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To capture the subdiffusive characteristics of financial markets, the subordinated process, directed by the inverse

α-stale subordinator Sα(t) for 0 < α < 1, has been employed as the model of asset prices. In this article, we introduce a

multidimensional subdiffusion model that has a bond and K correlated stocks. The stock price process is a multidimen-

sional subdiffusion process directed by the inverse α-stable subordinator. This model describes the period of stagnation

for each stock and the behavior of the dependency between multiple stocks. Moreover, we derive the multidimensional

fractional backward Kolmogorov equation for the subordinated process using the Laplace transform technique. Finally,

using a martingale approach, we prove that the multidimensional subdiffusion model is arbitrage-free, and also gives an

arbitrage-free pricing rule for contingent claims associated with the martingale measure.
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1. Introduction

In finance the most popular model of the market

for option pricing is the Black–Scholes (BS) model.[1,2]

In this model the market consists of a riskless security

(i.e., a bond) and a risky security (i.e., a stock). The

bond price verifies the equation dBt = rBtdt, with

r ∈ R being the riskless interest rate. The price of the

risky security is a geometric Brownian motion (GBM),

satisfying the equation dSt = µStdt + λStdB(t),

where µ ∈ R is the average rate of return and λ ∈ R

is the volatility.[3,4]

The idealized market described above is still

a theoretical adoption and not necessarily consis-

tent with many empirical properties, such as: non-

independence, heavy-tailed and skewed marginal dis-

tributions, lack of scale invariance, and especially pe-

riods of stagnation.[1,2,5−7]

It is worth noticing that analogous behaviors are

observed in complex physical systems.[8] As shown

in Refs. [7], [9], and [10], the periods of stagnation,

namely the characteristic periods of time when the

economic process stays motionless, correspond to the

so-called trapping events: the random periods of time

when the subdiffusive test particle gets immobilized

in a trap.

In statistical physics, subdiffusion is character-

ized through the power law form ⟨x2⟩ ∼ tα of the

mean square displacement for 0 < α < 1.[11−14] A

usual description of subdiffusion is in terms of the frac-

tional Kolmogorov equation (FKE) derived from the

power law waiting time continuous-time random walk

(CTRW).[15,16] The solution of the FKE to describe

the subdiffusive behavior is equal to the probability

density function (PDF) of the subordinated process

X(Sα(t)), where the parent process X(τ) is the nor-

mal diffusion represented by an ordinary Itô stochas-

tic differential process driven by the standard Brow-

nian motion B(τ), and the directing process Sα(t),

assumed to be independent of B(τ), is a hitting time

process called the inverse α-stale subordinator defined

by

Sα(t) = inf{τ > 0 : Uα(τ) > t}, (1)

where Uα(τ) denotes a strictly increasing α-stable

Lévy motion with tempered α-stable waiting times

between successive jumps.[13,15,17,18] The PDF of the

process Sα(t) takes the form g(τ, t) = t−αFα(τt
α),

here the function Fα(x) can be represented as [3]

Fα(x) =

∞∑
k=0

(−x)k

k!Γ(1− α(1 + k))
, (2)
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and in the particular case for α = 1, Fα(x) corre-

sponds to the Dirac δ-function, i.e., F1(x) = δ(x −
1).[18−20]

In recent years, many scholars have started apply-

ing the subordinated process to generalize the classi-

cal BS model.[5,7,10,20−22] The BS model under sub-

ordination was firstly studied by A. A. Stanislavsky

in Ref. [20]. The evolution of the option price in

this model is governed by the subordinated process

rt = R(Sα(t)), where the parent process is Bachelier’s

ordinary Brownian motion obeying

dR(τ) = f(R(τ))dτ + g(R(τ))dB(τ), (3)

where B(τ) represents a standard Brownian motion.

An improved BS model in the subdiffusive regime was

investigated by M. Magdziarz in 2007,[7] using the sub-

ordinated process Zα(t) = Z(Sα(t)) as the model of

stock price movement, where the parent process is a

geometric Brownian motion (GBM) instead of Bache-

lier’s ordinary Brownian motion. He argued that

this improved BS model can capture the empirical

property of constant price periods mentioned above.

