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Modeling effective viscosity reduction behaviour

of solid suspensions™
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Under a simple shearing flow, the effective viscosity of solid suspensions can be reduced by controlling the inclusion

particle size or the number of inclusion particles in a unit volume. Based on the Stokes equation, the transformation

field method is used to model the reduction behaviour of effective viscosity of solid suspensions theoretically by enlarging

the particle size at a given high concentration of particles. With a lot of samples of random cubic particles in a unit

cell, our statistical results show that at the same higher concentration, the effective viscosity of solid suspensions can

be reduced by increasing the particle size or reducing the number of inclusion particles in a unit volume. This work

discloses the viscosity reduction mechanism of increasing particle size, which is observed experimentally.
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1. Introduction

Effective properties of fluid composites have been
extensively investigated because of the technological

[1-6] In

application as well as the academic interest.
particular, the effective viscosity of solid suspensions
has important applications to engineering, such as
solid particles transportation and rheological behav-

[7=10] Ty discuss the effective

ior of semisolid slurries.
viscosity of solid—liquid composites, it is shown that
the effective viscosity of the composite is related not
only to viscosity of inclusions, volume fraction, and
solid particle shapes, but also to particle size and spa-
tial contribution of inclusion particles. For example, a
long particle-chain may enhance the effective viscosity
of solid particle suspensions, and the particle aggrega-
tion leads to the viscosity reduction of solid suspen-
sions. Generally, viscosity reduction can be performed
by increasing suspended particle size, aggregating par-
ticles into a streamline cluster and increasing the sus-
pension polydispersity.l'112l In natural crude oil, the
formation of larger asphalt (or paraffin) agglomerates
always occurs under an external electric or magnetic
field due to dynamic interactions between solid par-
ticles, and the agglomerates having complex shapes
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may also be broken up and produce a lot of smaller
asphalt (or paraffin) particles under particle collision
forces.!”8] The changes of particle size and inclusion
shapes can directly affect effective viscosity of solid
suspensions, and the effect of particle size clearly ap-
pears at higher volume fraction. However, there are
few theoretical investigations into the viscosity reduc-
tion (or enhancing) behaviour with the first princi-
ples method. The difficulty results from the lack of
a valid theoretical method of estimating the effective
viscosity of solid suspensions at a high concentration
of inclusions having complex shapes on the basis of
fluid governing equations even if there are a lot of for-
mulas in the dilute limit. Therefore, theoretically, we
in this paper use the transformation field method to
model the effective viscosity reduction behaviour due
to the change of particle size having complex shapes
at higher concentration.

To exactly deal with the random solid suspensions
of high inclusion concentrations, the developed trans-
formation field method has an advantage in calculat-
ing the effective properties of fluid composites hav-
This method
was first proposed by Eshelby™®! to solve the elas-

ing the complex shapes of inclusions.

tic problem of solid composites and further used by
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Nemat-Nasser and Tayal' to investigate the effective
modulus of elastic composites. Subsequently, Gu and
Taol'®16l and Gu et al.l'"18] developed this method
for estimating the effective properties of electric con-
ductive, piezoelectric, and photonic periodic compos-
ites having complex shapes and high concentration.
Recently, Gu and Taol'”) and Gu and Yul?"! used the
method to calculate the effective viscosity of lattice
fluid composites on the basis of the Stokes equation.
Here, we use the method to calculate the effective
viscosity of random solid suspensions having complex
shapes and higher concentration, and discuss the vis-
cosity behaviour by changing the particle sizes. If solid
cubic particles are randomly embedded in an isotropic
infinite fluid matrix, the effective viscosity of solid sus-
pensions is estimated by regarding a random sample of
suspensions as a periodic cell sample at higher concen-
tration. Furthermore, the effective viscosity reduction
behaviour is revealed by comparing the effective vis-
cosity of random solid suspensions having small par-
ticles with that of solid suspensions of large particles.

The rest of this paper is arranged as follows. In
Section 2, based on the Stokes equation, the trans-
formation field method is derived for estimating the
effective viscosity of random solid suspensions using
a cubic periodic model. The transformation velocity
field is introduced, and integration equations of ve-
locity strain tensors are given. Furthermore, a set of
closed linear algebraic equations is built to determine
the transformation field, which is expressed in terms of
power series with three-dimensional spatial variables.
In Section 3, the effective viscosity formulas are de-
rived using the transformation field and the Stokes
equation. Meanwhile, as an example, the effective vis-
cosity reduction behaviour is modeled by calculating a
lot of samples of random solid suspensions, where the
shape of solid inclusion is assumed to be of a small
cube. A brief conclusion is given in Section 4.

