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Calibration-free wavelength modulation spectroscopy for

gas concentration measurements under

low-absorbance conditions∗
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We derive the expressions of the first and second harmonic signals on the basis of absorption spectral and lock-in

theories, and determine the gas concentration according to the ratio of second and first harmonic signals. It is found

that the X and Y components of the harmonic signals are influenced by the phase shift between the detection and

reference signal, and the phase shift can be any value in a range from 0 to 2π, which is different from the results

obtained previously. Meanwhile, an additional item caused by the residual amplitude modulation will make a great

contribution to the second harmonic signal, and may not be neglected under low absorbance conditions. Theoretical

analysis indicates that subtracting back-ground signal from the second harmonic signal can remove the influence of this

item, and can improve the measurement accuracy of gas concentration. On this basis, we select the transition of CO2

at 6527.64 cm−1 to analyse the approximation errors during the derivation by numerical simulation and then measure

the CO2 concentration under low absorbance conditions, with absorbance varying from 1‰ to 6‰.
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1. Introduction

With the development of the tunable diode laser

absorption spectroscopy (TDLAS) and the improve-

ment of the accuracy for measuring gas concentra-

tion, the direct absorption spectroscopy, easily af-

fected by particle concentration, laser intensity fluc-

tuation, transition overlapping, and baseline fitting

error that often hampers the accurate determination

of line shape, has become more and more difficult to

meet the measurement requirements.[1−3] Wavelength

modulation spectroscopy (WMS) has a high sensi-

tivity to gas concentration measurements under low

absorbance conditions,[4−6] while it cannot determine

gas concentration directly from the harmonic signals

without calibration experiments in the early stage.[7,8]

Recently, a calibration-free method based on resid-

ual amplitude modulation (RAM) was developed in

Refs. [9]–[11], where the first harmonic (1f) signal is

used to normalize the second harmonic (2f) signal,

therefore, removing the effects of laser intensity fluc-

tuation and electro–optical gain, and an expression

which can be used to determine gas concentration is

derived when the absorbance is less than 5.0%.[12]

However, in these studies, the phase shift between

the detection and reference signals during the deriva-

tion of the 1f and 2f signals was neglected, and the

phase shift was approximated to zero. While in practi-

cal measurements, the phase shift is influenced by the

measurement system and varies with the frequency of

the reference signal, and can be any value in a range

from 0 to 2π. Meanwhile, in order to obtain the gas

concentration expression, the 1f and 2f signals were

simplified during the derivation, especially the addi-

tional item in the 2f signal caused by RAM was ne-

glected in some cases, and these approximation errors

were not analysed in previous studies.

In this paper, we derive the expressions of the

1f and 2f signals according to the absorption spec-

tral and lock-in theories. The influence caused by the

phase shift between the detection and reference sig-

nal on the harmonic signal is analyzed, and the gas

concentration may be determined directly from the

ratio of the 2f signal (the additional item has been
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removed) and the 1f signal (2f/1f).[13] Then, the tran-

sition of CO2 at 6527.64 cm−1 is selected to analyse

the measurement errors caused by the approximation

during the derivation both in simulation and practical

measurement under low absorbance conditions.

2. Measurement principles

The laser transmission of monochromatic radia-

tion at frequency ν through a uniform medium is de-

scribed by the Beer–Lambert law, and when the ab-

sorbance is less than 5.0%, the Beer–Lambert law can

be expanded by a first-order Taylor series as follows:

τ(v) =
It
I0

= exp[−PS(T )Lxφ(v)] ≈ 1− ξxφ(v)

= 1− ξx ·
∞∑
k=0

Hk · cos(kωt), (1)

where τ(ν) is the transmission coefficient; I0 and It

are the incident and transmitted laser intensity, re-

spectively; P in atm is the total gas pressure; S(T )

in cm−2·atm−1 (1 atm = 1.01325 × 105 Pa) is the

line strength; x is the mole fraction of the absorb-

ing species; L in cm is the absorption path length;

φ(ν) in cm is the line-shape function expressed by the

Voigt profile,[14] ξ = PS(T )L; ω is the modulation

frequency; Hk is given as
H0 =

1

2π

∫ π

−π
φ(v)dθ,

Hk =
1

π

∫ π

−π
φ(v) cos kθdθ, k = 1, 2, 3, . . .

