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Within the framework of the quasiharmonic approximation, the thermodynamics and elastic properties of Ta,

including phonon density of states (DOS), equation of state, linear thermal expansion coefficient, entropy, enthalpy,

heat capacity, elastic constants, bulk modulus, shear modulus, Young’s modulus, microhardness, and sound velocity,

are studied using the first-principles projector-augmented wave method. The vibrational contribution to Helmholtz free

energy is evaluated from the first-principles phonon DOS and the Debye model. The thermal electronic contribution to

Helmholtz free energy is estimated from the integration over the electronic DOS. By comparing the experimental results

with the calculation results from the first-principles and the Debye model, it is found that the thermodynamic properties

of Ta are depicted well by the first-principles. The elastic properties of Ta from the first-principles are consistent with

the available experimental data.
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1. Introduction

Ta-based alloys[1−3] have increasingly attracted

attention and been used as high technology materials

in recent years, owing to their high chemical and me-

chanical stabilities and high melting points. In this sit-

uation it is necessary to investigate the thermodynam-

ics and elastic properties of Ta. The first-principles

calculations, requiring only knowledge of the atomic

species and crystal structures and well predicting var-

ious properties, including optical properties, thermo-

dynamics, and elastic properties,[4−7] have been se-

lected for the purpose.

In this paper, based on the quasiharmonic approx-

imation, the thermodynamics and elastic properties of

Ta are investigated by the first-principles projector-

augmented wave method. The phonon DOS, equation

of state, linear thermal expansion coefficient, entropy,

enthalpy, heat capacity, elastic constants, bulk modu-

lus, shear modulus, Young’s modulus, microhardness,

and sound velocity of Ta are reported and discussed.

The rest of the present paper is organized as fol-

lows. The theoretical methods and the details of the

first-principles calculations are shown in Section 2 and

Section 3, respectively. In Section 4, the calculation

results are given and discussed. Finally, the conclu-

sions are drawn from the present study in Section 5.

2. Theoretical methods

2.1.Quasiharmonic approximation

In combination with the first-principles calcula-

tions, thermodynamic behaviours of the solid phase

at different temperatures can be described accu-

rately in terms of quasiharmonic approximation.[8−16]

Within the framework of the quasiharmonic approach,

Helmholtz free energy F (V, T ) at volume V and tem-

perature T is usually given by

F (V, T ) = E(V ) + Fel(V, T ) + Fvib(V, T ), (1)

where E(V ) represents the static energy without zero-

point vibrational energy from the first-principles total

energy calculations at 0 K and volume V ; Fel(V, T )
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is the electronic free energy with respect to the cor-

responding V and T , which comes from electronic en-

ergy due to thermal electronic excitations at the Fermi

level; Fvib(V, T ) is the vibrational free energy.

In the present work, the thermodynamic be-

haviours of Ta from the first-principles and the De-

bye model and the elastic properties from the first-

principles will be studied based on Eq. (1), wherein

Fel(V, T ) has not been considered in the Debye model.

2.2. Equation of state

The calculated static energies by the first-

principles with respect to the volume are fitted to the

fourth-order Birch–Murnaghan equation,[17]

E(V ) = a+ bV −2/3 + cV −4/3 + dV −2. (2)

The relationship[17] between pressure P and volume

V can be obtained via

P = 3B0fE(1 + 2fE)
5/2

[
1 +

3

2
(B′ − 4)fE

+
3

2

(
B0B

′′ + (B′ − 4)(B′ − 3) +
35

9

)
f2
E

]
, (3)

P (V ) = − dE

dV
, (4)

where

B0 = −V0
d2E

dV 2
, fE = [(V/V0)

2/3 − 1]/2,

B′ =
∂B

∂P
, B′′ =

−1

B0
[(3−B′)(4−B′) +

35

9
.

