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In this paper, an improved incompressible multi-relaxation-time lattice Boltzmann-front tracking approach is
proposed to simulate two-phase flow with a sharp interface, where the surface tension is implemented. The lattice
Boltzmann method is used to simulate the incompressible flow with a stationary Eulerian grid, an additional moving
Lagrangian grid is adopted to track explicitly the motion of the interface, and an indicator function is introduced to
update the fluid properties accurately. The interface is represented by using a four-order Lagrange polynomial through
fitting a set of discrete marker points, and then the surface tension is directly computed by using the normal vector and
curvature of the interface. Two benchmark problems, including Laplace’s law for a stationary bubble and the dispersion
relation of the capillary wave between two fluids are conducted for validation. Excellent agreement is obtained between
the numerical simulations and the theoretical results in the two cases.
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1. Introduction

The immiscible two-phase flows with a sharp in-
terface often appear in nature and many industrial
processes, such as water waves, coating flow, bubble
dynamics in chemical reactors, surface tension-driven
flow, free surface deformation in the crystal growth
process, and so on. Owing to the practical importance
for the processes involving multi-phase flow with sur-
face tension and also its challenge in numerical sim-
ulation, they attract many studies in the field, and a
number of different methods based on traditional fluid
dynamics, including the finite difference method, the
finite volume method, and the finite element method,
have been developed to simulate and predict the be-
haviors of such flows.[!—3]

The lattice Boltzmann method (LBM) has been
developed as an alternative numerical scheme for mod-
eling complex fluid dynamics problems. The main
advantages attributed to the LBM are the simplicity
in programming and the ease of parallelization.!*! Re-
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cently, the LBM has been widely adopted to simulate
multiphase flow,>=7 fluid-structure interaction,®—10!
and thermal fluid flows.[!1:12]

In the LBM framework, several kinds of multi-
phase fluid models have already been developed and
used to simulate multiphase flow. The first immiscible
multiphase LBM model was proposed by Gunstensen
et al.l’! Tt contains two sets of LBM distribution func-
tions, one for each phase, and through the repulsive
interaction based on the colour gradient the phase sep-
aration is achieved. The second model, the so-called
pseudo-potential model, was proposed by Shan and
Chen,®) who introduced the concept of interaction po-
tentials. Swift et all”) proposed a free energy model;
it also relies on a second set of distribution functions
which describes the fluid fraction and is determined
by the free energy of the system.

The above-mentioned multiphase LBM models
belong to diffusive interface capturing methods, and
these models all rely on an implicit description of the
interface. Recently, Lallemand et al['3l proposed a
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hybrid method combining the LBM and the front-
tracking method. The basic idea behind the front
tracking method, using a set of connected discrete
marker points to track explicitly the interface motion,
is intuitive and fairly simple. These computational La-
grangian marker points are independent of the back-
ground Eulerian mesh. At each time step, information
is exchanged between the moving Lagrangian marker
points and the stationary Eulerian mesh points, and
this information exchange is achieved by using Pe-
skin’s immersed boundary method. %

In this paper, the front tracking method['5:16! ig
used on the basis of He and Luo’s incompressible
LBM, ") by combining these two methods, and we de-
velop a model to study two-phase flow with sharp dy-
namical interface and surface tension. For two-phase
flow, the fluids separated by the interface are treated
as one fluid with varying physical properties. Further-
more, an indicator function I(x,t) is introduced, and
its value is taken to be 1 in one phase and 0 in the other
phase. According to this indicator function, the entire
fluid with varying physical properties is immediately
updated, in the meantime, the surface tension is di-
rectly computed at the interface. In order to improve
the numerical stability of the single-relaxation-time
LBM, we further develop He and Luo’s LBM model
by using a multi-relaxation-time LBM technique. To
verify the ability and accuracy of the model for two-
phase flow, two benchmarks, including Laplace’s law
for a stationary bubble and the dispersion relation of

(0,0),

€, =

where ¢ = §,,/0; is the lattice velocity.

