, vj). A

graph is called “connected” if there is a path between

any two distinct nodes of the graph. An important

property of the Laplacian matrix, which is instrumen-

tal in the convergence analysis of the consensus pro-

tocols, is that the graph G is connected if and only if

rank(L) = N − 1. Thus, for a connected graph G, L

has one and only one zero eigenvalue and all the other

eigenvalues of L are positive and real.

The following notations will be used throughout

this paper. 0N denotes the N -dimensional column

vector with all zeros. IN and 0N×N denote the N -

dimensional identity matrix and the N -dimensional

matrix with all zeros, respectively. For a given vector

or matrix M , MT and ∥M∥2 denote its transpose and

2-norm, respectively. For a given matrix M , det(M)

and λi(M), i ∈ I denote its determinant and N eigen-

values. For a given random variable X, E(X) denotes

its mathematical expectation.

2.2.Problem statement

In a multi-agent system with N agents, an agent

and an available information flow between two agents

are considered as a node and an edge in an undirected

graph, respectively. Consider the system of dynamic

agents described by

ẋi(t) = ui(t), i ∈ I, (1)

where xi(t) ∈ R and ui(t) ∈ R represent, respectively,

the state of the i-th agent and the associated control

input called the consensus protocol.

In order to guarantee that all the agents track the

virtual leader with the desired reference state x∗(t), in

Ref. [26] Ma et al. proposed the following continuous-

time consensus tracking protocol

ui(t) = a(t)
[
−αi(xi(t)− x∗

i (t))

+
∑
j∈Ni

aij(xij(t)− xi(t))
]
, i ∈ I, (2)

where a(·) : [0,+∞) → [0,+∞) is a piecewise con-

tinuous function called a time-varying consensus gain,

the constant feedback gain αi is positive if the i-th

agent has access to the virtual leader and 0 other-

wise, x∗
i (t) = x∗(t) + ρiηi(t) and xij(t) = xj(t) +

σijωij(t), j ∈ Ni denote, respectively, the state mea-

surements that the i-th agent receives from the vir-

tual leader and the j-th agent, {ηi(t) : i ∈ I} and

{ωij(t) : j ∈ Ni, i ∈ I} are two mutually independent

standard Gaussian white noises, and ρi > 0 and

σij > 0 represent, respectively, the intensities of ηi(t)

and ωij(t).

In this paper, in a way different from that in

Ref. [26], we use the consensus tracking protocol (2)

without the time-varying consensus gain a(t),

ui(t) = −αi(xi(t)− x∗
i (t))

+
∑
j∈Ni

aij(xij(t)− xi(t)), i ∈ I. (3)

Using the period sampling technology and zero-

order hold circuit, the following consensus tracking
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protocol based on sampled-data is induced from the

continuous-time consensus tracking protocol (3)

ui(t) = −αi(xi(kh)− x∗
i (kh))

+
∑
j∈Ni

aij(xij(kh)− xi(kh)),

t ∈ [kh, kh+ h). (4)

Definition 1 The system (1) under the proto-

col (4) is said to achieve the mean square bounded

consensus tracking, if the system (1), using protocol

(4), has the following property

limt→∞E((xi(t)− x∗(t))2) ≤ C < ∞, ∀i ∈ I, (5)

where C is a bounded positive constant that is inde-

pendent of t.

In order to carry out the convergence analysis of

the consensus tracking protocol (4), we need to pro-

vide the following lemma.

Lemma 1 If the network topology composed of

N agents is fixed, undirected and connected, and at

least one agent has the access to the virtual leader,

then the matrix (∆ + L) must be positive-definite,

where ∆ = Diag(α1, . . . , αN ).[35]

3. Convergence analysis

In this section, employing the probability limit

theory and the algebra graph theory, we derive the

necessary and sufficient conditions that guarantee that

the multi-agent system (1), using the consensus track-

ing protocol (4), reaches the mean square bounded

consensus tracking. The main results are shown in

the following theorem.

