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Lasing without inversion in a four-level diamond system*
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We study the lasing without inversion in a four-level diamond configuration in the case of incoherent pumping

field within the framework of the bare-state basis. With the strong fields limit, we obtain the approximate steady-state

solution, and discuss the dependence of population distribution and system gain on probe detuning and auxiliary field

Rabi frequency.
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1. Introduction

In the past decades, a large amount of papers have
been devoted to the study of light amplification and
lasing without the requirement of population inver-
sion (LWI). An attractive idea that is discussed in this
context is the possibility to convert a coherent low-
frequency input into a coherent high-frequency out-
put by a medium in which no population inversion is
realized between atomic levels that generate the high-
frequency field. In principle, such a process would lead
to coherent amplification in regions of the electromag-
netic spectrum where, for various reasons, population
inversion is difficult or impossible to achieve. Many
models, such as the A5 v [5-9 5 [5:10-14] (yqagi-
A, and NIl schemes, have been proposed. Various
theoretical methods, such as density matrix, master

n,[8-10.12,13,17,18] 5 the quantum jumpl9—21

equatio
in the bare and the dressed states, were used. Ex-
perimental observations of inversionless gain and las-
ing without inversion have been reported by several
groups.[22—27]

The four-level diamond configuration has been
studied theoretically and experimentally in the past.
It has been found that the system has some unusual
properties related to the phase sensitivity of the pro-
cess and nonabsorptive states. This configuration also
allows the generation of light at telecommunication
wavelengths using rubidium and cesium atoms.[28:2]
Recently, the experimental investigation of the nonde-

generate four-wave mixing!® and the control of four-
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level quantum coherencel®!! have been reported. In
the present paper we study the laser without popu-
lation inversion in a four-level diamond configuration.
By taking the strong coupling field limit, we obtain the
approximate steady-state analytical solution of popu-
lations and imaginary part of coherences, and discuss
the condition for generating laser without inversion,
the dependences of population distribution and sys-
tem gain on Rabi frequency of the auxiliary field and
probe detuning. The results show that the auxiliary
field is indispensable and must be a strong one in or-
der to present gain. We implement the conversion
from lasing without inversion to lasing with inversion
by adjusting the system parameters. Due to the co-
herence and interference effects, the behavior of an
excited level population as a function of probe detun-
ing is abnormal: it is at a minimum when resonance,
and at a maximum when detuning close to generalized
Rabi frequency.

The rest of the present paper is organized as fol-
lows. In Sections 2 and 3, we consider the four-level
model interacting with three external fields: a weak
probe, a strong driving, and a tunable auxiliary one.
By taking the strong coupling field limit, we deduce
the steady-state analytical solution and the condi-
tion for generating laser without inversion. Discussion
about the dependence of inversionless gain on system
parameters numerically is given in Section 4. Section 5
is devoted to the time-dependent solutions of system
populations and coherences for the case of full reso-
nance Ay = Ay = Az = 0. In Section 6 we give the
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main conclusions and some discussion.

2. Model and equation of motion

Consider a four-level diamond system shown in
Fig. 1(a).
is driven by a strong field of frequency w; with the

The transition |a) < |b) of frequency weup

associated Rabi frequency G; and the number of pho-
tons V7.
Rabi frequency G2 and the number of photons Ny is

A weak probe field of frequency ws with

applied to the transition between |a) and |c). The
corresponding transition frequency is wq.. The state
|b) is driven by an auxiliary field of frequency ws with
Rabi frequency G3 and the number of photons Nj.
The corresponding transition frequency between |b)
and |d) is wpq. The transition |¢) < |d) of frequency
Weq 1s incoherently pumped with the rate A. There
are spontaneous decays between |i) and |j) described
by vi; (i, = a,b,¢,d). The transitions |a) < |d) and
|b) < |c) are dipole forbidden. The auxiliary field is
indispensable in our model. If the transition between
|b) and |d) is driven by an incoherently pumping as
shown in Fig. 1(b), instead of the tunable auxiliary
field, there is not lasing without inversion at all. This
question will be explained in detail in Section 3.

Fig. 1. Four-level diamond models.