For the incompressible LBM model,l!” the dis-

crete equilibrium distribution function is defined as
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where Jp is the fluctuation density, pg is the initiation

density, and the weighting coefficients w,, are

(cos[(a—1)m/2],sin[(a — 1) 7/2]) c,
(cos [(2a — 9) /4] ,sin [(2a — 9) 7/4]) V2,

the capillary wave between two fluids, are performed.

2. Numerical methods

Our algorithm consists of three major parts: the
flow solver, the interface tracking, and the compu-
tation of the surface tension. The flow solver is de-
veloped based on an incompressible multi-relaxation-
time LBM; the front tracking method is adopted to
track the dynamical interface; and the surface tension
is computed directly on the interface.

2.1. Lattice Boltzmann method

The D2Q9 model, a widely used LBM model for
two-dimensional flow, is adopted in this paper. The
discrete lattice Boltzmann equation is

fo(T + €qds, t +61) — fa(®,t)
= alwt) — 10,0, 1)

where f, (2,t) is the distribution function for parti-
cles with velocity e, at position & and time ¢, and
f&eq)(m,t) is the equilibrium distribution function.
The dimensionless relaxation parameter 7 is related
to the speed of sound c¢; and kinematic viscosity v
by v = ¢ (1 — 1/2) &;, where cs = \/1/36,/5;, and d,
and ¢; are the lattice space and time step, respectively.
The discrete velocities read

a =0,
a:1_47 (2)
oa=5-—238,
| 4
§7 Oé:O,
1
Wa = §7 o = 1727374a (4)
1 =5,6,7,8
36 @ =9,0,(,0.

The fluid macroscopic fluctuation density §p and ve-

locity w are computed from the moments of the dis-

tribution functions as follows:[17]

5p =" fa (5)

u= plz eafo. (6)

The above LBM model is based on the BGK col-
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lision approximation. It is known that numerical in-
stability may appear in this model, and therefore, a
multi-relaxation-time collision technique is introduced
to improve the numerical stability. The evolution
equation is expressed as

fa($ + ea5t7t + 5t) - fa($at)
= —Sailfi(m,t) — [V (@, 1), (7)

where S,; is the component of the collision matrix S.
In the velocity space, the full matrix S results in the
difficulty in implementing the collision step. Based
on the ideas in Refs. [18] and [19], the full collision
matrix in the moment space can be transformed into
a diagonal matrix, which leads to much convenience
in performing the collision process. Therefore, equa-
tion (7) is transformed as

flx+eqadr,t+ ) — flx,t)
= —M_lg[m(:c, t) — m(ed (x,t)], (8)

where m (x,t) and m(°® (x,t) are moments and their
corresponding equilibria, and Sis a diagonal matrix
whose components represent the relaxation time of the
moments

S=MSM*

= diag(s()u81782783784785756737788)- (9)

The transformation between the velocity space and
moment space is achieved by the matrix M, which
serves as a transformation matrix, and maps the dis-
tribution functions f (x,t) to their moments

m=Mf,

f=M"'m 10)

The transformation matrix M, which can be con-
structed via the Gram—Schmidt orthogonalization
procedure from some polynomials of the components
of the discrete velocities,[*®! is expressed as

1 1 1 1 111 1 1
—4 -1 -1-122 2 2 2
4 -2 -2 -2 -21 1 1 1
01 0 -1 0 1-1-11
M=|0 -20 2 0 1-1-11 [.(11)
o o0 1 0 -11 1 -1 -1
0 0 -2 0 211 -1 -1
0 1 -1 1 -100 0 0
00 0 0 0 1-11 -1

Based on the equilibrium distribution function of an
incompressible single-relaxation-time LBM model, as
indicated in Eq. (3), the corresponding equilibrium
moments are obtained by m(©d) = M £

(e

m(()EQ) =6p, mi V= _25p+35-5 /pos  (12a)
W g il g (2
me) = —jn, mge‘ﬂ = Jy» m((;@l) = —Jjy, (12¢)
m = (2 ) o, = o, (120

where j = pott = (jz, jy) is the momentum.