There are some other subdiffusion models proposed

for various types of markets,[5,10,21,22] for instance, a

composite-diffusive geometric Brownian motion is dis-

cussed as the model of stock price (see Ref. [5]).

Most of the subdiffusion models on this topic

are based on the single-factor model involving a sin-

gle stock driven by a Brownian motion. In prac-

tice, more complex equity products, such as quan-

tos, depend on the behavior of several separate secu-

rities, and the prices of these securities will not evolve

independently.[4,23,24] Thus, in the present paper we

shall propose a multidimensional subdiffusion (MS)

model, where the parent process is a multidimensional

diffusion that has a bond and K-correlated stocks

driven by K independent Brownian motions, and the

directing process is the inverse α-stable subordinator

Sα(t). The MS model captures the characteristic pe-

riod of stagnation for each stock, and represents the

interaction and dependency between multiple stocks.

Moreover, we will apply the martingale approach to

investigate the structural features of this new model,

especially whether the model is arbitrage-free.

The outline of the paper is as follows. In the

next section we introduce the multidimensional sub-

diffusion model, and find the corresponding multidi-

mensional time fractional backward Kolmogorov equa-

tion (BKE). In Section 3, we prove that the multidi-

mensional subdiffusion model is arbitrage-free by con-

structing the martingale measure, and also give the

corresponding arbitrage-free pricing rule for contin-

gent claims. We sum up and discuss the problems in

Section 4.

2. The multidimensional subdif-

fusion model

We start by recalling the multidimensional diffu-

sion model with a bond and K correlated stocks intro-

duced in Refs. [4], [25], and [26]. Let (Ω,F , P ) be a

fixed probability space, and let T <∞ be a time hori-

zon. The bond price process is Y 0(τ) = 1, meaning

that the riskless interest rate is zero, and each indi-

vidual stock price process Y k(τ) with Y k(0) = 1 for

k = 1, . . . ,K is a geometric Brownian motion (GBM),

defined as

dY k(τ) = Y k(τ)

µkdτ +

K∑
j=1

λkj dB
j(τ)

 , (4)

or equivalently written in the form

Y k(τ) = exp

 K∑
j=1

λkjB
j(τ) +

(
µk − 1

2
akk

)
τ

 , (5)
where B1, . . . , BK are independent standard Brown-

ian motions with B1
0 = · · · = BK

0 = 0, defined on the

probability space (Ω,F , P ), the process Y k(τ) repre-

sents the time τ value of the k-th security, the drift

µk and the volatility λkj are constants, and Λ = (λij)

is a non-singular K × K matrix, the covariance ma-

trix A = (aij) is symmetric and positive by setting

A = ΛΛ′, meaning that

aij =
K∑

k=1

λikλjk

for i, j = 1, . . . ,K.

As was shown in Refs. [7] and [20], the stochastic

time arrow can be applied to the GBMs. Then we find

the subdiffusive processes Y k
α (t) = Y k(Sα(t)) by ran-

domizing the time clock τ of Y k(τ) for k = 1, . . . ,K

by means of the inverse α-stable subordinator Sα(t)

defined in Eq. (1), where the directing process Sα(t)

is assumed to be independent of the parent processes

Y k(τ) for k = 1, . . . ,K. We call the subordination

Yα(t) = (Y 1
α (t), . . . , Y

K
α (t)) a multidimensional subd-

iffusion (MS) process.