The system can be described by the follow-
ing Hamiltonian in the dipole approximation and
rotating-wave approximation:

H =Hy+ Hi, (1a)
Hoy = hwap|b) (b] + hwaclc) (c| + hwaald ) (d]

+ hwlaial + m2a§a2 + m3a§a37 (1b)
Hi =g (S_(:)Ch + S(_l)al{) + 92 (Sf)ag + S(_2)a£)

+ 93 (Sf’)ag + S(,B)a;), (1c)

where Hj is the unperturbed Hamiltonian of the atom
and fields; H; is the interaction Hamiltonian between
the atom and fields;

SU = |oyal, S =le)al, S = |d)0l,

and
S = [sY]", (i=1,2,3)

are the raising and lowering operators; g1, g2, and
g3 are the coupling constants. Taking the eigen-
states of the unperturbed Hamiltonian Hy as the ba-
sis, which are denoted by |a, N7 + 1, No + 1, N3 + 1),
|b, Ny, No + 1, Ns + 1), |¢,N1+1,Na, N3+ 1), and
|d, N1, No 4+ 1, N3), we obtain the matrix form of the
total system Hamiltonian as

0 —hG1 —RhGs 0

—hGy hA 0 —hG
H _ 1 1 3 , (2)
—hGs 0  hA 0
0 —hGs 0 KA+ A3)

where —hG1 = g1/ N1 + 1, —hGy = ga/No + 1, and
—hGs = g3v/N3 + 1 are the Rabi frequencies asso-
ciated with the three coherence fields, respectively;
Al = wap — w1, Az = Wae — wa, and Az = wpg — w3
are the detunings of the external fields. The standard
master equation is given by

p = —~[H,p) - Jab [SPSS” p+ psi”sﬁ“} + a8 gtV - Jac [sf)s@ p+ pSf)S(f)] + Y0e S ps?

h 2 2
—% [5@5@,0 + psPS@} +aS® ps ) — 'V;d [sﬁ”s@ p+ pS@SS‘”} + 708 s
A A
- [598Wp+ 550 + 45Wps() - s 5980 p+ ps 5] + a5 ps?, (3)

where S_(;l) = |d){c| and 5% = |cy{(d| are the raising and lowering operators between state |c) and |d) as before.

Utilizing master equation (3), we obtain the equation of motion of the density matrix elements as

Paa = YabPbb + YacPec + 1G1(Pba — pab) + 1G2(pea — Pac), (4a
Pob = —YabPb + VedPdd + 1G1(pab — pba) + iG3(pab — Poa), (

Pec = =(Yac + A)pec + (Yea + A)pad + iG2(pac = pea); (4c
(Yod + Yed + A)paa +1G3(ppa — pav), (4d

pdd = Apcc -
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pab = 1G1(pob — Paa) — (% - 'Al)Pab + 1Gapeb — 1G3pad, (4e)
Pac = 1G2(pec — Paa) — (% - iA2),0ac + 1G1 ppe, (4f)
Pad = —1G3pap — [W —i(Ar + AS)}pad + 1G1ppd + 1G2pcd, (4g)
Pve = —i1G2ppa + 1G1pac — [W +i(4A; — AQ)}Pbc +1iG3pac, (4h)
pod = 1G3(pda — pov) + 1G1pad — (wb ha %d;_ Teat 4 iA3)pbd7 (4i)
fed = 1Gapad — iGapey — [%c + Yo ;r Ved + 24 Fi(Ag— Ay — A3)}pcd- (4)

3. Steady-state analysis on resonance

It is easy to obtain Repst = Repst = Im p5%, = Im pj’ = Re p§; = Re pgf, = 0 by solving the real parts of
Eqgs. (4e), (4f), (4i), and (4j) and the imaginary parts of Egs. (4g)—(4h). However even for the exact resonance
case (A; = Ay = Az = 0), it is very complicated to obtain all the steady-state solutions of the set of Egs. (4a)—
(4j). For simplicity, we employ the strong-coupling field approximation, that is, we require G1,G35 > Ga, A,
and 7;; (i,j € a,b,c,d). Under these conditions, we obtain the populations as