2.2. Front tracking method

When equation (8), the evolution equation, is
solved numerically on a stationary Eulerian grid, the
density and viscosity on these grid points are required.
Now we consider a two-phase flow: in each of two
phases the flow is assumed to be incompressible, and
the fluid parameters, such as density and viscosity, in
each phase are taken to be constant. Hence the den-
sity and viscosity are physically discontinuous across
the interface, and this discontinuity at grid points ad-
jacent to the interface brings many difficulties to nu-
merical methods. In order to effectively simulate the
interface movement of two-phase flow, Tryggvason et
al.’® and Unverdi and Tryggvason'® adopted a sta-
tionary Eulerian background grid to solve the govern-
ing equations of flow, and an additional moving La-
grangian grid to track explicitly the interface motion.
In this paper, the entire flow domain is solved by just
one evolution equation. An illustration of such a grid
system is shown in Fig. 1.

fluid 1 statiopary Eulerian grid

O
/./././ fluid 2 |

Lagrangian grid

Fig. 1. The LBM-front tracking method with two grids:
a stationary Eulerian grid for the flow field solved by the
LBM model and a moving Lagrangian grid for tracking
the interface.
At each time step ¢, we should determine the dis-
tributed material properties in the entire flow domain,
where an indicator function I (x,t) is introduced. Let
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this indicator function be zero in one phase and one
in the other phase, and then we can define

b(z,t) = by + (bo — b1) I (z,1), (13)

where b(x,t) is either fluid density or viscosity, and
the subscripts 0 and 1 refer to fluid one and fluid
two, respectively. According to the interface location,
the indicator function I (x,t) is obtained by solving a
Poisson equation

Vi=V-G, (14)

2
—92 ™
“4n) 2 ] (1 +cos o

D(x— ) = i=1
0,

where h is equal to the space constant §,. Equa-
tion (14) is solved by a standard second-order centered
difference method, and the linear equation system is
solved with a traditional Successive-Over—Relaxation
method. Figure 2 illustrates the indicator function

distribution.

—~
S
=
~

Fig. 2. Indicator function (1 inside the bubble, and 0

outside).

The interface maker points are moved in a La-
grangian manner

d:l:f
— =u 17

dt fs ( )
where u¢ represents the velocity of the interface maker
points which are interpolated from the flow field over
the background grid

us (x,t) = Z u (x;,t)D (z;—xp) . (18)

(l‘i — :’Ef’i)) s if |$Z — .’I/'f’i| < 2h,

where G contains the information about the interface

and is expressed as
G= / neD (x — x¢) ds, (15)
r
where n¢ is the unit normal vector of the interface, I’
represents the interface, and D (& — x¢) is a distribu-
tion function. In this paper, we adopt the traditional

Peskin distribution function*¥ to approximate the D

function

(16)

otherwise,

2.3. Surface tension

Accurate calculation of the surface tension is a
great challenge of numerical methods for the multi-
phase flow model. In this paper, the surface tension
is implemented directly from the normal vector and
curvature of the Lagrangian interface and expressed
as

Ff = O’kf’anSf, (19)

where o is the surface tension, k¢ is the curvature of
the interface, and As; is the distance between two ad-
jacent maker points. According to Eq. (17) we can
obtain the coordinates of the interface maker points,
and then the interface is represented by the following

vector parametric equation:
R(v) =g(v)i+h(v)j, (20)

where g (v) and h (v) are computed by fitting a four-
order Lagrange polynomial

4
g(v) = L (v) s (v), (21a)
i=0
h(v) = ZLi (v) ys (vi), (21b)
i=0
where
Li (v) = ;’__Z (22)
i

We can compute the normal vector and curvature at

any point on the interface from the following formulas:
—hi+g'j

O L

(9)* + (0')?