(2)

The incident laser intensity is also simultaneously

modulated and given by[9]

I0 = I +∆I1 cos(ωt+ ψ1) + ∆I2 cos(2ωt+ ψ2), (3)

where I is the average laser intensity; ∆I1 and ∆I2 are

the amplitudes of linear and the first nonlinear laser

intensity modulation, respectively; ψ1 and ψ2 are the

phase shifts between intensity modulation and wave-

length modulation for linear and nonlinear intensity

modulation, respectively.

Substituting Eq. (3) into Eq. (1), the expressions

of first and second components of the transmitted in-

tensity It can be written asVsig−1 = F11 cosωt+ F12 sinωt,

Vsig−2 = F21 cos 2ωt+ F22 sin 2ωt,
(4)

where F11, F12, F21, and F22 are given as



F11 = −ξxIH1 +∆I1

[
1− ξx

(
H0 +

H2

2

)]
cosψ1 − ξx

∆I2
2

(H1 +H3) cosψ2,

F12 = ∆I1

[
ξx

(
H0 −

H2

2

)
− 1

]
sinψ1 + ξx

∆I2
2

(H1 −H3) sinψ2,

F21 = −ξxIH2 − ξx
∆I1
2

(H1 +H3) cosψ1 +∆I2

[
1− ξx

(
H0 +

H4

2

)]
cosψ2,

F22 = ξx
∆I1
2

(H1 −H3) sinψ1 +∆I2

[
ξx

(
H0 −

H4

2

)
− 1

]
sinψ2.

(5)

The lock-in amplifier amplifies the transmitted in-

tensity and multiplies the signal by the reference sig-

nal using a phase-sensitive detector (PSD). Then the

harmonic signal passes through a low pass filter, and

the AC signals are removed, while the DC signals re-

main there. TheX and Y components of the reference

signal are given asX : Vref−k = R cos(kωt+ θk),

Y : Vref−k = R sin(kωt+ θk),
(6)

where R is the amplitude of the reference signal, θk is

the phase shift between the detection signal and the

k-th reference signal. The X and Y components of 1f

and 2f signals from the lock-in amplifier can be written

as follows:

X1f =
GR

2
(F11 cos θ1 − F12 sin θ1),

Y1f =
GR

2
(F11 sin θ1 + F12 cos θ1),

X2f =
GR

2
(F21 cos θ2 − F22 sin θ2),

Y2f =
GR

2
(F21 sin θ2 + F22 cos θ2),

(7)

where G is the electro–optical gain of the system.

In Eq. (7), the X and Y components of the 1f

and 2f signals are influenced by the phase shifts (θ1,

θ2) between the detection and reference signals. Each

of the phase shifts is determined by the measurement

system and varies with the frequency of the reference

signal, and can be any value in a range from 0 to

2π. Therefore, the phase shifts should be measured

accurately in practical measurements. For example,
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the phase shift θ2 in Fig. 4 is about −130◦ in the ex-

periment. However in the previous studies the effects

of these phase shifts were ignored and assumed to be

zero. Perhaps, the phase shifts can be adjusted to

be zero by regulating the phase of the reference sig-

nal according to the experimental results (when the

Y component of the 2f signal is zero) under high ab-

sorbance conditions. However, under low absorbance

conditions discussed in this paper, the RAM gives rise

to an additional item in the 2f signal (evidently seen in

Eq. (10)) which may not be ignored, the phase shifts

can hardly be adjusted to be zero in practical experi-

ments. When the phase shifts are assumed to be zero,

the X and Y components of 1f and 2f signals are sim-

plified into the following case,[7] which is a special case

in practical measurements:
X1f =

GR

2
F11, Y1f =

GR

2
F12,

X2f =
GR

2
F21, Y2f =

GR

2
F22.

(8)

In actual measurements, the amplitudes of the 1f and

2f signals at the line centre are used to determine

the gas temperature or gas concentration. As is well

known, at the line centre, H1 = H3 = 0, and when the

absorbance is very low (say, less than 5.0%), ξxH0,

ξxH2, ξxH4 ≪ 1, the X and Y components of the 1f

and 2f signals can be simplified into the following case

where S1f and S2f represent the amplitudes of the 1f

and 2f signals at the line centre, respectively (their ap-

proximation errors during the derivation are analyzed

in Section 4):


X1f ≈

GR

2
∆I1 cos(ψ1 − θ1)