st G% (’de + Yea + A) + G%’}/ab st G%'}/ac + Gg/l st G% ('_ch + A) - G%'de st

= - , 5a
Paa G3(Vod + Yea + A) Pob G3(Vod + Yed + A) Pee G3(Vod + Yea + A) Pad (52)
g G274c + G2A « (G2 + G2)yba it (5)
" G2 (Yab + Yod + Yea + A GE(Yab + Vod + Yea + AP
S N S
Pee = Mpdtd, (5¢)
C
st _ 2 5d
Pad = Ty (5d)

where

M = 4G%G3G§ (Yab + Yac + Vod + Yea + A) + G%(%c + A)(Yab + Yod + Yed + A)(Vac + Yod + Yea + 24)
+4G5G5A + GG (Yac + A)*(Vab + Yod + Yea + A),
N = 4GIG3G5(Yab + Yea + A) + G1(Yea + A) (Yab + Vod + Vea + A) (Vac + Vo + Yea + 24)
+4G3G5(Yab + Vea + A) + G1G3(Yac + A)(Yed + A) (Yab + Yod + Yea + A),
C = GRG3(Yab + Yod + Yea + A) - M,
D = (G} + G3)[2G3vba + G5(Vab + Yea + A)] - M + [2G17ac — G3A + GIG3(Yab — Yac + Yod + Yea + 34)] - N,
and the probe gain as
1_c
2Gy D-M
— 4G5G5(YabVac + YabA + YacVed + VacA)]-

Im g}, = - [AGIG3 G (YabYed + VodVed + Voq + Vead + Yoad — YabVac)

(5¢)

If the probe field is very weak compared with the  sion, the following conditions need to be satisfied si-

spontaneous emission, we ignore all items includ-  multaneously:
ing Go in M and N of Eq. (5c¢), and obtain

pre = (Yea + )/ (Yac + A).
know that the steady-state solution is ImpSt =

—(Yae + A) Pt/ (2G2) +(Vea + A)ply/ (2G2). This indi-

Paa — Pec > 0, (6&)

From Eq. (4c) we (6b)

Im pge > 0.
Substituting Egs. (5a), (5¢), and (5e) into Eqgs. (6a)

cates that the probe field does not present gain when
it is very weak.

To make the system present gain without inver-

and (6b), and taking G; = G3, we obtain

(’7cd - ’Yac)('}/ab + Yed + A) + ’ybd(/ycd + A)

- ,Yab(’Yac + A) > Oa (73')
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4G5 (Yac + Yod — Yab — Ved)
+ (Yae = Yed)(Yab + Vod + Ved + A)
X (2Yac + Ybd + Yea + 34) > 0. (7b)

On the other hand, the Hamiltonian and equation
of motion of the configuration as shown in Fig. 1(b)
are presented in the appendix. We can obtain the rela-
tion between steady-state system gain and population
difference under the condition of the strong-coupling
field limit G1 > Ga, A, A, and ~;; as follows:

[ QG% ("Yab + A/)
4G% + (’yab + AI)('Yab + Yac + A + A)
Yac + 4
+ T] Im Pac = G2 (pcc - Paa)' (8)

It is clear that the population difference (pee — paa)

is positive when the system presents gain (Im p,. >
0). This means that only lasing with inversion oc-
curs. Lasing without inversion could not be achieved.

Therefore, the auxiliary field is indispensable.

4. Steady-state numerical simula-
tion

In this section, we solve the set of Eqgs. (4a)—(4j)
in a steady-state regime numerically. We first explore
the behavior of population difference and coherences
each as a function of the auxiliary field Rabi frequency
under resonance condition. Then, we discuss the de-
pendence of inversionless gain on the probe detuning.

The amplification behavior of the probe field can
be described by Im p,.. As plotted in Fig. 2(a), the
gain at resonance can be established with the pa-
rameters selected appropriately. It can be seen that
This

means that the system displays loss if the auxiliary

all the curves start from the negative values.

field is weak. The gain takes the maximum when Gj
is slightly less than (. Specifically, the optimal aux-
iliary field Rabi frequencies for obtaining the gains are
Gz = 14.44774¢, 19.227,¢, 24%ac, and 28.7837,. cor-
responding to the value of G7 = 15v4¢, 20V4ce, 2574c,
and 307, respectively. The maximum of the gain
changes little and the range of G3 for obtaining gain
becomes wider as (G increases.