2.3.Vibrational contribution to the

Helmholtz free energy

2.3.1. Vibrational free energy from the first-

principles

Based on the phonon DOS g(ω), vibrational free

energy from the first-principles can be written as

follows:[8,15]

Fvib(V, T ) = kBT

∫ ∞

0

ln

[
2sinh

~ω
2kBT

]
g(ω)d(ω), (5)

where ω and ~ are the phonon frequency and the re-

duced Planck constant, respectively.

2.3.2. Vibrational free energy from the Debye

model

Vibrational free energy can be calculated by the

empirical Debye model as follows:[18]

Fvib(Θ, T ) = nkT

[
9

8

Θ

T
+3 ln(1−e−Θ/T )−D(Θ/T )

]
,

(6)

where D(Θ/T ) is the Debye function. Debye temper-

ature can be given by[18]

Θ =
~
K

[6π2V 1/2n]1/3f(σ)

√
Bs

M
, (7)

BS ≈ Bstatic(V ) ≈ Bstatic(Vopt) = V

(
d2E(V )

dV 2

)
, (8)

where M is the molecular mass per unit cell; Bs is the

adiabatic bulk modulus,[19] which is approximated by

the static compressibility; σ is the Poisson’s ratio and

has a value of 0.25; f(σ) can be obtained by[20]

f(σ) =

{
3

[
2

(
2

3

1 + σ

1− 2σ

)3/2

+

(
1

3

1 + σ

1− σ

)3/2]−1}1/3

.

(9)

The non-equilibrium Gibbs function G∗(V ;P, T ) can

be minimized with respect to volume V(
∂G∗(V ;P, T )

∂V

)
P,T

= 0. (10)

The heat capacity CV is estimated by[18]

CV = 3nk

[
4D(Θ/T )− 3Θ/T

eΘ/T − 1

]
. (11)

Based on the quasiharmonic Debye model, the ther-

modynamic parameters of Ta at any pressure and tem-

perature can be estimated from the calculated E(V )

data at T = 0 K and P = 0 GPa.

2.4. Electronic free energy from the

first-principles

The quantity Fel(V, T ) is very important for a

metal system and can be given by Mermin statistics

Fel(V, T ) = Eel(V, T ) − TSvib(V, T ), where Eel(V, T )

is the internal energy with respect to the correspond-

ing V and T , and Svib(V, T ) is the electronic entropy.

The quantity Eel(V, T ) can be written as[8]

Eel(V, T )

=

∫
n(ε)fεdε−

∫ εF

n(ε)εdε, (12)

where n(ε) is the electronic DOS, ε is the energy eigen-

value, εF is Fermi energy, f is the Fermi–Dirac distri-

bution function. The electronic entropy is given by[8]

Sel(V, T ) = −kB

∫
n(ε) [f lnf + (1− f) ln(1− f)] dε,

(13)

where kB is the Boltzmann constant.
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2.5. Elastic constants by strain versus

stress method

A method was proposed for calculating elastic

constant as a function of temperature in previous

literature.[21] Ignoring the anharmonic effect and the

fluctuation of microscopic stress tensor, the elastic

constants Cij(T ) can be evaluated by volume change

as follows. The elastic constants Cij(V ) corresponding

to different equilibrium volumes can be calculated at

0 K from the first-principles. According to the quasi-

harmonic approach, volume change V (T ) as a func-

tion of temperature is predicted from the phonon cal-

culations. Based on the predicted Cij(V ) and V (T )

mentioned above, temperature-dependent elastic con-

stants Cij(T ) each are a function of V .