The notes in explanation of symbols used in the
transformation field method are listed, where the su-
perscripts 0, h, d, and t refer to the external, host fluid
region, solid particle region, and the unified quanti-

ties, respectively, and the subscripts «, 3, v, and 7

0

represent one component of coordinate (z,y,z). vy,

the a-component of external flow velocity field; p® the
external pressure force of fluid; U?w the partial deriva-
tive of external y-component velocity with respect to n
variable; Egn the external velocity strain tensor; ud Bm
the viscosity tensor of inclusion particle; agﬁ the vis-

cous stress tensor of inclusion particle in « plane along

ﬁ—direction; v" the a-component of fluid velocity field;

, the partial derivative of fluid y-component veloc-
1ty w1th respect to 7 variable; v? | the Einstein sum
of the partial derivative of host ﬂuld velocity v/ with
respect to « variable; ugb’vn the fluid viscosity ten-
sor; ! the isotropic fluid viscosity parameter; p" the
pressure force of host fluid; Eh the velocity strain ten-
sor of host fluid; IT hﬁ the sum of fluid pressure force
tensor —phdag and viscosity stress tensor /‘LaﬁvnEgn;
T} ., the Einstein sum of stress tensor II!; partial
derlvatlve with respect to a variable; aaﬁ the fluid
viscous stress tensor; v, the a component of pertur-
bation velocity field induced by solid particles; E.,
the perturbation strain tensor induced by solid parti-
cles; p the perturbation pressure force induced by solid
particles; EZ, the transformation velocity strain ten-
sor; 0! 4 the unified expression of viscous stress tensor
in both host fluid and solid regions; II¢ op the unified
expression of stress tensors in both host and inclusion
regions; v!, the unified expression of a-component of
velocity in both host and inclusion regions; pg 4., the
effective viscosity tensor of whole composites; oy, 5 the
effective viscous stress tensor of whole composites; a°
the effective isotropic viscosity parameter calculated
by —(E:,,(x)):/E%,; B¢ the effective isotropic viscos-
o(@))i/ Bl ¢4 the
coefficient of power series (z/l, ) (y/ly) (2/1.)k

ity parameter calculated by —(E*
of a
transformation field E7 ;, where i, j, and k are the
powers of x, y, and z variables, respectively.

2. Transformation field method

Under a simple shearing flow v9,

we consider ran-
dom solid inclusions of viscosity tensor uiﬁ,m sur-
rounded by incompressible isotropic Newtonian fluid

with a constant viscosity tensor “Zﬁ'm = u" (0 0py +

danbpy — %5Qg5,yn) and pressure force p”, the fluid ve-
locity field v and stress tensor IT, gﬁ of host fluid re-
gion (2, which satisfy the Stokes equation,[19:20]
vga =0, (1)
Hgﬁ,a = 07 (/6 = 17 27 3)’ (2)

where HhB = —p"6as +/uLa5WEh The velocity strain
tensor B, = (0], + vl )/2, and dup = 1 if o = B,
otherwise do3 = 0. The subscripts «, 7, (5, and
n = 1,2,3. In Cartesian coordinates, x, y, and z are
represented by 1, 2, and 3, respectively The fluid vis-
cous stress tensor is UZB “aﬂvn vn in host fluid (2.
In fact, the velocity field v”, the strain tensor Evn
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and the pressure force p™ have included their pertur-
bation quantities (i.e. the velocity perturbation field
Uq, the perturbation strain tensor E.,, and the pres-
sure perturbation p) caused by solid particles and the
quantities (i.e.,

the strain tensor E’?n and the pres-

sure force pY) caused by the external shearing flow v°
without solid inclusions in the host fluid. Thus, under
, the velocity field v”, the

and the pressure force p" can be

a simple shearing flow v0

strain tensor E” |

rewritten as follows:

UZ :UOZ+U2¢’ E"yln :E’Y77+E2n7
pr=p+p’ in 6, (3)
where EY and p° are the velocity strain tensor and

v

the fluid pressure force caused by the external simple
shearing flow v, respectively.