Theorem 1 Assume that the communication

network topology G composed of N agents is fixed,

undirected and connected, at least one agent has the

access to the virtual leader, and the time-varying ref-

erence state of the virtual leader satisfies∣∣∣ x∗(kh+ h)− x∗(kh)

h

∣∣∣≤ ξ∗ < ∞,

∀h > 0, k = 0, 1, 2, . . . ,

i.e., the changing rate of x∗(kh) is bounded, then the

multi-agent system (1), using the consensus tracking

protocol (4), will achieve the mean square bounded

consensus tracking if and only if

0 < h <
2

maxi∈I{λi(∆+ L)}
. (6)

Proof Using the period sampling technology

and zero-order hold circuit, the discrete-time model

of system (1) becomes

xi(kh+ h) = xi(kh)+hui(kh),

k = 0, 1, 2, . . . ; i ∈ I. (7)

Substituting protocol (4) into system (7) yields the

dynamics equation at the sampling instants:

xi(kh+ h) = xi(kh)− hαi(xi(kh)− x∗
i (kh))

+h
∑
j∈Ni

aij(xij(kh)− xi(kh)),

k = 0, 1, 2, . . . ; i ∈ I. (8)

Notice L1N = 0N and denote

x(kh) = (x1(kh), x2(kh), . . . , xN (kh))T,

n(kh) = (n1(kh), n2(kh), . . . , nN (kh))T,

and

ni(kh) = αiρiηi(kh) +
∑
j∈Ni

aijσijωij(kh), i ∈ I,

then we can rewrite the dynamics equation (8) in a

compact form

x(kh+ h) = x(kh)− h(∆+ L)(x(kh)− x∗(kh)1N )

+hn(kh), k = 0, 1, 2, . . . . (9)

Denote x̃(kh) = x(kh)−x∗(kh)1N and P = I−h(∆+

L). From Eq. (9) we obtain the dynamics equation

about the tracking error vector x̃(kh) at the sampling

instants

x̃(kh+ h) = Px̃(kh)− (x∗(kh+ h)− x∗(kh))1N

+hn(kh). (10)

From Eq. (10), we have

x̃(nh) = Pnx̃(0) +

n−1∑
k=0

Pn−k−1
[
−(x∗(kh+ h)

−x∗(kh))1N + hn(kh)
]
. (11)

It follows from Eq. (11) that

E(∥x̃(nh)∥22) ≤ 2∥P∥2n2 ∥x̃(0)∥22+2E

(∥∥∥∥∥
n−1∑
k=0

Pn−k−1
[
−(x∗(kh+ h)− x∗(kh))1N + hn(kh)

]∥∥∥∥∥
2

2

)

≤ 2∥P∥2n2 ∥x̃(0)∥22+4

∥∥∥∥∥
n−1∑
k=0

Pn−k−1(x∗(kh+h)−x∗(kh))1N

∥∥∥∥∥
2

2

+4h2E

(∥∥∥∥∥
n−1∑
k=0

Pn−k−1n(kh)

∥∥∥∥∥
2

2

)
. (12)

From Lemma 1, on the assumption that the network topology composed of N agents is fixed, undirected and
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connected, and that at least one agent has access to the virtual leader, we have

λi(∆+ L) > 0, ∀i ∈ I. (13)

Notice that the matrix P is symmetric, thus

∥P∥2 = max
i∈I

{|1− hλi(∆+ L)|}, (14)

which together with Eq. (13) further yields that

∥P∥2 < 1, (15)

which is equivalent to −1 < 1− hλi(∆+ L) < 1,∀i ∈ I, i.e., condition (6). Thus, under the given assumption

and conditions we have the following estimations∥∥∥n−1∑
k=0

Pn−k−1(x∗(kh+ h)− x∗(kh))1N

∥∥∥2
2
≤

(
n−1∑
k=0

∥P∥n−k−1
2

∥∥∥(x∗(kh+ h)− x∗(kh))1N

∥∥∥
2

)2

≤ Nh2ξ∗
2

(
1− ∥P∥n−1

2

1− ∥P∥2

)2

(16)

and

E

(∥∥∥∥∥
n−1∑
k=0

Pn−k−1n(kh)

