Chin. Phys. B Vol. 21, No. 12 (2012) 120509

Wronskian and Grammian solutions for the
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In this paper, based on Hirota’s bilinear method, the Wronskian and Grammian techniques, as well as several

properties of the determinant, a broad set of sufficient conditions consisting of systems of linear partial differential

equations are presented. They guarantee that the Wronskian determinant and the Grammian determinant solve the

(3 4+ 1)-dimensional Jimbo-Miwa equation in the bilinear form. Then some special exact Wronskian and Grammian

solutions are obtained by solving the differential conditions. At last, with the aid of Maple, some of these special exact

solutions are shown graphically.
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1. Introduction

Nonlinear phenomena appear in many scientific
and engineering fields, such as hydrodynamics, plasma
physics, fluid dynamics, solid state physics, optics,
acoustics, and so on. With the development of nonlin-
ear dynamics, the study of nonlinear evolution equa-
tions (NEES) becomes increasingly important. Espe-
cially, it plays an important role in nonlinear dynamics
for searching for exact solutions of NEES. The exact
solutions of NEES can help us to analyze some phys-
ical phenomena and solve some relevant problems. In
the past years, many methods such as Hirota’s bilinear
method, ! the inverse scattering transformation,? the
tanh—coth method,®4 the Wronskian technique,!”
and the Darboux transformation,!®! have been devel-
oped, and diverse classes of exact solutions have been
obtained by using these methods. For instance, the
soliton solutions of NEES were presented,!”) the trav-
eling wave solutions were obtained by using the Hirota
method,®! the periodic wave solutions were given,*!
etc. Recently, Chen et al.l'”) constructed new so-
lutions of NEES by using the Hirota method and
gave out a speculation of the general expression of N-

(11]

soliton solutions. Zeng et al. presented a method
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for finding N-soliton solutions by constructing a con-
straint flow. Furthermore, many new results have ap-
peared for finding exact solutions of NEES. For exam-
ple, a new method for finding new exact solutions and
solitary wave-like solutions of the generalized NEES
has been provided,['?! some new exact solutions of the
Jacobian elliptic function for the generalized NEES
have been given,!'?! and some new exact solutions of
the generalized NEES have been obtained by using
the first integral method." However, it is still nec-
essary to search for exact solutions of some NEES. In
this paper, based on the Wronskian and Grammian
technique, the Wronskian and Grammian solutions of

(3 + 1)-dimensional Jimbo-Miwa equation
Uggzy + SUgzly + SUgUpy + 2y — 3u,, =0 (1)

is studied. A lot of research has been conducted
about Eq. (1).

have been presented by using a transformed ratio-

The exact solutions of Eq. (1)

nal function method.'® The multiple soliton solu-
tions of Eq. (1) have been obtained by using the
Bicklund transformation.!'®l Exact and explicit gen-
eralized solitary solutions for the above equation have

been given.['”) Some special similarity reductions of

*Project supported by the National Natural Science Foundation of China (Grant Nos. 11202161 and 11172233) and the Basic
Research Fund of the Northwestern Polytechnical University, China (Grant No. GBKY1034).

fCorresponding author. E-mail: tyaning@nwpu.edu.cn

(© 2012 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb  http://cpb.iphy.ac.cn

120509-1



Chin. Phys. B Vol. 21, No. 12 (2012) 120509

Eq. (1) have been obtained by Lou and Tang.!'8] A set
of Wronskian solutions of Eq. (1) have been provided
by Tang.') In order to find more generalized exact
solutions and further meet the demand in engineering
fields, we will give a broad set of extended sufficient
conditions and present the Wronskian and Grammian
solutions of Eq. (1). Let us start with the following
transformation. Firstly, we introduce the logarithmic

transformation
u=uo+ 2(In f),, (2)

where ug is an arbitrary constant, therefore Eq. (1) is

transformed into the following bilinear form
(3D,D, —2D,D; — D,D3)f e f =0, (3)

where the well-known Hirota bilinear operators
D.,Dy,D,, and Dy, are defined by

DDy D.Dfaeb
= (ax - 896’)m(8y - 3y/)"(5z - 82’)l
X (af - at’)ka(zv Y,z t)

Xb(x,y, 2,t) |omat y=y 2=z’ 1=t/ - (4)

From Eq. (2), we know that if we can get f, then
Eq. (1) will be solved by v = ug + 2(In f),. There-
fore, the main problem for us is how to obtain f from
Eq. (3).

