Chin. Phys. B Vol. 21, No. 12 (2012) 120508

Adaptive generalized matrix projective lag

synchronization between two different complex networks

with non-identical nodes and different dimensions

Dai Hao(# #%), Jia Li-Xin(%{37.91)!, and Zhang Yan-Bin(5K )

State Key Laboratory of Electrical Insulation and Power Equipment, School of Electrical Engineering,
Xi’an Jiaotong University, Xi’an 710049, China

(Received 31 March 2012; revised manuscript received 27 April 2012)

The adaptive generalized matrix projective lag synchronization between two different complex networks with

non-identical nodes and different dimensions is investigated in this paper. Based on Lyapunov stability theory and

Barbalat’s lemma, generalized matrix projective lag synchronization criteria are derived by using the adaptive control

method. Furthermore, each network can be undirected or directed, connected or disconnected, and nodes in either

network may have identical or different dynamics. The proposed strategy is applicable to almost all kinds of complex

networks. In addition, numerical simulation results are presented to illustrate the effectiveness of this method, showing

that the synchronization speed is sensitively influenced by the adaptive law strength, the network size, and the network

topological structure.
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1. Introduction

A complex network is a large set of interconnected
nodes, in which a node is a fundamental unit with spe-
cific contents. Complex networks are shown to exist
in various fields of the real world, such as in the Inter-
net, the World Wide Web, food webs, metabolic net-
works, linguistic networks, social networks, electricity
distribution networks, etc. and thus become more and
more important in our daily life. The nature of com-
plex networks is the complexity, including topological
structure, dynamical evolution, node diversity, and so
on. Recently, due to the rapid development of com-
puters, we are now able to quickly deal with large-scale
data from networks, which has led to the discovery of
“small-world networks” and “scale-free networks” .12
Consequently, complex networks become a focus point
of research which has attracted increasing attention
from various fields of science and engineering.

Among various complex dynamical behaviours,
synchronization is a significant and interesting phe-
nomenon. Pecora and Carroll®! used the master sta-
bility function approach to determine the stability of
the synchronous state in a coupled system. Wang and
Chen[*%! studied the synchronization in two specific
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kinds of networks: scale-free networks and small-world
networks. Wu and Lul® studied the generalized pro-
jective synchronization between two different general
complex dynamical networks with delayed coupling.
In Refs. [7] and [8], the authors studied the synchro-
nization between two different general complex dy-
namical networks with fractional-order chaos nodes.
And then the pinning impulsive synchronization of
stochastic delayed coupled networks was investigated
by several other researchers in Ref. [9]. The synchro-
nization within one network is named “inner synchro-
nization”, which is concerned with the synchroniza-
tion among the nodes in a network. Different from the
“inner synchronization” , one may also consider “outer
synchronization”, which refers to the synchronization
phenomenon between two or more complex networks
regardless of the synchronization of the inner network,
and it is always present in our lives. For instance, in-
fectious diseases, such as AIDS, bird flu, and HIN1
influenza, were originally spread between two commu-
nities (or networks). This means that studying the
dynamics between two coupled networks is necessary
and important.

To the best of our knowledge, most existing pa-
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pers discuss the synchronization between two differ-
ent complex networks with identical or non-identical
nodes that have the same dimensions.!*°~15] However,
in many real systems, the synchronization is carried
out through the oscillators with different dimensions,
especially the systems in biological science and social
science. Therefore, the generalized matrix projective
lag synchronization (GMPLS) between two different
complex networks with different dimensions becomes
a new meaningful problem. This paper focuses on
the adaptive generalized matrix projective lag syn-
chronization between two different complex networks
with non-identical nodes and different dimensions. It
expands the types of traditional synchronization and
makes the scaling factor developing from a single value
or diagonal matrix to a general matrix. Based on Lya-
punov stability theory and Barbalat’s lemma, some
sufficient lag synchronization criteria are derived by
using the adaptive control. The proposed strategy is
applicable to almost all kinds of complex networks.
Some examples are considered and their numerical
simulations are performed. Numerical simulation re-
sults are presented to illustrate the effectiveness of this
method.

The rest of the present paper is organized as fol-
lows. In Section 2 the network models and some use-
ful preliminaries are given. In Section 3, by using the
adaptive control method, some sufficient synchroniza-
tion criteria are derived to guarantee GMPLS between
two completely different complex dynamical networks
with distinct nodes and different dimensions. In Sec-
tion 4 some representative examples are used to val-
idate the effectiveness of the proposed approach. Fi-
nally, some concluding remarks are drawn in Section 5.

2. Network models and prelimi-

naries

2.1. Network models

Some necessary mathematical notations that are
utilized throughout this paper are first introduced as
follows. Let AT (or 2T7) be the transpose of the matrix
A (or vector z). The ||z| denotes the 2-norm of the
vector x. The I,, € R™*"™ represents the identity ma-
trix with dimension n, the ® denotes the Kronecker
product of two matrices,' and Amax(A) represents
the maximum eigenvalue of a square matrix A.