To calculate the elastic constants, the efficient

stress–strain method proposed by Shang et al.[21] is

employed in the present work. If a set of strains can

be given by

ε = (ε1ε2ε3ε4 ε5ε6), (14)

where ε1, ε2, and ε3 are the normal strains and the

others are shear strains. Lattice vector R is written

as

R =


a1 a2 a3

b1 b2 b3

c1 c2 c3

 , (15)

where ai, bi, and ci are the components of lattice vec-

tor R. The six strains will be imposed on the origin

lattice vector R and the new lattice vector R′ can be

obtained from

R′ = R


1 + ε1 ε6/2 ε5/2

ε6/2 1 + ε2 ε4/2

ε5/2 ε4 / 2 1 + ε3

 . (16)

A set of stresses σ = (σ1σ2 σ3σ4σ5σ6) is gener-

ated because of the crystal deformation from strains

εi. Thus, the elastic constants are determined by

Hooke’s law

σ = Cijε, (17)

where Cij is the 6×6 elastic constant matrix. The

quantities σ and ε are the stress and strain matrix,

respectively. In the present work, n sets of strains will

be required to calculate elastic constants.

For the cubic Ta, the elastic constant matrix is

Cij =



C11 C12 C13 0 0 0

C22 C23 0 0 0

C33 0 0 0

C44 0 0

C55 0

C66


, (18)

where the lower-left part of Cij is omitted. The cubic

crystal of Ta has three independent elastic constants

C11, C12, and C44.

The theoretical elastic properties, including bulk

modulus, shear modulus, Young’s modulus, and mi-

crohardness, can be determined from the indepen-

dent elastic constants Cij(T ). The average isotropic

bulk modulus (B), shear modulus (G), Yong’s mod-

ulus (Ym), and microhardness (HV) have been calcu-

lated according to Voigt–Reuss–Hill approximations

as shown below[22,23]

B = BV = BR = (C11 + 2C12)/3, (19)

G = GV +GR

= (C11 − C12 + 3C44)/5

+5(C11 − C12)C44/[4C44 + 3(C11 − C12)],(20)

Ym = 9BG/(3B +G), (21)

HV = (1− 2σ)Ym/[6(1 + σ)], (22)

where the Poisson’s ratio (σ) is calculated by σ =

(3B − 2G)/(6B + 2G). Voigt’s approach gives the

upper bound of elastic properties in terms of the uni-

form strain. Reuss’s approach gives the lower bound

in terms of the uniform strain. Hill’s approach[22] gives

the average value of Voigt and Reuss.

The averaged aggregate velocities from the cal-

culated bulk modulus and shear modulus can be

achieved as follows:[24]

Vp = [(B + 4/3G)/ρ]
1/2

, (23)

Vs = (B/ρ)1/2, (24)

where VP and VS are the longitudinal and shear sound

velocities, respectively.

3. Details of the first-principles

calculations

The density functional theory (DFT) calcula-

tions are performed based on the ab initio simula-

tion package (VASP).[25] The electron–ion interactions
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are treated within the projector-augmented wave.[26]

The exchange correlation potential is described by

generalized gradient approximation of PW91.[27] The

Brillouin zone (BZ) is sampled by a 27×27×27

Monkhorst–Pack[28] mesh of k points for Ta. The elec-

tronic wave functions are expanded in a plane wave

basis set with energy cut-off of 360 eV. Allowed error

in total energy is smaller than 10−4 eV per atom be-

tween two electronic self-consistent steps. The change

in the total free energy is smaller than −10−3 eV per

atom between two ionic step relaxations.

The phonon DOS calculations are carried out by

a direct force constant method, which is a feasible

method of calculating the vibrational properties from

the first principles based on the quasiharmonic ap-

proximation, as implemented in ATAT code.[29] We

use the 27-atom super-cell for Ta. The electronic free

energy is obtained using the Felec code in ATAT code,

in which the Fermi–Dirac function is chosen for the

smearing of the k-point grid.

4. Results and discussion

4.1. Equation of state

The predicted volume of Ta as a function of

pressure is compared with experimental data,[30,31]

four-parameter equation of state,[32] and other first-

principles calculations,[9] which are shown in Fig. 1,

together with the energy versus volume relation from

the first-principles (in the inset). From Fig. 1, the

fitted pressure–volume relation obtained through the

fourth-order Birch–Murnaghan equation accords rea-

sonably with the diamond-anvil cell (DAC) experi-

mental results and the calculation results from four-

parameter equation of state and other first-principles.
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Fig. 1. Curves of volume versus pressure for Ta, obtained

from DAC experiments, four-parameter equation of state,

and other calculations; energy–volume relation obtained

from the first-principles shown in the inset.