We introduce now a multidimensional subdiffu-

sion (MS) model which is a generalization of the mul-

tidimensional diffusion model defined on (Ω,F , P ).
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This model has a bond and K correlated stocks. The

bond price process is Y 0(t) = 1, and the stock price

process is the MS process Yα(t) = (Y 1
α (t), . . . , Y

K
α (t)),

whose component process Y k
α (t) represents the time t

value of the k-th security, and satisfies the stochastic

differential equation (SDE)

dY k
α (t)

= Y k
α (t)

µkd(Sα(t)) +
K∑
j=1

λkj dB
j(Sα(t))

 , (6)
or the equivalent stochastic exponential equation

(SEE)

Y k
α (t) = exp

[
K∑
j=1

λkjB
j(Sα(t))

+

(
µk − 1

2
akk

)
Sα(t)

]
, (7)

here we assume Y k
α (0) = 1 for k = 1, . . . ,K. Upon set-

ting β = 1/Y 0, the discounted price process Zα(t) =

(Z1
α(t), . . . , Z

K
α (t)) is defined by setting Zk

α = βY k
α for

k = 1, . . . ,K. Recall the assumption that Y 0 = 1,

so β = 1. This means that there is no distinction be-

tween the stock price process Yα(t) and the discounted

price process Zα(t) = βYα(t), so we shall be free to use

the symbols Y and Z throughout. When K = 1, the

MS model is the BS model in the subdifussive regime

proposed by M. Magdziarz.[7]

Next, we shall investigate some structural features

of the MS model. As we know, the backward Kol-

mogorov equations (BKE) are the usual tool used in

finance to analyze asset price dynamics. We shall first

derive the BKE associated with our MS process Yα(t).

Let pα(y, t; y0, t0) denote the conditional proba-

bility density function (PDF) for the stock price pro-

cess Yα(t) taking the value y at the time t if at time

t0 ≤ t it takes the value y0, where y = (y1, . . . , yK)

and y0 = (y10 , . . . , y
K
0 ) are K-dimensional constant

vectors. In order to derive the BKE in which the

operators depends on the initial condition, hereafter

we shall treat the PDF pα(y, t; y0, t0) as the function

of variables of y0, t0 and parameters of y, t. More-

over, p(y, τ ; y0, τ0) denotes the transition PDF of the

multidimensional GBM Y (τ) = (Y 1(τ), . . . , Y K(τ))

with variables y0, τ0 and parameters y, τ , where each

Y k(τ) for k = 1, . . . ,K is defined in Eq. (4). The re-

lationship between pα(y, t; y0, t0) and p(y, τ ; y0, τ0) in

Laplace space is established in Appendix A, namely

that

p̂α(y, t; y0, s) = sα−1

∫ ∞

0

p̂(y, τ ; y0, s
α)g(t, τ)dτ. (8)

Recall that the PDF of the multidimensional

GBM Y (τ) obeys the multidimensional BKE

∂p(y, τ ; y0, τ0)

∂τ0

=

− K∑
k=1

µk ∂

∂yk0
− 1

2

K∑
i,j=1

aij
∂2

∂yi0∂y
j
0


× p(y, τ ; y0, τ0). (9)

A Laplace transform from τ0 to s of Eq. (9) yields

sp̂(y, τ ; y0, s)− p(y, τ ; y0, 0)

=

− K∑
k=1

µk ∂

∂yk0
− 1

2

K∑
i,j=1

aij
∂2

∂yi0∂y
j
0


× p(y, τ ; y0, s). (10)

Changing variables s→ sα of Eq. (10), one comes

by

sαp̂(y, τ ; y0, s
α)− p(y, τ ; y0, 0)

=

− K∑
k=1

µk ∂

∂yk0
− 1

2

K∑
i,j=1

aij
∂2

∂yi0∂y
j
0


× p(y, τ ; y0, s

α). (11)

Now by integrating the above formula multiplied

by g(t, τ) over τ , in combination with Eq. (8) we can

obtain

sp̂α(y, t; y0, s)− pα(y, t; y0, 0)

= s1−α

− K∑
k=1

µk ∂

∂yk0
− 1

2

K∑
i,j=1

aij
∂2

∂yi0∂y
j
0


× pα(y, t; y0, s). (12)

Inverting to the time domain s→ t0, we find the mul-

tidimensional fractional BKE

∂pα(y, t; y0, t0)

∂t0

=

− K∑
k=1

µk ∂

∂yk0
− 1

2

K∑
i,j=1

aij
∂2

∂yi0∂y
j
0


0

× D1−α
t0 pα(y, t; y0, t0). (13)

Here, the operator 0D
1−α
t0 , 0 < α < 1, is the fractional

derivative of the Riemann–Liouville type,[27] equal in

Laplace t0 → s space to s1−α.[19] This operator intro-

duces memory effects in financial system.