Consider a general complex dynamical network
consisting of NV non-identical nodes with linear cou-

plings, which is described by

N
#i(t) = Ajzi(t) + fi(zi(t)) + ZCiijj(t)7

i=1,2,...,N, (1)

., %) T € R™ is the state vec-

tor of the i-th node; A; € R™*™ is a constant matrix

where x; = (zi1, T2, .

and f; : R™ — R" is a smooth nonlinear vector field;
the nonlinear function ¢;(i;(¢)) = A;z;(t) + fi(zi(t))
describes the dynamics of node i in the absence of in-
teractions with other nodes; P € R™ "™ is the inner
coupling matrix and C' = (¢;;)nNxn € RNXN g the
coupling configuration matrix representing the cou-
pling strength and the topological structure of the
network. The matrix C' is defined as follows: if there
exists a connection from node j to node i (i # j), then
cij # 0; otherwise ¢;; = 0. The diagonal elements of
matrix C' are defined by

N
ci=-— Y ¢y, i=12...,N.
j=L#i
We take the network given by Eq. (1) as the drive
network, and the response network with a nonlinear
control scheme is given by

N
9i(t) = Biyi(t) + 9i(yi(t)) + Z dijQy;(t) + (1),
=1
i=1,2,...,N, 2)

where y; = (Vi1,%i2,---,¥im)T € R™ is the state
vector of the i-th node; B; € R™*™ is the con-
stant matrix and g; : R™ — R™ is a smooth non-
linear vector field; u,;(t) € R™ are the adaptive con-
trollers; @ € R™*™ is the inner coupling matrix and
D = (dij)nxn € RN*N ig the coupling configuration
matrix, which has the same meaning as matrix C.

2.2. Preliminaries

In order to introduce our main results, the follow-
ing definition and lemma are required.

Definition 1 Let x;(t — 7(t)) be the time delay
state of node ¢ in the drive network (1), and y;(t) be
the current state of node ¢ in the response network
(2). Given the time-varying delay 7(t), if there exist
the constant scaling matrix M € R™*" and | M| # 0
such that

Jim [lys(t) — Mai(t — r(5)[ =0, i=12....N, (3)

then it is said that we achieve generalized matrix
projective lag synchronization (GMPLS) between net-
works (1) and (2) with 7(¢) > 0.
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3. Synchronization criteria

In this section, we will study the GMPLS between
two different complex networks with non-identical
nodes and different dimensions by using the adaptive
control method.

Define the synchronization errors as e;(t) =
yi(t) — Mz;(t — 7(t)) (i =1,2,...,N), then the time

derivative of e;(t) will be

éi(t) = gi(t) — Myt — 7(¢))(1 = 7(¢)),
i1=1,2,...,N. (4)
By substituting Egs. (1) and (2) into Eq. (4), we
can obtain the error dynamical system as follows:
+9i(yi(t) — M fi(wi(t — 7(t)))

N
+ My (t — 7(£)7(t) + Z (dijQe;(t)
N "
- Z (ciyMP —di;QM)x;(t — 7(t))
+u;(t), (5)

where i = 1,2,...,N.

Theorem 1 Given the constant scaling matrix
M € R™ ™ (||M|| # 0), the GMPLS between drive
network (1) and response network (2) can be achieved

by using the following adaptive controllers:

ui(t) = —(BiM — MA)zi(t — 7(t)) — g:(vi(t))
+ M fi(zi(t — (1)) — Mai(t —7(t))7(t)

N
+ > (ei; MP — di;QM)z;(t — 7(t)) — Kiei(t),

j=1
i=1,2,...,N, (6)

where K is a matrix of adaptive control parameters,
and Kz = diag(kil, ki27 ey kzm)
The adaptive laws of adaptive control parameters

klj (i:1727"'7N7j:1727"'7m) are deSigned as
kij=Ae, i=12.. Nij=12...m, (7)

where A and (8 are constants larger than zero. They
can adjust the amplitude of synchronization error and
control the speed of convergence of synchronization
error.

By substituting adaptive controller (6) into for-

mula (5), the synchronization error dynamical system

can be expressed as

N
el(t) = Blel(t) + Z dzJer (t) — K,&(t),

i=1,2,...,N. (8)
Proof Let e(t) = (e1(t),ea(t),...,en(t)T €
R™ . K. = (ki ki2,... . k)" € R™ I, =

(1,1,...,1)Y € R™, I € R™*™ is an identity ma-
trix and construct the Lyapunov candidate function
as follows:

N
1 T
+ ; m(KM — ML) (K — ML), (9)

Obviously, V() > 0. Taking the time derivative
of V(t) along the trajectories of the synchronization

error dynamical system (8), and using Eq. (6), we have

N N 1

Tye. — KT C— M\,
;ei (t)eéi(t) + ; NG (K (K — L)
+ (Krv - AIT)TKM']
N

N
= Z el (t)[Biei(t) + Z dijQe;(t) — Kiei(t)]

Jj=1

V(t) =

N .