Figure 2(b) shows the variations of steady-state
population difference p.. — paq With Gs. For not too
large G1, such as G = 157,., the system is always in
the state without population inversion. For larger val-

ues of Gy (curves for G1 = 2074¢, 25%ac, and 307,.),

the system population distribution may produce pop-
ulation inversion as G3 increases. Figure 2(c) shows
the conversions from lasing without inversion to lasing
with inversion. It can be seen that the value of G5 at
which the conversion occurs is always bigger than Gj.

0.02
(a) G, T 1574 /Gl =257,

0.01} G1=307,
E
~ 0.00
E

—0.01f /
Gl 207{1(:
—0.02 \ \ \ !
0 10 20 30 40 50
GS/’Y(LC
0.0 (b)
—0.1}
§ 0.2

< —U.2r
‘P Gl = BOFYac
< —0.3f G =257,

—0.4}+ Gl = 20’7(10

G, = 15794c
—0.5 1 1 I I
0 10 20 30 40 50
G3/7ac
— Imp,,

c ic
0.02f ( ) -==- Pec™Paa
0.00 e \

—0.02f / )
—0.04f
0 10 20 30 40 50
G3/'Yac

Fig. 2. Steady populations and coherence at resonance
for the driven field Rabi frequency G1 = 157q4c (square),
207vac (circle), 25vqc (pentagon), 307vqc (triangle). (a)
Steady-state imaginary parts of pqc each as a function of
the dimensionless parameter G3/vqc. (b) Values of steady-
state population difference pcc — paa each as a function of
G3/Yac- (¢) Im pgc (solid line) and peec — paa (dashed line)
each as a function of G3/vac for G1 = 3074c. The other
parameters are A; = Ay = Az = 0, Yap = Yac = Ved =
A= Gz, and Va4 = 37ac-

It can be seen from Fig. 3(a) that an apparent
gain can be established under the condition of reso-
nance. The values of gain accord perfectly with our
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Fig. 3. Steady populations and coherences for the driven
field Rabi frequency G1 = 1574¢ (square), 207vqc (circle),
257qc (pentagon), 30vqc (triangle), showing (a) imaginary
parts of pgc each as a function of the dimensionless param-
eter Az /vYac, (b) values of population difference pcec — paa
each as a function of Az/v4c, and (c) an excited level
population pe. as a function of As/v4c. The other pa-
rameters are: Yab = Yac = Yed = A = G2, Ya = 3Vac,
Ay = Ag =0.

analytic prediction of Eq. (5¢). The gain reaches its
maximum when A, = 0, and decreases rapidly as ab-
solute value of As increases. The range of the gain
becomes wider with the value of G; increasing. Under
the condition of Ay = £ R, where R is the generalized
G? + G% + G2, the

This means that

the system presents the most serious loss. Simultane-

Rabi frequency defined as R =
curves drop to the lowest points.

ously, population difference reaches a minimum under
As As ap-
proaches to =R, the population difference increases

the resonance condition (see Fig. 3(b)).

or even obtains the population inversion.

Figure 3(c) displays the behaviors of an excited
level population p.. as a function of probe detuning.
The minimum of population p.. occurs at As = 0
and the maximum occurs at A; = +R, which is an
unexpected result. This phenomenon originates from
the absorption cancellation by atomic coherence and
interference effect.

In short, our results show that the system can
present optimal gain without inversion for full reso-
nance (4A; = Ay = Az = 0) and some ranges of pa-
rameters G; and G3. Moreover, when Gy and G3 are
much larger than Go, A, and ~;;, the system presents
the conversion from lasing without inversion to lasing
with inversion. From Figs. 2 and 3, one can see that
our approximations selected in analytical calculation
of the part of Section 3 are appropriate. After simple
calculation, we find that the degree of error between
the approximate set (5a)—(5¢) and the exact equations
(4a)—(4j) is about a few thousandths.

5. Time-dependent solution

In this section, we obtain the time-dependent so-
lutions of system populations and coherences for the
case of full resonance A; = Ay = As = 0, by solving
numerically the equations of motion under the initial
conditions pae(0) = 1 and p;;(0) = 0, (¢ # j). It
means that at the initial time, all populations reside at
ground state and no prior atomic coherence is present
in the system.