Remark 1 When α = 1, the multidimensional

fractional BKE equation (13) reduces to the ordinary
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multidimensional BKE, while for K = 1, we find the

fractional BKE derived recently in Ref. [28].

Remark 2 In the general case that the coef-

ficient functions µ and Λ = (λij) of the subdiffusive

process Yα(t) are modified to be dependent on price y0
as µ(y0) and Λ(y0) = (λij(y0)) respectively, the asso-

ciated multidimensional fractional BKE can be found

in the analogous form

∂pα(y, t; y0, t0)

∂t0

=

− K∑
k=1

µk(y0)
∂

∂y0
− 1

2

K∑
i,j=1

aij(y0)
∂2

∂yi0∂y
j
0


0

× D1−α
t0 pα(y, t; y0, t0), (14)

where aij(y0) =
∑K

k=1 λik(y0)λjk(y0) for i, j =

1, . . . ,K.

3. The martingale measure

We introduce the following filtration Gt = HSα(t)

on the probability space (Ω,F, P ) where

HSα(t) =
∩

u>Sα(t)

{σ[B1(τ), ..., BK(τ) : 0 ≤ τ ≤ u]

∨σ[Sα(t) : t ≥ 0]}. (15)

The filtration Gt is then interpreted as the information

of the subordination Zα(t) revealed to the observer at

time t, which increases with time.

Recall that the matrix Λ is non-singular by as-

sumption. Then there exists a unique K-vector γ sat-

isfying

Λγ = µ. (16)

Now define a stochastic exponential

Mt = exp

[
−

K∑
k=1

γkBk(Sα(t))

− 1

2

K∑
k=1

(γk)2Sα(t)

]
. (17)

Here, the symbol Bk(Sα(t)) represents the subdiffu-

sion process obtained by randomizing the time τ of

the process Bk(τ) by the inverse α-stale subordinator

Sα(t) for 0 < α < 1, see Ref. [29]. The stochastic

exponential Mt has the following important property.

Theorem 1 Mt is a P martingale with respect to

the filtration Gt, which means that Ms = EP (Mt|Gs)

for 0 ≤ s ≤ t, where EP represents expectation with

respect to the probability measure P .

Proof Let G k
t = Hk

Sα(t) be a filtration where

Hk
Sα(t) =

∩
u>Sα(t)

{σ[Bk(τ) : 0 ≤ τ ≤ u]

∨σ[Sα(t) : t ≥ 0]}. (18)

Then for each k, the subdiffusion process Bk(Sα(t))

is a P martingale with respect to this filtration G k
t

(see Ref. [29]). Moreover, the filtration Gt can be

obtained by expanding G k
t with k − 1 σ-algebras

σ[Bi(τ) : 0 ≤ τ ≤ u] for all other i. By the assump-

tion that B1(τ), . . . , BK(τ), Sα(t) are independent of

one another, we obtain that Bk(Sα(t)) remains a P

martingale under Gt.
[30] Consequently, using the mar-

tingale properties, we have −
∑K

k=1 γ
kBk(Sα(t)) is a

(Gt, P ) martingale. Now, from Proposition 3.4, Chap-

ter 4 in Ref. [31], we obtain that the process

exp

{
−

K∑
k=1

γkBk(Sα(t))

− (−1)2

2

[ K∑
k=1

(γk)2Sα(t),
K∑

k=1

(γk)2Sα(t)

]}
is a P local martingale under Gt . Since

exp

{
−

K∑
k=1

γkBk(Sα(t))

− 1

2

[
K∑

k=1

(γk)2(Sα(t)),

K∑
k=1

(γk)2Sα(t)

]}

= exp

[
−

K∑
k=1

γkBk(Sα(t))−
1

2

K∑
k=1

(γk)2Sα(t)

]
, (19)

where we used the fact that [Bk(Sα(t)), B
k(Sα(t))] =

Sα(t),
[29] and the independence of B1(τ), . . . , BK(τ),

we find that Mt is at least a P local martingale in

G (t).