∥∥∥∥∥
2

2

)
≤

n−1∑
k=0

∥P∥2(n−k−1)
2 E(∥n(nh)∥22) ≤

∑
i∈I

(
α2
i ρ

2
i +

∑
j∈Ni

a2ijσ
2
ij

)1− ∥P∥2(n−1)
2

1− ∥P∥22
. (17)

Combining inequalities (12), (15), (16), and (17) gives

lim sup
n→∞

E(∥x̃(nh)∥22) ≤ 2∥x̃(0)∥22 lim
n→∞

∥P∥2n2 + 4Nh2ξ∗
2

limn→∞

(
1− ∥P∥n−1

2

1− ∥P∥2

)2

+4h2
∑
i∈I

(
α2
i ρ

2
i +

∑
j∈Ni

a2ijσ
2
ij

)
limn→∞

1− ∥P∥2(n−1)
2

1− ∥P∥22

=
4Nh2ξ∗

2

(1− ∥P∥2)2
+

4h2

1− ∥P∥22

∑
i∈I

(
α2
i ρ

2
i +

∑
j∈Ni

a2ijσ
2
ij

)
. (18)

Substituting protocol (4) into system (1) yields the continuous-time dynamics equation

ẋ(t) = −(∆+ L)x̃(kh) + n(kh), t ∈ [kh, kh+ h). (19)

Integrating both sides of Eq. (19) from kh to t results in

x(t)− x(kh) = (t− kh)[−(∆+ L)x̃(kh) + n(kh)], t ∈ [kh, kh+ h),

which further leads to

limt→∞ sup
kh≤t<kh+h

E
(
∥x(t)− x(kh)∥22

)
≤ 2h2

{
∥∆+ L∥22

[
4Nh2ξ∗

2

(1− ∥P∥2)2
+

4h2

1− ∥P∥22

∑
i∈I

(
α2
i ρ

2
i +

∑
j∈Ni

a2ijσ
2
ij

)]
+
∑
i∈I

(
α2
i ρ

2
i +

∑
j∈Ni

a2ijσ
2
ij

)}
. (20)

Combining Eqs. (18) and (20) gives

lim sup
t→∞

E(∥x(t)− x∗(t)1N∥22)

= lim sup
t→∞

E(∥(x(t)− x(kh)) + x̃(kh) + (x∗(kh)1N − x∗(t)1N )∥22)

≤ lim sup
t→∞

E([∥(x(t)− x(kh)) + x̃(kh)∥2 + ∥x∗(kh)1N − x∗(t)1N∥2]2)

= lim sup
t→∞

E(∥(x(t)− x(kh)) + x̃(kh)∥22)

≤ 2 lim sup
t→∞

E(∥x(t)− x(kh)∥22) + 2 lim sup
t→∞

E(∥x̃(kh)∥22)

≤ 8Nh2ξ∗
2

(1 + 2h2∥∆+ L∥22)
(1− ∥P∥2)2

+ 4h2

[
1 +

2(1 + 2h2∥∆+ L∥22)
1− ∥P∥22

]∑
i∈I

(
α2
i ρ

2
i +

∑
j∈Ni

a2ijσ
2
ij

)
∆
= C, (21)
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which further leads to expression (5).

According to Definition 1, the multi-agent system

(1), using the sampled-data based consensus tracking

protocol (4), achieves the mean square bounded con-

sensus tracking. The proof is completed.

Remark 1 Different from most of the existing

consensus protocols of multi-agent systems with mea-

surement noises, the consensus tracking protocol (4)

dose not use the time-varying consensus gains to re-

duce the effects of measurement noises on the con-

sensus convergence of closed-loop systems. It can

also be seen from the proof of Theorem 1 that mea-

surement noises indeed do not destroy the consensus

convergence of closed-loop systems, which only affect

the static tracking performance (tracking error). The

main reason is that all the eigenvalues of (∆+ L) are

positive on the assumed condition that the commu-

nication network topology G composed of N agents

is fixed, undirected and connected, and at least one

agent has access to the virtual leader.

