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The coupled-channels optical method for positron scattering has been applied to investigate resonance states with

unnatural parities in a positron-excited hydrogen system. The positronium formation channels and continuum channel

are included via a complex equivalent local potential. Resonance states with angular momenta L = 1 to L = 2 and

parities (−1)L+1 are calculated. Resonance energies and widths are reported and compared with other theoretical

calculations. We found that the opening positronium formation channels play an important role in forming nondipole

Feshbach resonances.
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1. Introduction

During recent decades, there has been continu-

ous interest in theoretical investigations of resonances

in positron–hydrogen scattering.[1−15] The resonances

in positron–hydrogen scattering play an important

role in the production of anti-hydrogen atoms through

the rearrangement scattering of positronium by anti-

protons.[16] In addition to the resonances of natural

parities, resonance states with unnatural parity are

of particular interest.[17] However, comparing with a

number of theoretical studies for resonances with nat-

ural parity in positron–hydrogen system, only lim-

ited theoretical methods have focused on the inves-

tigation of resonances with unnatural parities.[18−20]

Recently, Yan and Ho[18] presented an investigation

of resonances with unnatural parities in a positron–

hydrogen system by using the complex-coordinate

rotation method,[18] in which the coordinations of

positronium formation have been included via Hyller-

aas wave functions. Resonance parameters of unnat-

ural parity states with angular momenta L = 1 to

L = 5 have been reported. They indicated that there

are dipole series and nondipole unnatural parity res-

onance states and occurrence of the latter is due to

the excited states of positronium interacting with hy-

drogen via a large attractive polarization potential.

Another work for investigating unnatural parity reso-

nance states in positron–hydrogen systems is the hy-

perspherical close-coupling calculation (HSCC).[19] A

remarkable theoretical advantage of the approach is

the use of the hyper-radius to represent positron and

electron collectively. It allows a part of the correla-

tion effects to be described efficiently. Both complex

rotation[18] and HSCC[19] studies demonstrated that

Ps channels play an important role in forming unnatu-

ral parity states. Such resonances cannot be obtained

by positron scattering with the ground-state hydro-

gen atom, but they can be accessed by the positron

scattering with an excited-state hydrogen.

In the present paper, we report the new results for

resonance states with unnatural parities in positron

excited hydrogen collisions obtained employing the

momentum space coupled channels optical method

(CCO) for positron–atom scattering.[21] In the present

method, the Ps formation rearrangement channels

have been included via an equivalent local potential

that is an ab initio complex potential. The method

has been applied to calculations of scattering cross

sections (positronium formation cross section, ioniza-

tion cross section, integrate cross section, and total

cross section) for a positron-ground state hydrogen

system and obtained satisfactory results compared

with experimental data and other theoretical calcu-
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lation results.[21] The method has also been applied

to study energy dependence in positron–hydrogen, he-

lium and alkali atom collisions.[22−26]

Now this method is extended to study resonance

states with unnatural parity in the positron scatter-

ing by the excited hydrogen. In the present work, 13

states (2, 3, 4, 5, 6p; 3, 4, 5, 6s; 3, 4, 5, 6d) of hydrogen

are explicitly coupled (P space); the target continuum

and Ps formation in their n = 1, n = 2, and n = 3

states are included in the channel couplings 2p–2p,

2p–3s, 3s–3s.

2. Model and method

The position of resonance energy can be deter-

mined by solving the coupled Lippmann–Schwinger

equations in the momentum space:

⟨ki|T |0k0⟩

= ⟨ki|V (Q)|0k0⟩

+
∑
j∈P

∫
d3q

⟨ki|V (Q)|jq⟩⟨qj|T |0k0⟩
E(+) − ϵj − q2/2

, (1)

where i, j represent target states, P projects a finite

set of target states including the initial state |0⟩ (in

the present case, in its 2p state), and Q projects the

continuum and the positronium formation channels.

V (Q) has two parts, the channel-coupling potential V

and the complex equivalent local polarization poten-

tial W (Q),

V (Q) = V +W (Q), (2)

W (Q) = W
(Q)
I +W

(Q)
Ps . (3)

Here W
(Q)
I and W

(Q)
Ps stand for the parts of the polar-

ization potential that describe the ionization contin-

uum and positronium formation rearrangement pro-

cess, respectively. The model used for the matrix ele-

ment of the polarization potentialW
(Q)
I describing the

continuum was given by McCarthy and Stelbovics.[27]

The positronium formation channel is described

by the model:

|χ(−)
µ ⟩ = |ϕµQ⟩, (4)

where ϕµ is the bound state of Ps, and Q = KPs is

the momentum of the Ps center of mass. The plane

wave ⟨R|Q⟩ represents the motion of positronium,

since only short-range terms in the positronium–ion

potential survive.