Let M∗
t = sup0≤s≤tMt. Then M∗

t ≤
sup0≤s≤t exp[−

∑K
k=1 γ

kBk(Sα(t))]. Note that the

process exp[−
∑K

k=1 γ
kBk(Sα(t))] is a positive sub-

martingale. Therefore, from Doob’s maximal

inequality,[30] we have

exp

[
−

K∑
k=1

γkBk(Sα(t))

]

≤ 4E

(
exp

[
−2

K∑
k=1

γkBk(Sα(t))

])
. (20)

Using the assumption that B1(τ), . . . , BK(τ), Sα(t)

are independent and conditioning on σ(Sα(t) : t ≥ 0),

we obtain

Ep

(
exp

[
−2

K∑
k=1

γkBk(Sα(t))

])
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= Ep(exp[−2γ1B1(Sα(t))]) · · ·
Ep(exp[−2γKBK(Sα(t))])

=

∞∑
n=0

(2tα(λ1)2)n

Γ(nα+ 1)
· · ·

∞∑
n=0

(2tα(λK)2)n

Γ(nα+ 1)
. (21)

In the last equation we used the fact[29] that

EP (exp[−2γkBk(Sα(t))]) =

∞∑
n=0

(2tα(λk)2)n

Γ(nα+ 1)
. (22)

Thus, EP (M∗
t ) < ∞ and then Mt is a P martingale

with respect to the filtration Gt.

As a vital point, let us investigate whether the

MS model, defined by (Ω,F, P ) and Zα(t) equipped

with the filtration Gt, has arbitrage opportunities. In-

tuitively, an arbitrage opportunity is the possibility

of making a financial operation without any invest-

ment, but leading to profit without any risk of a

loss.[3] A security market containing arbitrage oppor-

tunities cannot be one in which an economic equilib-

rium exists.[25] In the language of martingale theory,

the market model is arbitrage-free if and only if there

exists a probability measure P ∗ equivalent to P such

that the discounted assets are martingales with re-

spect to P ∗ (see Ref. [23]). This P ∗ is called the mar-

tingale measure. Thus, in order to prove the absence

of arbitrage in our model from the martingale theory,

it may be necessary to find first a martingale measure

P ∗ for the discounted stock price process Zα(t).

Let us define a measure P ∗ on (Ω,Gt) by

dP ∗ =MT dP. (23)

Note that MT is a strictly positive martingale

with EP (MT ) = 1, so P ∗ is a probability measure

equivalent to P . Moreover, the following result will

show that we can take it as our martingale measure

for Zα(t).

Theorem 2 The processes Z1
α, . . . , Z

K
α are Gt

martingales under P ∗.

Proof It follows from Theorem 1 that for 0 ≤
t ≤ T

Mt = EP (MT |Gt). (24)

It is convenient to write Mt =
∏K

k=1M
k
t where Mk

t =

exp[−γkBk(Sα(t))− (γk)2(Sα(t))/2]. Since
[7]

dMk
t = −γkMk

t dB
k(Sα(t)), (25)

we have

dMt = −Mt

K∑
k=1

γkdBk(Sα(t)) (26)

by repeated application of the product rule.[4,24] Now

let us define Xk
t by

Xk
t = Bk(Sα(t)) + γkSα(t) (27)

for k = 1, . . ., K. Then applying the product rule, we

obtain

dXk
t Mt =

(
−Xk

t Mt

K∑
k=1

γk + Lt

)
dBk(Sα(t)). (28)

Note that Bk(Sα(t)) is a Gt martingale under P .