The lattice parameter a0, bulk modulus B0, and its

first derivative B′
0, which are all calculated by the

fourth-order Birch–Murnaghan equation of Ta, are

3.315 Å, 196.9 GPa, and 3.62, respectively, which

are in good agreement with the experimental values

(3.305 Å,[33] 196.3 GPa,[34] and 3.52[32]).

4.2.Thermodynamic properties of Ta

The phonon DOS of Ta at 0 GPa is obtained from

the first-principles calculations. Figure 2 shows the

calculated phonon DOS of Ta together with the exper-

imental measurements[35] by neutron diffractions and

other first-principles calculations.[9] From Fig. 2, it is

found that our obtained phonon DOS of Ta and the

results by Liu et al. are consistent with the measure-

ments at low frequency, but slight deviations can be

observed at high frequency, which are mainly due to

the current calculation based on harmony approxima-

tion at 0 K, while the experimental measurements are

performed at 296 K and the anharmonic effect could

be induced by the higher temperature.
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g
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Fig. 2. Calculated phonon DOSs versus frequency for Ta

at theoretical equilibrium volume, compared with experi-

mental data and other calculations.

Figure 3 shows the temperature-dependent heat

capacities of Ta at the equilibrium volume obtained

by the phonon DOS and the Debye model. As a re-

sult, the heat capacities at constant volume from the

first-principles and the Debye model increase dramat-

ically as temperature increases and finally approach

the Dulong–Petit result 3nNAkB. With the increase

of temperature, the thermal electronic contribution to

Helmholtz free energy increases. The Debye tempera-

ture of Ta calculated by Eq. (6) is 269 K, which is con-

sistent with the experimental value around 261.9 K.[36]
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Fig. 3. Heat capacities at constant volume for Ta ver-

sus temperature, calculated by the first-principles and the

Debye model.

The linear thermal expansion coefficient α at

0 GPa can be obtained via

α =
1

3V

(
∂V

∂T

)
P

, (25)

where V is the equilibrium volume corresponding to

the temperature of interest at 0 GPa. Figure 4 il-

lustrates the linear thermal expansion coefficient with

respect to the temperature at 0 GPa, calculated by the

first-principles and the Debye model, together with ex-

perimental results and other calculations. Electronic

contributions are considered in the first-principles cal-

culations for all the thermal properties discussed in

this section. It can be noted that the linear ther-

mal expansion coefficients from the calculations of the

first-principles and the Debye model increase rapidly

with the increase of temperature below 250 K. The

predicted linear thermal expansion coefficients from

the first-principles accord well with the experimental

measurements[37] and the latest theoretic data[9,38] in

a range from 0 to 3000 K. In contrast, the estimated

values from the Debye model deviate from the present
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Fig. 4. Linear thermal expansion coefficients versus tem-

perature for Ta, calculated by the first-principles and the

Debye model, respectively, compared with experimental

data and other calculations.

first-principles calculations and the latest theoretic

data. The results given by Cohen and Gülseren[39]

from the particle-in-cell (PIC) model are relatively far

from experimental results.

The entropies of Ta, calculated by the first-

principles and Debye model, are shown in Fig. 5,

where the entropy is given by S = −(∂F/∂T )P under

0 GPa. The experimental entropies[39] with respect

to the corresponding temperature are also shown in

Fig. 5 for comparison. From Fig. 5, it can be ob-

served that the entropies of Ta calculated by the first-

principles are more accurate than the ones calculated

by the Debye model. Our results from the Debye

model are in agreement with those given by Wu et

al.,[38] in which the same principle was used.
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Fig. 5. Entropies at constant pressure versus tempera-

ture for Ta, calculated by the first-principles and the De-

bye model, respectively, compared with experimental data

and other calculations.