In inclusion regions (2, its viscous stress tensor is
d _ . d 0 : )
Uaﬂ - /’[’aB'yn(E'yn + E’YU) m ‘Ql' (4)

To avoid matching boundary conditions in complex in-
terfaces of different phases, we introduce the transfor-
(where Ef| + E3o +
E3; = 0 due to incompressible behavior) so that the
strain tensor EJ, satisfies Eqs. (5) and (6)117:18]

mation velocity strain tensor EZ,

E’Yﬂ =0, in {2, (5)
uZﬁ(Egn + Eyy — E7,)
= :uiﬁ’y'r](E'(y)n + E’YV])’ n £ (6)

In this case, the viscous stress tensor of the whole sus-
pensions region {2 = 2, + {2, can be rewritten as the

unified formula foﬁ = Mgﬂ'm(Egn + By — E3,), and
the stress tensor of the whole region 2 is the unified

wa = _(po
v, = v% +v,. Because solid suspensions are governed
o =0, Htﬁa =0, and the ex-

ternal simple shearing ﬂow v

+p)dap + 0,5, and the unified velocity is

by Stokes equation, v/,
, the strain tensor E0
and the pressure force p® batlbfy the Stokes equatlon,
00 =0, and 0y (—p%dap +uaﬂwEO )=
a set of equations about perturbation quantities and

= 0, we obtain

the transformation strain tensor in the region of solid
suspensions, 2!

Voo = 0, (7)
H@ﬁ,& = Oa (ﬂ = 132a3)7 (8)

where IIo3 = —pdas + MZBW(EW - LBz,
If the system of solid suspensions is a cubic peri-

odic cell, where the unit cubic cell consists of random

solid inclusions of arbitrary geometric shapes in a host
fluid and it infinitely extends in three-dimensional
space periodically, the quantities in Eqgs. (7) and (8)
will be periodic functions of cubic cells. Therefore, the
perturbation velocity field, the transformation strain
tensor, and the pressure force can be expressed by the
Fourier transformation components as
oo
v () = Z Vo (€") exp(i§" - x), 9)

In|£0

ZE (&")exp(i” - ),  (10)
[nl£0

oo

plx) = > p(£") exp(ig" - x), (11)

Il #0

where £" = (£7,65,6%) = 2m(ng/la,ny/ly,n./l.),
In| = (n2 4+n2 +mn 112 and I, 1, and [, are the
lengths of the unit cell along z, y, and z directions,
respectively.

val€™) = % / va(@) exp(—i€" - z)da
/ E
pEn = 5 /

With the formula E., () = [vy.,(2) +v,4(2)]/2,
E.p(z) and E,3(&™) can be given as follows:

) exp(—ig" - x)dw,

x)exp(—i&" - x)dx.

Bap(@) = 3 Bas(€") exp(i€” ), (12)
[n|#0

Eapl€) = lua(€)6) +s(€)€). (1)
Substituting Egs. (9)—(12) into Egs. (7) and (8), we
have

i€va(€") =0, (14)
()G — S E o (6
o€ BLEM] =0 (15)

For isotropic Newtonian fluid, solving Egs. (14) and
(15), we have,

p(€") = —2u"EREREL5(€7) /€2, (16)

va(€") = 21[&;@55 7,3(5")/52
as(€7)ER/€, (17)
Bop(€") = &[65Ea,(€") + E0B5, (€7)]/€
— 20ERENEN BN, (E7)/€Y, (18)

In the derivation

where £ = (£7)% + (6)% + (&)

procedure, it is noted that we have used the formula
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E7,(€")+E35(€")+E35(€™) = 0 because of the incom-

pressible assumption of fluid. Furthermore, substitute
. . o d

Eq. (18) into Eq. (6) and let viscosity pg,.,, — oo for

solid particles, then we will obtain a set of integral

equations of the transformation velocity strain tensor

in inclusion regions,
— EO

v Z/{fn

[n|#0
—2UNERENEN B, (') )6} expli€

fﬁ =+ Eﬁ'y( /)52}/52
(x —2)]dz(19)

where o, f = 1,2,3 and V is the whole volume of
unit cubic cell. Clearly, for a uniform external veloc-
ity strain Egﬁ, there exist six equations having five
unknown transformation strain components Ej(x)
slx) =

Ej,(x). From the above derivation, it is found that

in Eq. (19) due to symmetry property of E*

equation (19) is suitable for arbitrary shape and spa-
tial distribution of inclusions.