Therefore, by Theorem 29 of Chapter 3 in Ref. [30],

we find that Xk
t Mt is a P local martingale in Gt too,

from which we deduce that Xk
t is a (Gt, P

∗) local

martingale, which means that EP∗
(Xk

t |Gs) = Xk
s for

0 ≤ s ≤ t, where EP∗
denotes expectation under P ∗.

Moreover, we have that the subdiffusive process Zk
α(t)

satisfies

dZk
α(t) = Zk

α(t)

K∑
j=1

λkj dX
j
t . (29)

By Theorem 29 of Chapter 3 in Ref. [30], the above for-

mula yields EP∗
(Zk

α(t)|G (s)) = Zk
α(s). Finally, since

Zk
α(0) = 1, (30)

the processes Zk
α(t) are G (t) martingales under P ∗ for

k = 1, . . . ,K.

The second proof of Theorem 2 Let

Hk
α(t) =

K∑
j=1

λkjB
j(Sα(t)) + µkSα(t). (31)

By the quadratic variation property, in combination

with the fact that [Bj(Sα(t)), B
j(Sα(t))] = Sα(t),

[29]

we have

[Hk
α(t),H

k
α(t)] =

K∑
j=1

λ2kjSα(t). (32)

Then the process Zk
α(t) can be written as

Zk
α(t) = exp

Hk
α(t)−

1

2

K∑
j=1

λ2kjSα(t)


= exp

{
Hk

α(t)−
1

2
[Hk

α(t),H
k
α(t)]

}
, (33)

where in the first series we used the fact akk =∑K
j=1 λ

2
kj . In the same way as in the first proof

of Theorem 2, we obtain that the martingale Mt =

EP (MT |Gt) satisfies Eq. (26). Recall that Bk(Sα(t))

is a P martingale relative to Gt (see Theorem 1). It
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follows that the process
∑K

j=1 λkjB
j(Sα(t)) is also a

(Gt, P ) martingale. Now, using Eq. (26), the fact that

K∑
j=1

λkjγ
j = µk, (34)

and the Girsanov–Meyer theorem,[30] we find that the

process

K∑
j=1

λkjB
j(Sα(t))

−
∫ t

0

1

Mt
d

Mt,
K∑
j=1

λkjB
j(Sα(t))


=

K∑
j=1

λkjB
j(Sα(t)) + µkSα(t) = Hk

α(t) (35)

is a (Gt, P ) local martingale. Then by Proposition 3.4,

Chapter 4 in Ref. [31], we obtain EP∗
(Zk

α(t)|Gs) =

Zk
α(s). Finally, since Zk

α(0) = 1, the processes Zk
α(t)

are Gt martingales under P ∗ for k = 1, . . . ,K.

Theorem 2 means that the BS model, in which the

asset price follows the MS process Zα(t), is arbitrage-

free.

Recall that in a market model, every martingale

measure gives a possible arbitrage-free pricing rule for

contingent claims.[23] As a final point, we now turn

to the contingent claim valuation with respect to the

martingale measure P ∗ in our model.

Let CT ∈ G (t) be a contingent claim with ma-

turity at time T , and let P ∗ be the fixed martingale

measure. Recall that Zα(t) is a (Gt, P
∗) martingale.

Then one can find a fair price of the derivative at time

t as (For the proof see Appendix B)

Vα(t) = EP∗
[CT |Gt]. (36)

Remark 3 When α→ 1, equation (36) is consis-

tent with the usual derivative pricing formula for the

multidimensional diffusion model (see Appendix C).

4. Conclusion

As an approach to recover the exact empirical

properties in a financial market, sudiffusion offers an

advantage through a subordination of one random

process by another as it does in physics. In this

paper, a multidimensional subdiffusion (MS) model

with a bond and K correlated stocks is proposed,

where the stock price process is the subordination

Yα(t) = (Y 1
α (t), . . . , Y

K
α (t)), the component process

Y k
α (t) = Y k(Sα(t)) representing the time t value of

the k-th security, is a subdiffusive geometric Brow-

nian motion obeying the SDE (6). This model de-

scribes the characteristic periods of stagnation and

the interaction between K stocks. For the stock price

process Yα(t), the multidimensional time fractional

backward Kolmogorov equation is derived using the

Laplace transform technique in the form of Eq. (13).