The optical potential matrix for positronium for-

mation channels is

⟨k′i|W (Q)
Ps |jk⟩

=
∑
µ

⟨k′i|V |χ̃(−)
µ ⟩ 1

E(+) − ϵµ − k2Ps

⟨χ̃(−)
µ |V |jk⟩. (5)

Here

|χ̃(−)
µ ⟩ =

(
1−

∑
n

|n⟩⟨n|

)
|χ(−)

µ ⟩. (6)

|χ̃(−)
µ ⟩ is orthogonalized to the 2p state of hydrogen,

from which the electron is captured. A detailed calcu-

lation of the potential matrix element for positronium

formation can be found in Ref. [21].

An equivalent-local approximation is made for the

positronium formation potential and the optical po-

tential matrix element is calculated only at about ten

points in the variable K, where

K = |k − k′|, 1

2
k2 = E − ϵ0. (7)

The equivalent-local complex potential is calculated

by a multidimensional method using Cartesian mo-

mentum variables.[27]

For the sake of computation, we make a partial-

wave expansion of the T and V (Q) matrix elements,

defining the partial matrix elements

⟨k′n′l′L′||TJ ||Llnk⟩ (8)

for the total orbital angular momentum quantum

number J by

⟨k′i|T |jk⟩
=

∑
L,M,L′,M ′,J,K

⟨k̂′|L′′M ′′⟩CM ′m′K
L′l′J

× ⟨k′n′l′L′||TJ ||Llnk⟩CMmK
LlJ ⟨LM |k̂⟩, (9)

where

⟨k̂|LM⟩ ≡ YLM (k̂), (10)

and CMmk
LlJ is a Clebsch–Gordan coefficient. The defi-

nition of ⟨k′n′l′L′||V (Q)
J ||Llnk⟩ is analogous to expres-

sion (8) with V (Q) substituted for T .

We consider J as implying two parity states: nat-

ural and unnatural states. In the present case, the

initial state of target is in the 2p state of hydrogen,

we may have n-parity (natural) Π(L+ l) = Π(J) or

unnatural parity Π(L+ l) = Π(J + 1). In the present

work, we only calculated unnatural parity resonances.
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The energies and widths of resonances for particu-

lar values of J have been found by fitting the Breit–

Wigner form with a linear background

σR = |aE + b+
c+ id

E − ER + iΓR/2
|2, (11)

to the partial cross section σR for each resonance over

the resonant energy range, where E is the incident en-

ergy, ER, ΓR, a, b, c, and d are the fitting parameters.

ER is the resonant energy and ΓR is the full width at

half maximum.

3. Results and discussion

In the present work, resonance states with un-

natural parities have been calculated for positron-

excited hydrogen scattering over the energy region

0.06 eV–3.4 eV below the n = 2 ionization thresh-

old of hydrogen at energy intervals of 0.0001 eV.

The numerical results are shown in Tables 1 and

2, along with the results obtained by the method

of complex-coordinate rotation of Yan and Ho[18]

and the coupled-channel scheme in the hyperspher-

ical coordinate system of Shimamura et al.[19] The

lowest unnatural resonance state is located at en-

ergy position −0.1271 (Ry) with a width 1.4 × 10−5

(Ry) lying below the Ps (n = 2) threshold, which is

very close to the result found by using the complex-

coordinate method as well as hyperspherical close-

coupling calculation. It has been pointed out that

the unnatural parity resonance state is not a result of

Table 1. Energies ER (Ry) and widths ΓR (Ry) of P e resonances in e+–H scattering. x[y] = x× 10y .

Eth represents the threshold energy.

CCOa Complex rotationb HSCCc

Threshold, Eth
ER, ΓR ER, ΓR ER, ΓR

Ps (n = 3), −0.055556

H (n = 4), −0.062466

−0.06256, 2.6[–6]

−0.06301, 1.9[–5] −0.06291, 1.4[–5] −0.06286, 1.0[–6]

−0.06500, 2.6[–5] −0.06430, 3.8[–5] −0.06422, 3.8[–5]

−0.07116, 9.2[–5] −0.07104, 9.2[–5]

H (n = 3), −0.11105

−0.1111, 2.5[–5] −0.1111, 1.1[–7]

−0.1121, 5.0[–7] −0.1117, 2.4[–6] −0.1116, 2.4[–6]

Ps (n = 2), −0.12500

−0.1271, 1.4[–5] −0.1273, 8.2[–6] −0.1273, 8.6[–6]

H (n = 2), −0.24986

a Present calculation, b Ref. [18], c Ref. [19].

Table 2. Energies ER (Ry) and widths ΓR (Ry) of Do resonances in e+–H scattering. x[y] = x× 10y .

Eth represents the threshold energy.