Figure 6 illustrates the enthalpies of bcc Ta,

obtained by the first-principles and the Debye

model, together with the thermochemical data ver-

sus temperature,[39] where the enthalpy at 0 GPa is

obtained by H = F + TS. It is obvious that the en-

tropies of Ta calculated by the first-principles accord

well with the experimental values.
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Fig. 6. Enthalpies versus temperature for Ta, calculated

by the first-principles and the Debye model, respectively,

together with the experiment values (open diamond).
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The heat capacity at constant pressure from the

first-principles is described by Cp = (∂H/∂T )P , where

H represents the enthalpy at constant pressure. In

Fig. 7, we plot Cp versus temperature, calculated

by the first-principles and the Debye model, respec-

tively, in comparison with measurements[40] and other

calculations.[9,38,39] The heat capacities at constant

pressure Cp from the first-principles and the Debye

model increase rapidly below 300 K as temperature

increases. The first-principles predicted Cp in a range

from 300 K to 500 K is closer to the experimental data

and the results presented by Liu et al.[9] than that ob-

tained from the Debye model. The results given by

Cohen and Gülseren[39] deviate from our results and

the latest theoretic results.[9,38]
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Fig. 7. Heat capacities at constant pressure versus tem-

perature for Ta, calculated by the first-principles and the

Debye model, respectively, compared with experimental

data and other calculations.

As is well known, in the Debye model only the

vibrational contribution to Helmholtz free energy is

considered, but the thermal electronic contribution

is ignored. According to the Debye model, the lat-

tice wave is distinguished from the transverse wave

and the longitudinal wave. The dispersion relations

of the transverse wave and the longitudinal wave are

both linear, which is inconsistent with the actual sit-

uations. For metal Ta, with the increase of tempera-

ture, the thermal electronic contribution to Helmholtz

free energy increases. In the first-principles calcula-

tions, both the thermal electronic and the vibrational

contribution to Helmholtz free energy are taken into

account. The predicted phonon DOS from the first

principles is in good accordance with the experimen-

tal result as mentioned above. Therefore, the first-

principles work is better for thermodynamics of Ta

than the Debye model.

4.3. Elastic properties of Ta

The elastic constants of the bcc Ta with respect

to the temperature are deduced from the equation

Cij(T ) = Cij(T (V )) and presented in Fig. 8, to-

gether with the experimental data. From Fig. 8,

the elastic constants (C11 and C44) predicted by the

first-principles decrease with the increase of temper-

ature, which is consistent with the ultrasonic mea-

surements presented by Featherston and Neighbors[41]

and by Walker and Bujard.[42] For C12, the calcu-

lated rates decreasing with the temperature increas-

ing from 300 K to 3000 K are slightly larger than

those of the experimental data. The discrepancies ob-

served in the C12 are maybe due to neglecting the

contributions of Fvib(V, T ) and Fel(V, T ) to these sec-

ond derivatives.[43] The exceptionally large elastic con-

stants of Ta in a range from 0 K to 3000 K can be cor-

related to its high melting point (3250 K) and cohesive

energy (8.1 eV).
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Fig. 8. Elastic constants at constant pressure versus tem-

perature for Ta, calculated by the first-principles, com-

pared with the experimental data.

Figure 9 shows the first-principles calculated elas-

tic properties of Ta at different temperatures, includ-

ing bulk modulus, shear modulus, and Young’s modu-

lus, together with the experiment values.[34] The pre-

dicted bulk modulus B is 193.6 GPa at 298 K, which

accords well with the measured result (∼ 196.3 GPa).