This paper is organized as follows. In Section 2,
we will obtain the Wronskian solutions of Eq. (1) via
the Wronskian technique and give some special exact
solutions. In Section 3, we will present the Grammian
solutions and get several special exact solutions. In

Section 4, some results will be given.

2. Wronskian solutions

We first consider the following three lemmas be-
fore presenting the Wronskian solutions of Eq. (1).
Lemma 1 If M is an N x (N — 2) matrix, and

a, b, ¢, and d are N-order column vectors, then
|M7aab||M7 Cad| - |M,CL,C||M, b7d|
+ |M,a,d||M,b,c| =0. (5)
Lemma 2 If o (1 < j < N) are N-dimensional

column vectors and vya; denotes (yiaij, Yeqa;, ...,

’)/NOéNj)T, then

n
E ‘alw"vaj—lvryaj?ajﬁ-h'"aaN|
Jj=1

n
:Z’y|a1,...,o¢N|. (6)

j=1
Lemma 3 Assume that P = (p;;) is an
N x N operator matrix and its entries p;; are
(b”) is an N Xx

N function matrix with column vector set b;

differential operators, B =

and row vector set b, (i = 1,...,N;j =
L,...,N), pibi = (p1ib1isp2ibis - .., pnibni) T, pibl =
(pj1bj1, pjebjo, ..., pinbjN), then
by
N N |
D bty pibiy. by = i |- (7)
=1 Jj=1 .
b,

The above three identities (5)—(7) can be verified
through a direct calculation. Next, we present the
Wronskian solutions of Eq. (3) in detail.

Theorem 1 The solution of Eq. (3) can be ex-

pressed as the N x N Wronskian determinant

fN = WT(¢17¢27"')¢N)
o ot o
S ®)

© (1) L (N-1)

N PN N

where ¢§m) denotes 0™ ¢;/0x™, and ¢; = ¢;(x,vy, z,t)
(Gj=12,....N)int >0, —o0 < z,y,z < +00 has
a continuous derivative up to any order and satisfies

the following conditions:

N
¢i,mm = Z )\ijfyij ¢1y = a(ybi,ra (ybi,t = b¢i,mrxa

j=1
¢i,z = C¢i,zxw; 1<:< N7 (9)

with );j, a, b, ¢ being arbitrary real constants and

satisfying
2ab — 3¢+ 4a = 0. (10)

Proof For convenience, we adopt the simple no-
tation fy = |N — 1|, the derivatives with respect to

x, Y, z, and t of fy are obtained as follows:
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fye=IN=2,N|, fy,=alN-2,N|
Fve=c|N—4,N-2N—1,N|—|[N—3,N—1,N+1|+|N—2,N+2],
fNi=bIN—4N—2N—1,N|—|N-3,N—1,N+1|+|N—2,N+2|,
Fyae =|IN—3,N—1,N|+|N—2,N +1],
Fnay =bIN —3,N —1,N|+|N —2,N +1]],
FNa:=c|N—5,N-3,N—2 N—1,N|—|N—3,N,N+1|+|N—2,N+3|],
Fygt =ab[N—5,N—3,N—2,N—1,N|—|N—3,N,N+1|+|N—2,N+3]|],
FNase =|N—4,N—2 N—1,N|+2[N—3,N—1,N|+|N—2,N+2],
FNaey =al[N—4,N -2 N—1,N|+2/N—3,N—1,N|+|N —2,N +2|],
FNasey =al[N—5,N—3 N—2 N—1,N|+3N—4,N—2 N—1,N|

42N —3,N,N+1|+3|N—3N—1,N+2/+|N—2,N +3]|.

Substituting the above derivatives of fx into Eq. (3), via a tedious calculation, we get the following formula:

= 3a[[N—5,N—-3,N—2,N—1,N|—|N—4,N—2,N —1,N + 1|
—2IN—3,N,N+1|—|[N—3,N—1,N+2|+|N—2,N+3[]|N —1|

— — — — 2
+12a|N —=3,N,N +1||[N = 2,N| = 3a[|[N —=2,N+ 1|+ |N-3,N —1,N]|] . (11)
\
By virtue of the identity In what follows, we would like to construct some
N N special exact solutions to the Jimbo-Miwa equation.
|]f,\1| < k?) <Z k?) |]V/jl\ We know that the Jordan form of a real matrix has
J J
j=1 j=1 two types of blocks[?"]
2
N —_—
= (Zk§)|N—1| , (12) i 0
Jj=1 1 N\
, 15
we can easily get (15)
N 1[N —5,N~3,N —2,N —1,N]| 0 LA
+2IN—3,N,N+1|+|N—2,N +3| A, 0
—|IN—4,N—2,N—1,N +1| I A
—|N=3,N—1,N+2|) » (16)
— — 2