Y1f ≈
GR

2
∆I1 sin(ψ1 − θ1)

⇒ S1f =
√
X2

1f + Y 2
1f ≈

GR

2
∆I1, (9)


X2f ≈ −GR

2
ξxIH2 cos θ2 +

GR∆I2
2

cos(ψ2 − θ2)

Y2f ≈ −GR
2
ξxIH2 sin θ2 +

GR∆I2
2

sin(ψ2 − θ2)

⇒ S2f =
√
X2

2f + Y 2
2f . (10)

In Eq. (10), the amplitude of the 2f signal has an

additional item caused by RAM (the amplitude of the

nonlinear laser modulation ∆I2). Simulation and ex-

periment results indicate that the additional item has

the same magnitudes or even larger than the previous

item (which contains the gas temperature and concen-

tration information) under low absorbance conditions,

and there is no linear correlation between the 2f am-

plitude and gas concentration. So the influence of the

additional item should be removed from the 2f signal

in practical measurements.

During our derivation, we have found that when

there is no absorption (x = 0), which is called the

back-ground signal, the X and Y components of the

2f signal of the back-ground signal at the line centre

can be written as
X2f−back =

GR∆I2
2

cos(ψ2 − θ2),

Y2f−back =
GR∆I2

2
sin(ψ2 − θ2).

(11)

Comparing Eq. (10) with Eq. (11), subtracting

the back-ground signal from the X and Y components

of the original 2f signal in Eq. (10), the amplitude of

the subtracted 2f signal can be written as

S′
2f =

√
(X2f −X2f−back)2 + (Y2f − Y2f−back)2

≈ GR

2
ξxIH2. (12)

As shown in Eq. (12), the additional item caused by

RAM has been removed from the subtracted 2f signal.

Normalizing the subtracted 2f signal by the 1f signal,

the gas concentration can be determined by the fol-

lowing WMS 2f/1f method:

S =
S′
2f

S1f
≈ − ξxH2

∆I1/I
= −PS(T )LxH2

∆I1/I

⇒ x = − S ·∆I1/I
PS(T )LH2

. (13)

3. Experiments setup

Figure 1 illustrates the experimental setup used

to determine the CO2 concentration under low-

absorbance conditions (absorbance varies from 1‰ to

6‰). The distributed feedback diode laser (1531 nm,

10 mW, NLK1S5AAA) is used as the spectroscopic

source. The laser current and temperature are con-

trolled using a commercial diode laser controller

(ITC4001). The fiber-coupled laser passes through

a fiber collimator (F280 APC-1550) and is then sent

through a 120-cm long gas cell filled with CO2/N2

mixture. The transmitted laser intensity is detected
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using a large-surface Ge photodiode (PDA 50B-EC),

and the detected signal is divided into two beams: one

is recorded using a digital oscilloscope (DPO 7014B)

and the other is sent into the lock-in amplifier (SR830)

to acquire the harmonic signals. Both the modu-

lation and the reference signals are generated from

the lock-in amplifier in Fig. 1. Prior to each ex-

periment, the gas cell is evacuated using a vacuum

pump to an ultimate pressure of 1.0 Pa and filled with

CO2/N2 mixture controlled by two mass flow con-

trollers (0 ∼ 10 mL/min for CO2 and 0 ∼ 10 L/min

for N2, respectively) according to the experimental re-

quirements. Then, the gas temperature and pressure

can be measured accurately in the experiment.

In the present paper, the transition of CO2 at

6527.64 cm−1 was selected for the laser parameter

calibration and the CO2 concentration measurement.

The spectroscopic parameters of the transition are ac-

quired from HITRAN 2008 database and are shown in

Table 1.

Table 1. Spectroscopic parameters for the selected CO2 transition (296 K).

v0/cm−1 E/cm−1 S/(cm−2/atm) γself/(cm
−1/atm) γair/(cm

−1/atm)

6527.64 464.17 1.65× 10−5 0.0880 0.0687
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Fig. 1. Experimental setup for measuring CO2 concentration.
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Fig. 2. (colour online) (a) Detected original signals and (b) fast Fourier transform components of the original signals.