From Fig. 4(a), one can see that the population
of ground state |a) oscillates fiercely and reaches a
steady-state value of 0.239. The population of excited
state |c) exhibits an oscillatory increasing behavior
and reaches a steady-state value of 0.216. The val-
ues of populations accord perfectly with our analytic
Figures 4(b)—4(d)
describe the variations of imaginary parts of pup, Pac,

predictions of Egs. (5a) and (5c¢).

and ppq, respectively. It is clear that the loci of gain of
driven and auxiliary field are very similar. They oscil-
late and take a loss ultimately. On the contrary, the
imaginary part of probe coherence does not display
a pure Rabi oscillation. The time duration is much
longer than those of the other two coherences.
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Fig. 4. (a) Population pqq (solid line) and pc. (dashed line) each as a function of normalized time t7y4c. (b) Imaginary
parts of pgp as a function of tyge. (¢) Imaginary parts of pqc as a function of tygc. (d) Imaginary parts of ppq as a
function of tyqc. The parameters used for the calculation are G1 = 20v4c, G2 = Yab = Yac = Yed = A, G3 = 19.2274¢,

Yod = 3'7(1(:, Al = A2 = A3 =0.
6. Conclusion

We investigated the dynamics of a four-level di-
amond system interacting with three coherent fields
and an incoherent pumping. The gain without inver-
sion of system in a steady-state regime is determined
by coherent field Rabi frequency, incoherent pump-
ing rate, and spontaneous emission rate. By using
strong coherent field limit, we obtained the approx-
imate steady-state analytical solutions of imaginary
part of coherences. The results show that the probe
Rabi frequency could not be much smaller than spon-
taneous emission rate, otherwise there is no probe
gain. Particularly, if A = ~;; (incoherent pumping
rate and spontaneous emission rates are the same ini-
tially) and G; = G35 (probe and auxiliary Rabi fre-
quency are equal), the gain of the probe field increases
with the increase of spontaneous emission between ex-
cited states |b) and |d). It should be pointed out that
the coherent auxiliary field plays an important role in
this system. To obtain lasing without inversion, the
auxiliary field must be strong enough compared with

spontaneous emission field. By adjusting the Rabi fre-

quency of the auxiliary field, we can obtain the con-
version from lasing without inversion to lasing with
inversion.

In this closed loop-transition structure, each level
is associated with two transition paths. Due to the co-
herence and interference effects between the paths, the
behavior of an excited level population as a function
of probe detuning is abnormal: it is at a minimum
when resonance, and at a maximum when detuning
closes to the generalized Rabi frequency. Overall, in
a four-level diamond configuration, we find a way to
achieve gain without inversion. This is instructive for

the choice of medium in experiment.

Appendix: Hamiltonian and
equation of motion for model

shown in Fig. 1(b)

The system Hamiltonian is

H = Hy + Hy, (A1)
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where
Ho = hwap|b) (b] + hwacle){c| + hwaald )(d]

+ hwlaial + ﬁwga;ag, (A2)
H, :gl(S(f)m + S(,l)aJ{) + gz(Sf)ag + S@a%). (A3)
Here,
S = lb)(al; S& = le)al; 89 = [sP)T (i =1,2)

are the raising and lowering operators; ¢g; and g are
the coupling constants.

Let Ay = wgp — w1 and Ay = wye — wao be the
detunings of the external fields, then we will obtain
the equation of motion by using master equation as
follows:

paa == lGl (pba - pab) + iGQ(pca - pac)

+ YabPob + YacPees (A4)
Pob = 1G1(pab — pva) = (Vab + A") pob

+ (a + A)pad, (A5)
Pec =1G2(pac = Pea) = (Yac + A)pec

+ (Ve + A)pad; (A6)
paa = A pop + Apee — (Voa + Ved

+ A"+ A)paa, (A7)
Pab =1G1(ppb — Paa) — (mszM - iAl)pab

+ iG2pch, (A8)
Pac =1G2(pec = Paa) — (% = iAz)pac

+1G1ppe, (A9)

pbc = - iCTVQ,Dba + i(;’1/7116

_ 7ab+7ac+A/+A
2

+i(4 — A2)}Pba
(A10)
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