Substituting Eq. (13) into Eq. (11), through a sim-
ple calculation, we can reduce the right-hand side of a; —PB; 10

. where A; = , Is = , and A\;, «j,
Eq. (11) into Bi i

B 12a[|]7—\3,N,N—|— 1|\ZV-—\1\ Bi > 0 are all real constants. For the first type of

- o block (15), we will give some special exact solutions
—|N —=3,N,N +1||N — 2, N|

R el as follows.21 =23
+|N—-2,N+1||[N-3,N—1,N]|. (14)
Utilizing Lemma 1, we kno/w\expression (14) equals 2.1. Rational solutions
zero. Therefore, fry = |N — 1] solves the bilinear
equation (3), and then we prove u = ug + 20, In fy is When A\; = 0 and k; = N, expression (15)
the solution of Eq. (1). becomes?42]
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0 0 2.2. Solitons
L0 (17) Substituting the special form of expression (15)
0 1 n 0
NXxN 2
o . . . ,
Substituting expression (17) into expression (9), we . (23)
get '
=0, ¢; —bi Gy =ad; 0 UK
¢O,zz s ¢]+1,xm ¢J7 ¢J,y a¢g,xa N/ NxN

o — b iy = COi gz, J > 0. 18
Git = 0jass,  Pja = Piaae) § 2 (18) into Eq. (9), the following system of differential equa-
Solving Eq. (18) by uisng Maple, we get the following  tions is obtained: 26!

formulas:
1
bo = 601 (z 4+ ay) + Cu, (19) Pizo = i 0is biy = i, it = bbiza,
1 1 1 1 1 ¢i,z = C¢i,xzza 1<i<N. (24)
o = ECl (61:3 + ga?’y?’ + anzy + §a2xy2 + cz)
1 By solving system (24), we get the n-soliton solution
1~ 29
+5Caa7y” + 6Czy + Gz of Eq. (1)
+ 603]; + Clt + CQ. (20) 9 ( ) ( )
u=ug+ 20, InWr(o1,da,...,0n), 25
Let Gy = 1, Cy = Cy = Cy = 0, the following special 0 b
rational solutions are obtained: with ¢; being defined by
U1 —rational
' coshin: s+ bitt). i odd, (26
= ug + 20, InWr(z + ay) = ug + ) (21) ¢i = cosh(miz +anyy + enyz +biit), i odd, (26a)
T+ ay #; = sinh(n;z 4+ any + en?z +bndt), i even, (26b)
U2 —rational
_ 1 3
= uo + 20 mWr(z + ay, 5(z + ay)” + (cz + bt)) where 0 < 1 < mg < --- < 1, are arbitrary constants.
— 62> + 6a°y* + 12azy (22) Let ug = 0, we present the 1-soliton and 2-soliton so-
O 23 4+ 6343 + 3a22y + 3a2zy2 — cz — bt lutions
ur = 28, In(cosh(ima + amy + eniz + biyt)) = 2 tanh(ma + amy + eniz + biit), (27)
uy = 20, InWr(cosh(nx + amy + cniz + bit), sinh(nez + anay + cnsz 4 byst))
203 = 1)
— b Ui (28)

N2 coth(new + anay + eniz + byst) — ny tanh(nx + any + endz + bnjt)”

Similarly, we can obtain 3-soliton and 4-soliton solutions. These solutions are presented in Figs. 1-4.

—0.44

20
0
T

—20

Fig. 1. (color online) 1-soliton solution for a =1, b =1, Fig. 2. (color online) 2-soliton solution for a =1, b =1,
c=2. c=2.
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Fig. 3. (color online) 3-soliton solution for a =1, b =1,

c=2.

20 9

Fig. 4. (color online) 4-soliton solution for a = 1, b =1,

c=2.

From Figs. 1-4, we can easily observe the char-
acteristics of the solitons. The different scalariform
graphs represents different solitons at the same time
t=0.