CCOa Complex rotationb HSCCc

Threshold, Eth ER, ΓR ER, ΓR ER, ΓR

Ps (n = 3), −0.055556

H (n = 4), −0.062466

−0.06279, 5.9[–5] −0.06275, 1.0[–5] −0.06270, 3.4[–6]

−0.06335, 2.3[–5] −0.06323, 4.3[–5] −0.06308, 4.0[–5]

−0.06384, 7.1[–6] −0.06379, 2.0[–5] −0.06372, 2.0[–5]

−0.06984, 6.0[–5] −0.06970, 6.0[–5]

−0.1051, 8.6[–4]

−0.1109, 7.3[–5]

H (n = 3), −0.11105

−0.1111, 2.3[–7] −0.1111, 2.0[–6] −0.1111, 7.6[–6]

Ps (n = 2), −0.12500

H (n = 2), −0.24986

a Present calculation, b Ref. [18], c Reference [19].
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dipole interaction due to the degenerate excited target

states, while in this case it is most likely a result of an

electron in its 2p positronium state interacting with

the positively charged and infinitely massive proton[18]

and the results of Shimamura et al.[19] show that the

e+H potential approaching the threshold Ps (n = 2)

has a minimum and supports a bound state, which

turns into a Feshbach resonance. The present cal-

culation can provide strong evidence to support the

viewpoint, since when we omitted the 2p positronium

state in the optical potential, the resonance feature

disappeared.

The second lower-lying P e resonance state lo-

cated in energy position −0.1121 (Ry) with a width

5 × 10−7 (Ry), which lies slightly lower than the re-

sults of Yan and Ho[18] and Shimamura et al.,[19] which

located at −0.1117 and −0.1116 (Ry) energy posi-

tions, respectively. We found a resonance state lying

at −0.1111 (Ry). This result is in excellent agreement

with the result of Shimamura et al.,[19] but this res-

onance state has not been shown in the calculation

of Yan and Ho.[18] Below the n = 4 excited thresh-

old of hydrogen, we identified two unnatural P e reso-

nance states lying at energy positions−0.065 (Ry) and

−0.06301 (Ry), which are very close to both calcula-

tion results of −0.0643 (Ry) and −0.06291 (Ry) of Yan

and Ho,[18] as well as −0.06422 (Ry) and −0.06286

(Ry) from calculation results of Shimamura et al.[19]

We have not found the resonance features at −0.07116

(Ry) from Yan and Ho’s calculation[18] and −0.07104

(Ry) and −0.06256 (Ry) from the calculation of Shi-

mamura et al.[19] The resonances (P e) below the H

(n = 4) excited threshold and above Ps (n = 2)

threshold are members of infinite dipole series, and oc-

currence of the resonances is due to the decouplings of

p–d states of excited hydrogen. Our calculations show

that Ps states do not affect the existence of such dipole

resonances even though the positions and widths may

be changed.

For the Do resonance states, we obtained a nar-

row resonance feature at −0.1111 (Ry) energy posi-

tion, which is in excellent agreement with the results

of Yan and Ho[18] and Shimamura et al.[19] We also

identified two peak structures at −0.1109 (Ry) and

−0.1051 (Ry), which did not appeared in the calcula-

tions of Yan and Ho[18] and Shimamura et al.[19] Below

the threshold of H (n = 4), we found two Do reso-

nance states lying in energy position −0.06384 (Ry)

and −0.06279 (Ry), which are very close to the re-

sults of Yan and Ho[18] and Shimamura et al.[19] We

have obtained another resonance structure at energy

position −0.06335 (Ry) with a width 2.3×10−5 (Ry),

which is corresponding to resonance energy position

−0.06323 (Ry) with a width 4.4×10−5 (Ry) from cal-

culation of Yan and Ho[18] and −0.06308 (Ry) with a

width 4.0× 10−5 (Ry) from calculation of Shimamura

et al.[19] Similar to the P e case, we suggest that this

resonance is also due to the interaction of Ps (n = 3)

states with positively-charged ion via an attractive po-

larization potential, since when we omitted Ps (n = 3)

states, then the resonance feature disappeared, while

the resonances Do lying below H (n = 4) threshold

and above Ps (n = 2) threshold belong to the dipole

series.

Comparing with the complex-rotation[18] and

hyperspherical[19] calculations, the present results for

the resonance position and width of each located res-

onance state are closer to the results of the complex-

rotation calculation,[18] as shown in Tables 1 and

2. The slight differences between the present results

and the HSCC[19] results are attributed to the mass-

polarization effect, since the nucleus was fixed in space

in both of the present CCO and the complex-rotation

calculations.[18]

4. Conclusion

In summary, we have reported resonances with

unnatural parities in the positron-excited hydrogen

collisions. The present results of resonance parame-

ters are in excellent agreement with previous calcula-

tions. Our findings confirm that there are nondipole-

independent Feshbach resonances caused by positro-

nium states interaction with hydrogen atoms due to

the polarizability of the excited states of positronium.

This is different from the positron-ground state hydro-

gen system, where only dipole resonance exists, and

the opening of the Ps channels is of a short-range ef-

fect, which will not affect the existence of such dipole

resonances even though the positions and widths may

be changed.
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