(23)

124703-4



Chin. Phys. B Vol. 21, No. 12 (2012) 124703

g/h// _ g//h/
3/2°
(97" + 7?)

where the prime denotes the differentiation with re-

ke = (24)

spect to parameter v; ¢ and j are unit vectors in the
x and y directions, respectively.

The surface tension is then distributed into the
background grid in the same way as the interpolation
of the velocity, and it is given as

F(x) = ZFf (zg) D (x — xp). (25)
k

The coupling between the surface tension and flow is
established by adding an external forcing term to the
right-hand side of the evolution Eq. (8), the forcing

term is expressed as20]

F=M" (I—éS’) MF, (26)

. - A\T
where I is the unit matrix, F' = (Fo,Fl, .. .,Fg) ,

and F = (F(),Fl,...,Fg)T is related to the surface
tension F'

= e, F
szal +

2 4
[ Cg Cg

uF : (eaea —

il )] . (27)

In addition, equation (6) should be redefined as

1 8
u=-- (;eafaJrzF). (28)

In conclusion, each time step of the combined
scheme consists of the following sub-steps.

(i) Interpolate the velocity ws of the interface
marker points from the velocity u of the background
fluid grid with Eq. (18).

(ii) Update the position of the interface marker
points with Eq. (17).

(iii) Compute the surface tension from x¢ and
then distribute the background fluid grid with
Egs. (19) and (25), respectively.

(iv) Compute the indicator function I (z,t) and
update the material properties of the fluid.

(v) Compute the velocity field of the fluid with
evolution Egs. (5), (6), and (8).

(vi) Go back to the first sub-step and perform
recomputation for the next time step.

3. Simulation and results

In this section, two test cases are considered to
validate the algorithm and program. First, Laplace’s

law of surface tension is tested, and then the disper-
sion relation of the capillary wave between two fluids
is simulated. The relaxation parameters in the colli-
sion matrix are chosen as, so = s3 =s5 =1, 51 = 1.1,
s4 = s¢ = 1.2, sy = sg = 1/7, where 7 is the relax-
ation time. For simplicity, the results are presented in
the “lattice units”.

3.1. Laplace’s law of a bubble

To validate the presented numerical method for
the two-phase flow, a verification test for Laplace’s
law is carried out. According to Laplace’s law, the
pressure difference between the interior and the ex-
terior for a static bubble, AP = P,—P,y, is related
to the surface tension o and bubble radius R via the
following formula:

AP = P = Pou = = (29)
where P, and P,y are the pressures inside and out-
side of the bubble, respectively. As done in Ref. [2],
the pressure inside the bubble is measured by averag-
ing the pressure over all lattice points inside a circle
of radius 0.7R and the outside pressure is measured
by averaging the pressure over all lattice points away
from 1.3R of the bubble centre.

A number of tests with bubble radii ranging from
14 to 22 lattice units and the values of surface tension
o from 0.001 to 0.01 are conducted. The lattice size
is 151 x 151 and the periodic boundary conditions for
all directions are used. As demonstrated in Fig. 3, the
simulation results based on the method in the paper
are consistent with the theoretical solutions, and the

maximal relative error is less than 0.3%.

7 -
6 -
< 5
S 4
In
<4 3+ 5 —0005
2 -
r o=0001  , .
0.045 0.055 0.065 0.075
/R

Fig. 3. Pressure differences across the interface for differ-
ent bubble radii from LBM simulations (solid squares) and
the theoretical solution based on the Laplace relationship
Eq. (24) (solid line).
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3.2. Capillary wave

The abovementioned test of Laplace’s law veri-
fies only the ability to simulate a stationary interface.
To verify the capability of the model for a dynamical
interface, the capillary wave is simulated. In this sim-
ulation, initially a single sinusoidal wave is set in the
middle of the domain, with wavelength A equal to the
domain width. The initial wave amplitude hg of the
perturbation is set to be 0.01N, to satisfy the condi-
tion of long wavelength limit, where [V, is the domain
length,

h (x¢,0) = hg cos (kxy) , (30)

where k = 27/) is wave number. For a small per-
turbation amplitude. When the kinematic viscosities
are the same for both fluids, a theoretical solution for
the wave amplitude h (¢) based on the normal mode
analysis is derived? as

h(t) = ho cos [Re (w) t] e~ Mm@, (31)

where the complex frequency w is related to the wave
number k through the dispersion relation!?!!