As noted in Eq. (13), the laser parameters (∆I1,

I) need to be calibrated prior to practical experiments

using the original laser signal. During the calibration,

the laser wavelength was tuned absolutely to the line

centre and then modulated with a 10-kHz sinusoidal

waveform, where the modulation depth varies with

the half width at half maximum (HWHM), which was

determined by gas temperature, concentration, and

pressure of the selected transition. Figure 2 shows

two typical calibration results, the original signals

(Fig. 2(a)), and their fast Fourier transform (FFT)

components (Fig. 2(b)). As shown in Fig. 2(b), at the

line centre, I = 222.15 mV, ∆I1 = 18.75 mV, ∆I2 =

0.1332 mV when the total pressure is 0.1 atm, and
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I = 222.15 mV, ∆I1 = 46.85 mV, ∆I2 = 0.3281 mV

when the total pressure is 1.0 atm.

4. Analysis of the approximation

errors

According to the derivation in Section 2, under

low absorbance conditions, ξxH0, ξxH2, ξxH4 ≪ 1,

we have approximated them to zero to derive the 1f

and subtracted 2f amplitudes at the line centre as

shown in Eqs. (9) and (12), while in actual measure-

ments, these parameters mentioned above are not ex-

actly equal to zero. So the approximation will result

in approximation errors in 1f and subtracted 2f am-

plitudes. In this section, we analyse the approxima-

tion errors with numerical simulations on the basis

of parameters calibrated above and set the simulation

conditions to be similar to those for the practical mea-

surements, where the laser parameters are as follows:

∆I1/I ∈ [0.1, 0.3], ∆I2/I ∈ [7 × 10−4, 2.1 × 10−3],

ψ1 ∈ [0, π], ψ2 ∈ [0, π]. The gas temperature, to-

tal pressure, and absorption path length are 296 K,

1.0 atm, and 120 cm, respectively. Meanwhile, the

CO2 concentration varies from 20% to 80%, and the

absorbance at the line centre varies from 1‰ to 6‰
The simulation results are shown in Figs. 3 and 4.
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The approximation errors of 1f amplitude are

shown in Fig. 3, where the approximation errors vary

with the absorbance, phase shift (ψ1) and amplitude

of the linear modulation (∆I1). The simulation results

show that the approximation errors decrease as the ab-

sorbance decreases, and the maximum approximation

error of the 1f amplitude is no more than −0.4% when

the absorbance is less than 6‰ so the approximation

errors of 1f amplitude can be ignored under such low

absorbance conditions.

Similar to Fig. 3, figure 4 shows the approxima-

tion errors of the subtracted 2f amplitude as shown in

Eq. (12), where the background signal is subtracted

from the origin 2f signal. In Fig. 4, the approxima-

tion errors vary with the absorbance, phase shift (ψ2),

and amplitude of the nonlinear modulation (∆I2) and

are no more than −0.6%, which can be neglected in

gas concentration measurements under such low ab-

sorbance conditions. The simulation results also indi-

cate that subtracting the background signal from the

original 2f signal can efficiently remove the influence

of the additional item caused by RAM.

5. Experimental results

A typical experimental result is shown in Fig. 5 in

order to illustrate the influence on the 2f signal caused

by RAM. In the experiment, the laser wavelength is

tuned using a saw-tooth waveform of 40 Hz from the

signal generator together with a high frequency sinu-

soidal waveform of 10 kHz from the lock-in amplifier

and the modulation depth is ±0.063 cm−1. The gas

temperature, total pressure, CO2 concentration, and

absorption path length are 296 K, 0.1 atm, 70.05%

and 120 cm, respectively, other parameters are mea-

sured and they are I = 222.15 mV, ∆I1 = 18.75 mV,

the absorbance and 1f amplitude at the line centre:

4.26‰ and 3.25 V, respectively.
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background 2f signal; (c) X and Y components of the subtracted 2f signal; (d) amplitudes of the original and subtracted

2f signals.

Figure 5(a) shows theX and Y components of the

original 2f signal, and figure 5(b) shows the X and Y

components of the background 2f signal. Subtracting

the background signal from the original 2f signal, the

obtained X and Y components of the subtracted 2f

signal are shown in Fig. 5(c). The lines in Fig. 5(d)

represent the amplitudes of the original 2f signal (S2f)

and subtracted 2f signal (S′
2f), and the values of S2f
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and S′
2f at the line centres are about 39.28 mV and

40.68 mV, respectively. Substitute S2f and S′
2f into

Eq. (13), then the CO2 concentrations will be calcu-

lated to be 67.75% (using S2f) and 70.17% (using S′
2f),

with measurement errors being −3.28% and 0.17%, re-

spectively.