To solve Eq. (19), the transformation strain
tensor can be expressed by power series of
(z/1:)(y/1y)? (2/1,)%, where i, j, and k denote the

powers of series

o0

Z ”k (z/1)"

i,j,k=0

(y/1,) (2/1), (20)

where the unknown coefficients cg;; will be deter-
mined. If we multiply both sides of Eq. (19) by power
function (x/1,) (y/1,)4(2/1.)",

tion over the inclusion regions, a set of linear alge-

and integrate the equa-

braically closed equations is derived for determining
unknown coefficients,

—EQ AT

D> TG (—gmGT (e
i,5,k=0 |n|#£0
x [E0(Epciik + enedy) — 2enepenendiah /€], (21)
2), €7 = [(¢]

where a, 8 = 1,2,3 (or z, y, )2+

)2+ ()7,
Alar _ / (/1) (/1) (2/12)" AV
£2;
Gk (gn) = / (/L) (/1) (/12)*
x exp(ig" - x)dV.

Equation (21) can be approximately solved within
an accuracy if we choose suitable values of M and

N to close the above equations, where superscripts
i,5,k =0,1,2,3,....N, l,q,r =0,1,2,3,..., M and
N called the approximation order of transformation
strain tensor. Therefore, the transformation veloc-
ity strain tensor is obtained using Eq. (21).
note that the symmetry property of cgg = czﬂjj should
In Refs. [19]

and [20] the symmetrical properties of the effective

Here,
be considered when solving Eq. (21).

viscosity tensor derived with the transformation field
method have been demonstrated.

3. Effective viscosity reduction

behaviour

As an effective viscous composite, the effective
viscosity tensor g ., can be calculated by an ensem-
ble average and definition of effective viscous stress

. .
tensor oy of whole composites,

Gap = Mzﬁ'm<E3n + Eyy(2)), (22)
where (A) =V~
the viscous stress tensor of the whole suspension re-
= MZB’WI [ESW +Eyy(z) — £, ()], we have

ol ). Thus, we obtain the following effective
[19,20]

) o AdV. Furthermore, considering

gion 2, ol
03,8 =
viscosity tensor formula:
/J‘Zﬁwn <E’3T[ + E’Y’I(w»
h
= p“aﬁ’yn <E’(y)77 + E’Yﬁ(m) -

Because of the periodic property of the perturbation

B (). (23)

velocity field v, in the whole suspension region, we
obtain (E,p(x)) = 0. Then, for a uniform external
strain field EJ, ,
tensor can be estimated by the following formula due

to EZ, () = 0 in host fluid region (2:

:u’ozB'ynE'yn ﬂaﬁ’yn[E <E* ( )> ]’ (24)

where (EZ, (z))i = V™! [, EZ, (x)dV. It is clear that
based on the transformation strain tensor obtained in

from Eq. (23), the effective viscosity

Section 2, the effective viscosity can be calculated us-

ing Eq. (24
suspension system, we can further simplify Eq. (24)

). Moreover, for a cubic periodic isotropic

into the following equation:[!

Hpn = B (L4 B) (B + Banr — 200ry)/2
+ F‘h (@ = B°)(bapyn — 6apdyy), (25)
where a® = —(E},(2))i/EQ,, B¢ = —(ELs(x))i/Epp,

and 0agyn = 1 if @ = f =~ =1, otherwise dagyy, = 0.
Here, it is noted that in Refs. [17
tion (24) or equation (25) has been tested by compar-

] and [18] equa-

ing the results of solid or colloidal suspensions having a
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simple central cubic periodic lattice model with those
obtained from Einstein, Talylor, Nunan, and Keller
formulas, showing that they are in good agreement
in a larger range of concentrations of inclusions.*:3:21]
In addition, the zero- or lower-order approximation of
this method is enough to estimate the effective viscos-
ity of fluid composites in the dilute limit, and higher-
order approximations are suitable to predict the ef-
fective properties at high concentrations because of
the transformation velocity strain tensor including in-
Thus,

we shall use high-order approximations of Eq. (24)

teractions of spatial random solid particles.

or Eq. (25) to model the effective viscosity reduction
behaviours of higher concentrations by changing the
random particle size.