Remark 2 It follows from Eq. (14) that if

0 < h <
1

maxi∈I{λi(∆+ L)}
,

which satisfies inequality (6), then

∥P∥2 = 1− hmin
i∈I

{λi(∆+ L)}

< 1− mini∈I{λi(∆+ L)}
maxi∈I{λi(∆+ L)}

< 1.

In this case, ∥P∥2 decreases with the increase of h.

This means that increasing the sampling period can

accelerate the convergence speed of achieving the con-

sensus tracking. However, from inequality (21) we ob-

tain that if

0 < h <
1

maxi∈I{λi(∆+ L)}
,

then

C=
8Nξ∗

2

(1 + 2h2∥∆+ L∥22)
(mini∈I{λi(∆+ L)})2

+

[
4h2+

8h(1 + 2h2∥∆+ L∥22)
mini∈I{λi(∆+ L)}(2− hmini∈I{λi(∆+ L)})

]∑
i∈I

(
α2
i ρ

2
i +
∑
j∈Ni

a2ijσ
2
ij

)
,

which increases with the increase of h. This means

that increasing the sampling period enlarges the upper

bound of the static tracking error. Therefore, from the

viewpoint of choosing the sampling period, a trade-off

exists between the tracking speed and the static track-

ing error.

4. Simulations

In this section, numerical simulations are pro-

vided to illustrate the effectiveness of the above the-

oretical results. Consider a multi-agent system com-

posed of four agents with the network topology shown

in Fig. 1, where agent 0 represents the virtual leader

and without loss of generality all the weights of edges

are assumed to be 1. The measurement noises are

independent of white Gaussian sequences with an in-

tensity equal to 1. The initial states of the four agents

are randomly chosen.

4

3

2 1 0

Fig. 1. Network topology composed of four agents and a

virtual leader.

It follows from inequality (6) that the maximal al-

lowable sampling period that guarantees system (1),

using protocol (4), and achieves the mean square

bounded consensus tracking, is 0.486. The numerical

results are shown in Figs. 2 and 3, respectively. It can

be seen from Fig. 2 that when h = 0.4 < 0.486, which

satisfies inequality (6) and multi-agent system (1),

using The consensus tracking protocol (4), achieves

mean square bounded consensus tracking. Figure 3

shows that when h = 0.5 > 0.486, which does not

satisfy inequality (6), or multi-agent system (1), using

the consensus tracking protocol (4), cannot achieve

the mean square bounded consensus tracking. Thus,

the results of Theorem 1 are numerically verified.

In order to better investigate the effects of the

sampling period on the tracking speed and the static

tracking error, here we consider the virtual leader with

the time-invariant state. The numerical results are

shown in Figs. 4 and 5, respectively. By comparing

Fig. 4 and Fig. 5, we find that increasing the sampling

period accelerates the tracking speed but enlarges the

static tracking error. Thus, the trade-off between the

tracking speed and the static tracking error is numer-

ically verified.
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Fig. 2. Time evolutions of states of system (1), using

protocol (4), for x∗(t) = t and h = 0.4.
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Fig. 3. Time evolutions of states of system (1), using

protocol (4), for x∗(t) = t and h = 0.5.
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Fig. 4. Time evolutions of states of system (1), using the

protocol (4) for x∗(t) = 10 and h = 0.1.
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Fig. 5. Time evolutions of states of system (1), using

protocol (4) for x∗(t) = 10 and h = 0.2.

5. Conclusions

In this paper, we investigated the stochastic

bounded consensus tracking problems of leader–

follower multi-agent systems with measurement noises

and the virtual leader with the time-varying reference

state that is only available to a portion of agents based

on sampled-data. Applying the probability limit the-

ory and the algebra graph theory, we obtained the

necessary and sufficient conditions guaranteeing the

mean square bounded consensus tracking. Moreover,

the effects of the sampling period on tracking perfor-

mance were analysed. Future work includes extending

the results of this paper to second-order multi-agent

systems.
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