In practical measurements, we only need to ac-

quire the amplitudes of the 1f and 2f signals at the

line center. So we can tune the laser wavelength ex-

actly to the line centre (6527.64 cm−1) using a wave-

length meter, then modulate the wavelength with a

10-kHz sinusoidal waveform from the lock-in ampli-

fier, and the modulation depth is ±0.168 cm−1. Fig-

ure 6 shows a typical experimental result, where the

gas temperature, total pressure, CO2 concentration,

and absorption path length are 296 K, 1 atm, 70.05%,

and 120 cm, respectively, other parameters are mea-

sured and they are I = 222.15 mV, ∆I1 = 46.85 mV,

the absorbance and 1f amplitude at the line centre:

5.34‰ and 3.1003 V, respectively.

Figure 6 (a) shows the X and Y components of

original and background 2f signals at the line centres,

from the lock-in amplifier. The amplitudes of the orig-

inal and subtracted 2f signals at the line centres are

shown in Fig. 6(b), where the values of S2f and S
′
2f are

28.605 mV and 26.681 mV, respectively. Substitute

S2f and S
′
2f into Eq. (13), then the CO2 concentration

will be calculated to be 74.58% (using S2f) and 69.57%

(using S′
2f), with measurement errors being 6.47% and

−0.69%, respectively.

In a way similar to that for Fig. 6, in the follow-

ing experiments, we fix the parameters of the DFB

laser, and measure the CO2 concentrations in differ-

ent CO2/N2 mixtures. The CO2 concentration varies

from 20% to 80%, and the absorbance at the line cen-

tre varies from 1‰ to 6‰. The measured CO2 con-

centrations are shown in Table 2, where the CO2 con-

centrations calculated from the subtracted 2f signals

are in good agreement with their corresponding true

values, with a measuring error being no more than

2.0% when the absorbance varies from 1‰ to 6‰.

While the concentrations of CO2 obtained from the

original 2f signals (where the background 2f signal is

not removed) have large measurement errors under

low absorbance conditions, especially when the CO2

concentration is 20% (absorbance is 1.68‰), the mea-

surement error goes up to 310%, leading to erroneous

measurement results. The measurement results indi-

cate that under low absorbance conditions, subtract-

ing the 2f signal of the background signal from the

original 2f signal can remove the influence of the addi-

tional item caused by RAM, and then leads to a good

measurement accuracy for the WMS 2f/1f method.
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Fig. 6. (colour online) (a) The X and Y components of the original and background 2f signals in the line centre and

(b) amplitudes of the original and subtracted 2f signals at the line centre.

Table 2. Measurement results of CO2 concentration.

True
Absorbance at

Measured results based Measured results based

concentration
the line center/%

on subtracted 2f signals on original 2f signals

of CO2/% Concentration/% Error/% Concentration/% Error/%

80.06 5.97 79.02 −1.29 77.29 3.47

70.05 5.34 69.57 −0.69 74.58 6.47

60.38 4.71 59.24 −1.89 72.40 19.90

49.90 3.99 49.01 −1.78 82.91 66.14

40.24 3.30 40.83 1.48 82.17 104.20

29.92 2.52 30.42 1.67 78.21 161.41

19.44 1.68 19.35 −0.45 79.57 309.32
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6. Conclusions

The X and Y components of the 1f and 2f sig-

nals are derived according to the absorption spectral

and lock-in theories in this paper, where the phase

shift between the detection and the reference signal,

influenced by the measurement system and the fre-

quency of the reference signal, can be any value in

a range from 0 to 2π, and the expressions indicate

that the X and Y components of the harmonic signals

vary with phase shift. Then the X and Y components

are simplified and the expression of the gas concentra-

tion based on the ratio between the 2f and 1f signals

is derived. It is theoretically proved that subtract-

ing the background signal from the original 2f signal

can efficiently remove the influence of the additional

item caused by RAM. The approximation errors dur-

ing the derivation are analysed in numerical simula-

tion and then the transition of CO2 at 6527.64 cm−1

is selected to measure the CO2 concentration using

the calibration-free WMS 2f/1f method under low ab-

sorbance conditions (with absorbance varying from

1‰ to 6‰). The results indicate that the WMS 2f/1f

method keeps a good accuracy under low absorbance

conditions, which will be widely used in gas concen-

tration measurements in the future.
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