2.3. Negatons and positons

Similarly, for the Jordan block (15), substituting
block (15) into Eq. (9) and solving the system of dif-
ferential equations, we get the following two types of
special negatons of order n:

u=ug +20; mMWr(¢,0\¢,...,07 '¢),
¢ = cosh(nz + any + en®z + bnt), (29)
u=ug + 20, nWr(p,00¢,...,07 '¢),
¢ = sinh(nz + any + en®z + nt), (30)

where A < 0, 7 = v/=\. Equations (29) and (30) are
equivalent to each other.

Similarly, we present two types of special positons
of order n as follows:

u =g + 20, nWr(p,000,...,07 '¢),

¢ = cos(nx + any — en®z — bn’t), (31)

u=ug+ 20, MWr(¢,0x0,..., 05" 9),

¢ = sin(nx + any — en’z — by’t), (32)
0 where A > 0, n = v/A. Equations (31) and (32) are

also equivalent to each other. By means of Eqgs. (29)-
(32), several exact solutions of lower-order are ob-
tained as

U] —negaton =

U1 —positon =

U2 —negaton =

U2—positon —

where 0; = vV Az + av/\y
are given in Figs. 5-8.

20, In(cosh(nz + any + cnz + bnt))
—2y/=Asinh(v/=Az + av/=Ay + ¢ . + bmgt)
cosh(v/=Ax + av/—Ay + C\/TASz + bmst)

20, In(cos(nz + any — cn’z — bn’t))

—2v/Asin(vV Az + av Ay — ¢ N b\f)\gt)
cos(vV=Az + avly — ¢ N b\ﬁ)\gt)

20, In Wr(cosh(nz + any + cn®z 4+ bnt), O cosh(nz + any + cnz + bnt))
4\/—7)\cosh2(\/—7)\x +av-y+ C\/TASz + bm3t)

cosh 6 sinh 6; + v—=XAx + amy + 30\/—7/\32 + 3b\/—7/\3t’

20, In Wr(cos(nz + any — en’z — bpt), O cos(nz + any — cnz — bi’t))
4/ Aeos? (VAz + avhy — ¢ Nz b\f)\gt)

cos 0y sin 05 + VA + a\f/\y — SC\f/\Sz — Sb\f/\gt7

(35)

(36)

+ cﬁgz + b\ﬁ)\Bt, and 0y = Vz 4+ av Ay — ¢ /\32 — bﬁ?)t. Parts of these solutions
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Fig. 5. (color online) 2-negaton solution for a = 0.5,
b=0.5.
600

Fig. 6. (color online) 3-negaton solution for a = 0.5,
b=0.5.

Fig. 7. (color online) 2-positon solution for a = 0.5,
b=0.5.

oq : :
' —40

0
Y —40 40 v

Fig. 8. (color online) 3-positon solution for a = 0.5,
b=0.5.

3. Grammian solutions

Besides the Wronskian determinant solutions, we
can also prove that equation (3) possesses Grammian
solutions. 7]

Theorem 2 Equation (3) possesses a solution in
terms of the Grammian determinant defined by

v =det (a; ;) 1<i <N
= Ci5 + / figjdz, c;; = const, (37)

the function f; = fi(z,y,2,t) and ¢; = gi(x,y,2,t)
satisfy the following conditions:

fiy =afiz, fit =bfizax, [fiz = Cclizan,

Giyy = iy Git = 0Gizax,

i,z = CGi xxa, (ivj: 1723"'3N)’ (38)
where the three parameters a, b, ¢ satisfy 2ab — 3¢ +

4a = 0.12%
Proof For convenience, we rewrite fy as a Pfaf-

fian
fn=(01,2,...,N,N* ... 2" 1), (39)
x
(Z,j ) = Qj; = Cij + flgjdx7
(i,5) = (i*,5%) = 0, (40)
where Pfaffians entries (m,n = 1,2,...,N) are de-
fined by
8”
d'rH i*) = — j dmad* :Oa
(dn,J%) = 5595 (dm, dp)

(A1) = A for () = (d38%) = 0. (41)

Based on the above Pfaffian, the derivatives of the
elements a;; of fn are given by

0 . e
%aij = figj = (d07d077’7j )7 (42)
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gyai]’ = a/z(fi@gj + figj.)dz
= af;g; = a(do,d,,5"), (43)
%aij = b/z(fi,xwzgj + fi9j zze)da
= b(fiex9j — fix9jc + figjaz)
= b[(d2, d5, i, 5") — (d1,d3, 1, 5)
+ (do, d3, 1, )], (44)
%aij = C/z(fi,mgj + fi9j,az)de
= c(fiwx9j — fix9jx + figjaz)
= c[(d2,dp, 4, j") = (dv,dy, i, 57)
+ (do, d3, 1, 5°)]- (45)