Finally, we prove that the MS model is free of arbi-

trage by constructing the martingale measure P ∗ sat-

isfying dP ∗ =MT dP , where

MT = exp

[
−

K∑
k=1

γkBk(Sα(T ))−
1

2

K∑
k=1

(γk)2Sα(T )

]
,

and obtain the fair option pricing formula Vα(t) =

EP∗
[CT |Gt] associated with the martingale measure

P ∗. There are problems such as that one does not

know if the fair price obtained above is unique because

the completeness of the MS model is still unknown.
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Appendix A: Proof of Eq. (8)

Using the total probability formula and the as-

sumption that Sα(t) is independent of Z(τ), we obtain

that

pα(y, t; y0, t0) =

∫ ∞

0

∫ ∞

0

p(y, τ ; y0, τ0)g(t, τ)

× g(t0, τ0)dτ dτ0. (A1)

Equivalently, in the Laplace space with respect to

time, t0 → s, the above formula yields

p̂α(y, t; y0, s) =

∫ ∞

0

∫ ∞

0

p(y, τ ; y0, τ0)

× g(t, τ)ĝ(s, τ0)dτ dτ0, (A2)

where p̂α(y, t; y0, s) is the Laplace transform t0 → s

of the PDF pα(y, t; y0, t0) and ĝ(s, τ0) is the Laplace

transform t0 → s of the PDF g(t0, τ0). Using the

fact[17] that ĝ(s, τ) = sα−1 e−τsα in combination with

Eq. (A2), we find

p̂α(y, t; y0, s) =

∫ ∞

0

∫ ∞

0

p(y, τ ; y0, τ0)g(t, τ)s
α−1
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× e−τ0s
α

dτ dτ0

= sα−1

∫ ∞

0

p̂(y, τ ; y0, s
α)g(t, τ)dτ.

(A3)

Here, p̂(x, τ ;x0, s
α) is obtained by Laplace transform-

ing τ0 → s of p(x, τ ;x0, τ0) and changing the variable

s→ sα.

Appendix B: Proof of Eq. (36)

From the martingale representation theorem,

there exists a Gt-previsible process ϕs = (ϕ1t , . . . , ϕ
K
t )

such that

Et = E0 +

K∑
k=1

∫ t

0

ϕsdZα(s), (B1)

where Et = EP∗
[CT |Gt] is a (Gt, P

∗) martingale.

Now take ϕt to be our stock portfolio holding at

time t and set the bond portfolio holding ψt to be

ψt = Vt − ϕtZα(t). Then the value of the portfolio is

Vt = ψtY
0 + ϕtYα(t) = Et. It also follows that the

portfolio is self-financing in that

Vt = ψtdY
0 + ϕtdYα(t). (B2)

Then one can find a fair option price formula at time

t as

Vα(t) = EP∗
[CT |Gt]. (B3)

Appendix C

It follows from Eq. (36) that

Vα(t) = EP

{
exp

[
−

K∑
k=1

γkBk(Sα(T ))

− 1

2

K∑
k=1

(γk)2Sα(T )

]
CT |Gt

}
. (C1)

Now, conditioning on Sα(T ), we obtain

Vα(t) =

∫
V (τ)g(t, τ)dτ, (C2)

where V (τ) = EP (CT |Fτ ) is the derivative pricing

formula for the multidimensional diffusion model,[24]

where Fτ = σ{B1(ς), ..., B1(ς) : 0 ≤ ς ≤ τ} is the

natural filtration, and g(t, τ) represents the PDF of

the process Sα(t). When α → 1, we have g(t, τ) =

t−1δ(τ/t− 1), and hence Vα(t) = V (τ).
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