_ ok3(1—k/q)

5 (32)

with

qg=Vk?*—iw/v. (33)
By using Eqgs. (32) and (33), one can find that ¢ is a
root of the quartic equation as
2 O'k'S
w2y’

q(q—k)(q+k) (34)
which can be solved numerically.

To numerically study capillary wave, we carry
out simulations on a square domain with a resolu-
tion of 151 x 151.
is adopted in the horizontal direction, while a non-

A periodic boundary condition

slip wall boundary is used in the vertical direction.
A number of tests with surface tension values ranging
from 0.002 to 0.01 are conducted. Table 1 presents the
simulated results obtained for the complex frequencies
at different surface tension values, and the theoreti-
cal complex frequencies computed from Egs. (32) and
(33) are also shown in Table 1 for comparison. This
table indicates that our results accord well with those
theoretical solutions, and the relative errors are less
than 0.6%. In order to study the dependence of the
calculation on grid size, the numerical simulations for
o = 0.01 are conducted on five grids: 32 x 32, 64 x

64, 128 x 128, 151 x 151, and 256 x 256. The re-
sults are presented in Table 2, exhibiting clearly that
the relative errors between the numerical results and
theoretical solutions decrease from 4.956% to 0.231%
with the increase of grid number, and the accuracy
of the simulation with grid 151 x 151 is acceptable.
The time evolution of the wave amplitude for o = 0.01
is demonstrated in Fig. 4, and the numerical results
(empty downward triangles) are in good agreement
with the theoretical resolutions (solid line).

1.5F - LBM
theory

1.0

0.5

h(t)

OF

—0.5F

—1.0F

—1.5F

t/10*

Fig. 4. Evolutions of the amplitude of the capillary wave
with time: the LBM results (empty downward triangles)
with grid 151 x 151 and the analytical solutions (solid
line).

Table 1. Comparison of the oscillation frequency between
the analytical solutions and the LBM results for different
surface tension values.

o w (MRT-FT)/10~4 w (Theory)/10™%  Error
0.002 2.493 2.489 0.161%
0.004 3.550 3.558 0.225%
0.006 4.363 4.381 0.411%
0.008 5.067 5.077 0.197%

0.01 5.660 5.691 0.545%

Table 2. Grid dependence study of the capillary wave,
comparison of the oscillation frequency between the ana-
lytical solutions and the LBM results.

Mesh w (MRT-FT) w (Theory) Error
32x32 5.236x1073 5.509x107%  4.956%
64 %64 1.964x1073 2.014x103 2.483%
128x128 7.222x10* 7.264x10~% 0.578%
151x151 5.660x10~% 5.691x10~%  0.545%
256 % 256 2.596x 104 2.602x10~*  0.231%

4. Conclusions

We developed a lattice Boltzmann-front track-
ing method to investigate numerically two-phase flow
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with interfacial dynamics and surface tension. An in-
compressible multi-relaxation-time lattice Boltzmann
method was adopted, and an indicator function was
introduced to update accurately the fluid properties.
The accurate computation of the surface tension has
been a challenge of numerical simulation for the dy-
namical interface for a long time. In this paper, the
interface was tracked explicitly by the front track-
ing method, and a four-order Lagrange polynomial is
adopted to compute accurately the surface tension.
Two verification tests were conducted for both static
interface and dynamical interface, and our results are
in good agreement with theoretical solutions, which
implies that both the method and program developed
in the paper are applicable with high precision for the
two-phase flow with shape dynamical interface, where
the surface tension is implemented accurately.
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