For convenience, we adopt the simple notation fy =
(o). By means of the above results (42)—(45), we get
the derivatives of fy as

Nz = (do,dy, @),  fny = al(do,dg,e),

[Nz = (di,dy, @) + (do,d],e),

[Ny = al(d1, dg, @) + (do, di, ®)],

Ine = b[(d2, dg, @) — (di,d],e) + (do,d3, )],

Inz = c[(d2,d, ®) — (d1,d7, ) + (do, d3, ®)],

INwz = c[(ds, dy, ®) — (d1,d], do, dg, ®) + (do, d3, ®)],
[yt = abl(ds, di, ®) — (d1, d}, do, dj, ®) + (do, d3, )],
INzzz = [(d2,dj, @) +2(d1, d], @) + (do, d3, 8],

[N oy = bl(d2, d, @) + 2(dy, di, ®) + (do, d3, @],

N zazy = a[(ds, dj, ®) + 2(d1,d7, do, dgy, @)

+ 3(d1ad37.) + 3(d27 Tv.) + (do,dg,.)].

By virtue of the identities of determinant, the follow-
ing identity is easily obtained:
[(d3; d;, .) + 2(d17 dTa dOa d;a .)
- (dlv d;v .) - (dQ’ dT? .) + (dOa di‘;a .)](.)
= [(do’dglﬁv.) - (dlvdzk)v.)]z' (46)
Substituting the derivatives of fy and Eq. (46) into
Eq. (3), through a tedious calculation, we obtain the

following formula:

(3faz = 2fyt = faway) — 3(/=
+ St + fawa) fy — 3fay fau

= —12a(dy, g, ®)(do, di; ®)
+12a(dy, 5, ®)(do, dj, ®)
—12a(dy, d}, do, dj, ) (e).

- fa:xy)fa:

(47)

Obviously, equation (47) satisfies the Jacobi iden-
fno= (o)
is the solution of Eq. (1), and then u = wup +
20, In(1,2,...,N,N*, ..., 2* 1) is the solution of the
Jimbo—Miwa equation.

tity, thus it equals zero. Therefore,

In order to better understand the Grammian solu-
tion, we would like to give several special exact Gram-
mian solutions of lower order. System (38) has solu-
tions in the following form:

l
fi= k€™, n
=1

gi = Y _kie™, ni = —qix — agiy — cq;°z — bg;®t, (49)

= pix + ap;y + cpi°z + bp;’t,  (48)

where k; (i > 1) are free parameters, [ is an arbitrary
natural number, p; and ¢; satisfy the dispersion rela-

tion
with P; = p; — i, Qi = a(pi — ¢;), B; = b(pi® — ¢:°),
and 2; = c(p;®> — ¢;®). By means of the dispersion

relation (50), we get ¢; = —p;, i € N*. When | = 1,
equation (3) has the following special solution:2:30]

f= det(aij), Q5 = Cij +/ ffdsc (51)

And then, we get several special exact Grammian so-
lutions of Eq. (1) as follows:

up = up + 20, In(1,1%) = up + %, (52)
us = up + 20, In[(1,1)(2,2%) — (1,2)(2,1%)]
g 2T A2 (1 g e — A(py )P (53)
A4 2py=lem 4 2p—Lem 4 py—lpy~lem+mz — 8(py +py) e2mt2m’

where 7; = 2p;x + 2ap;y + 2cp®z + 2bp;>t, 1 < i < N, and p; are arbitrary real constants. With the help of

Maple, take different values for p;, we display some parts of these solutions in Figs. 9 and 10.
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I |
= —_
N o
I T SR BT T BV BV B |

|
o

|
I

0
—40
40 —40
x
Fig. 9. (color online) 2-Grammian solution for a = 1,
b=1,c=2.

Fig. 10. (color online) 3-Grammian solution for a = 1,
b=1,¢c=2.

4. Conclusion

In this paper, a broad set of extended sufficient
conditions have been obtained through the Wronskian
and Grammian technique, and we have presented the
Wronskian and Grammian solutions of the (3+1)-
dimensional Jimbo—Miwa equation. By means of the
arbitrariness of the coefficients which appear in the
conditions, we have obtained some special exact solu-
tions and verified the correctness of these solutions by
using Maple. Our results show that equation (1) has
different exact solutions.
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