The calculated shear modulus G is 66.0 GPa at room

temperature, well consistent with the measured value

(∼ 69.2 GPa). The calculated Young’s modulus Ym

is 178.1 GPa, which is reasonably in agreement with

the experimental value (∼ 185.7 GPa). The predicted

bulk and Young’s modulus of Ta decrease linearly as

temperature increases, which implies that the Ta crys-

tal softens with the increase of temperature, thereby

making it compressed and lengthened more easily.

The shear modulus of Ta reduces 24% from 0 K to
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3000 K, which means Ta crystal softens as tempera-

ture increases, thereby making the shear deformation

appear more easily. It is worth mentioning that Ta

crystal has a very high elastic modulus in the range

from 0 K to 3000 K.
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Fig. 9. Elastic properties at constant pressure versus tem-

perature for Ta, calculated by the first-principles, com-

pared with the experiment values at room temperature.

The estimated microhardness values of Ta are

shown in Fig. 10. It can be seen that the microhard-

ness at 0 GPa decreases gradually as temperature in-

creases, which indicates that the Ta crystal softens

with the increase of temperature, thereby making it

compressed more easily. The predicted microhard-

ness is 6.74 GPa at 298 K from the first-principles,

which is reasonably in agreement with the experimen-

tal data[44] (1.17 GPa∼11.6 GPa).
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Fig. 10. Microhardness at constant pressure versus tem-

perature for Ta, calculated by the first-principles.

The isotropically average aggregation velocities at

different temperatures can be readily obtained from

standard relations discussed in Section 2 and are

shown in Fig. 11. From Fig. 11, the average aggre-

gation velocities Vp and Vs decrease monotonically as

temperature increases, but the Vp dropped off more

quickly than the Vs, which implies that the tempera-

ture has a large influence on the speed of the longi-

tudinal wave of Ta and the speed of the shear wave

is less sensitive to temperature change in the range

from 0 K to 3000 K. The predicted average aggrega-

tion velocities Vp and Vs are 4.13 km/s and 2.01 km/s

at 293 K, respectively, which are consistent with the

experimental data[45] (4.15 km/s and 2.04 km/s).
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Fig. 11. Aggregate sound velocities (Vp and Vs) versus

temperature from the first-principles, compared with the

experimental values at room temperature.

5. Conclusion

Based on the quasiharmonic approximation,

temperature-dependent thermodynamic properties of

Ta, including thermal expansion coefficient, entropy,

enthalpy and heat capacity, are studied using the first-

principles and the Debye model. The elastic proper-

ties of Ta with respect to the temperature at 0 GPa

are investigated using the first-principles strain versus

stress method. The calculated pressure–volume re-

lation, lattice parameter a0, bulk modulus B0, and

its first derivative B′
0 by the fourth-order Birch–

Murnaghan equation of Ta are in agreement with

the corresponding experimental values. The phonon

DOS from the first-principles is consistent with ex-

perimental measurements. Considering the thermal

electronic contribution to Helmholtz free energy, the

predicted linear thermal expansion coefficients from

the first-principles accord well with the experimental

measurements in a range from 0 K to 3000 K. The pre-

dicted entropies, enthalpies, and heat capacities of Ta

from the first-principles are in much better agreement

with the experimental values than those from the De-

bye model. The predicted elastic constants (C11 and

C44) by the first-principles decrease with the increase

of temperature and accord with the ultrasonic mea-

surements. The calculated rates of C12 decreasing

with increasing temperature are slightly larger than

those of the experimental data at high temperatures,

which maybe is due to neglecting the contributions

of electronic free energy and vibrational free energy
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to these second derivatives. The first-principles cal-

culated bulk modulus, shear modulus, Young’s modu-

lus, and microhardness all decrease smoothly as tem-

perature increases and accord with the corresponding

experimental values at room temperature. The av-

erage aggregation velocities predicted from the first-

principles decrease monotonically as temperature in-

creases and accord well with the experimental data at

room temperature. The temperature has a large in-

fluence on the speed of the longitudinal wave of Ta,

but the speed of the shear wave is less sensitive to

temperature change in the range from 0 K to 3000 K.
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