Motivated by Tao and Xu’s®l reducing effective
viscosity experiments of fluid composites through en-
larging particle size, we shall discuss the effect of parti-
cle size on the effective viscosity of solid suspensions.
As a theoretical model, we choose the centre of the
unit cubic periodic cell as the origin of Cartesian coor-
dinates (z, y, z), and random solid cubic particles are
imbedded in the suspension system (see Fig. 1) hav-
ing unit viscosity coefficient of isotropic host fluid (i.e.,
p" =1). In order to investigate the effect of particle
size on the effective viscosity at higher concentrations,
we first investigate an example of the suspension sys-
tem having a big cubic solid particle with edge length
0.7047 unit, i.e., the volume fraction is 0.35. For the
third-order approximation, N = 3, under the external
velocity strain E9; = EY, # 0 (the values of remaining
EY s are zero), the Einstein effective viscosity coeffi-
cient 5¢ = 1.0945. Next, we calculate Einstein effec-
tive viscosity coeflicient 8¢ of ten small equal-volume
cubic inclusions randomly embedded in the host fluid,
where each small cubic inclusion has a volume fraction
of 0.035 and an edge length of 0.3271 within the unit
periodic cell. To calculate the statistical distribution
of Einstein effective viscosity constant 8¢ of random
samples, we randomly select ten small cubes (the vol-
ume fraction of each small cube is 0.035) fifty times.
In the random sample process, there include random
agglomerations consisting of a few small cubes of ten
random small cubic inclusions. The random agglom-
eration will form one large particle of complex shape.
Thus, our random results can be affected by the com-
plex shapes of agglomerations. Figure 2 shows the
statistical frequency histogram of the Einstein effec-
tive viscosity constant 8¢ in the random samples. The
mean value of Einstein effective viscosity constant 3¢

is about 2.7980 and its mean square deviation is about
0.652. Comparing the effective viscosity coefficient 3¢
of ten small particles with that of one large particle, it
is clear that the effective viscosity of solid suspensions
having large size inclusions is less than that of small
size inclusions at the same high concentrations, i.e.,
for one larger particle with cubic edge length 0.7047
unit, its effective viscosity coefficient is only about
1.0945. Furthermore, we estimate the effects of the
number of cubic particles at the same volume frac-
tion of total particles. At the total volume fraction
0.35 of particles, the number of cubic particles is se-
lected from one to twenty-five. With random samples
selected fifty times, the effective viscosity coefficient
(€ is given in Fig. 3. It shows that with the number
of particles increasing, the averaged effective viscosity
coefficient B¢ generally increases within a wide range
of the number of inclusions. Here, note that although
the effective viscosity of the large number of parti-
cles is less than that of the small one in a range of
very small particle size (see Fig. 3, the effective vis-
cosity from 15 to 25 particles), the effective viscosity
remains a large value. Checking our random samples
we find that there are some small particles connect-
ing to each other and forming a large agglomeration of
complex shape. This kind of large agglomeration gives
rise to a reduction effect on effective viscosity of the
sample system. Therefore, for smaller particles, a low
effective viscosity appears since larger agglomerations
are formed. If we exclude the large agglomeration and
keep small particles off each other in each sample, it
is possible to obtain a large steady effective viscosity
of small particle composite system for the sufficient
number of random samples at a given high concentra-

tion.

//%

A\

N\

Fig. 1. One unit periodic cell of solid suspensions includ-
ing the black small cubic random inclusions.
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Fig. 2. Histogram shows the statistical distribution of
Einstein effective viscosity constant 8¢ in random samples,
where the total volume fraction of ten cubic inclusions in
each random sample is 0.35 and the values of effective con-
stant 8¢ are in the range [1.338, 4.455]. In the statistical
analyses, the apparent frequency of effective constant 8¢ in
each of the equally-spaced ranges is estimated with the fre-
quency of 8¢ divided by the interval constant (¢ = 0.3117)
of effective viscosity value (€.

3.0

20f

1.0

Average effective beta

0
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The number of cubic inclusions N

Fig. 3. The effective viscosity constant 3¢ changes with
the number of particles at total volume fraction 0.35.

4. Conclusions

of smaller solid particle size. For the values of effective
viscosity coefficient 3¢ of different samples of small
particles, there exists a larger difference in effective
viscosity coefficient between different samples, chang-
ing from 1.3380 to 4.4550.
different spatial distributions or positions of particles

It also implies that the

give rise to an important effect on effective viscosity.
Of course, when these small particles aggregate and
produce only one large size particle, the effective vis-
cosity will be reduced sharply. It indicates that large
particles will induce less viscosity than the small ones.
The transfer field method also provides a good way to
quantitatively discuss the effects of random factors of
solid inclusions on the effective viscosity, such as the
particle shapes, spatial distribution or positions of in-
clusions. As a theoretical investigation, in the next
work, we will further discuss the viscosity reducing
or enhancing problem caused by other random factors
of inclusions, for example, the particle shapes, spa-
tial distribution or particle-chain structures, and find
which random factor will play a key role in controlling
the effective viscosity at high concentrations because
it is very useful in the matter transportation.
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