+> E[(Kﬁ — M) K
=1

N

N N
= Z e} (t)Byes(t) + Z Z dijef (£)Qe;(t)

IN

B+ BT
(Amax< s )

D+ DT

(25 ) = N0t

where B = diag(B1, Ba,...,By) € R™N>*™N and
D — D®Q c RmemN.
If we choose
B+ BT D+ DT
)\ > A* = Amax(_;) + A11113,)((4_2)7

then we can obtain V() < 0. On the basis of

Barbalat’s lemma,'”l one has Jim V() = 0, ie.,
00
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tlggo ei(t) =0 (i = 1,2,...,N). Therefore, the GM-
PLS between two different complex networks with
non-identical nodes and different dimensions is asymp-
totically achieved by adaptive controller (6). This
completes the proof.

Remark 1 In our work, the coupling configu-
ration matrices C and D need not be symmetric or
irreducible. In addition, there is not any constraint
imposed on the inner coupling matrices P and ). Fur-
thermore, each node of the networks may have differ-
ent local dynamics. The proposed approach is appli-
cable to all kinds of complex dynamical networks.

Remark 2 The constant A can be chosen ap-
propriately beforehand to adjust the synchronization
rate. Theoretically, a larger A will lead to faster syn-
chronization. However, the inequality A > A\* is just a
sufficient condition and not a necessary one.

4. Illustrative examples

In this section, some representative examples are
performed to verify the effectiveness of the proposed
synchronization scheme in the previous section. The
following quantity:

PIEAO

i=1 j=1

E(t) =

is used to measure the quality of the synchronization
process. It is obvious that when

lim E(t) =0,

t—o0

the drive and response networks achieve the desired
synchronization globally.

In the simulations, drive network (1) is described
by the following N different three-dimensional chaotic

systems: [18]
ENG
Zio(t)
| Z3(t)
[ 35 35 0] [za®)
= 0 28-3(i—1) 0 Ti(t)
L 0 0 -8 i3 (t)
—Xi2 (t)$13 (t)
+ (l’il(t) — (Eig(t))4 — 10$i1(t)$7;3(t) . (10)

x% (t) + %22 (t)

For response network (2), these nodes are described

by the following four-dimensional hyperchaotic Chen

systems:[19]
gat) | | 4 21—3(i—1) 0 4| | yia(t)
gia (1) 0 0 =30 | | vis(?)
0
—10y:1(t)yis(t) (11)
2
Yin (1)
0

4.1. GMPLS between a star coupled net-
work and a full coupled network

A star coupled network and a full coupled net-
work are drawn in Fig. 1. The coupling configuration

matrices are given respectively as follows:

(91 1111 1 1 1 1]
1 -100 0000 0 0
1 0-100000 0 0
1 00-10000 0 0
c|t oo o-t0o0 000
1000 0-1000 0
10000 0-100 0
1000000 -10 0
1000000010
(10000000 0 1|
(91 1111 11 1 1]
1 -91 1 1 11111
1 1-91 111111
11 1-91 11111
S|t r1rrer 11
1111 1-9111 1
11 111 1-9111
11 1 11 1 1-911
11111 11 1-91
11111111 1-9
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1
10 2

6

Fig. 1. (Left) a star coupled network and (right) a full
coupled network.

The inner coupling matrices are taken arbitrarily
as

P = diag(0.1,0.2,0.3) and @Q = diag(0.5,0.1,0.2,0.3).

It is easy to obtain Amax[(B + BT)/2] = 27.2163 and
Amax|(D + DT) /2] = 6.3564 x 10716, Thus we obtain
A* = 27.2163. We arbitrarily choose N = 10, A = 30,
and 8 = 0.01.

Example 1 We arbitrarily choose 7(¢) = 0.1,
101

110
011

111

Figure 2 displays the time evolutions of the syn-
chronization errors e;(t) and E(t) with 7(¢) = 0.1,
B = 0.01, and A = 30, which indicates that GMPLS
between the star coupled network and the full cou-
pled network is achieved. When 7(¢) = 0.1, Fig. 3
displays the values of synchronization error E(¢) for
different values of A and 3. From Fig. 3, one can
find that the larger the adaptive law strength A or 3,
the faster the desired GMPLS is achieved. Further-
more, Fig. 3 shows that the synchronization rate is
sensitively influenced by the adaptive law strength 3,
which is stronger than .

20 30 4
(a) (b) (c)
10
10 2
s 0 S 2 0
—10
—10
-2
_20012345_3001 3 4 5 0 1 2 3 4 5
Time/s Time/s Time/s
4 25
(d) (e)
2
15
0
3 )
—4
_6 -5
0 1 2 3 4 5 0 1 2 3 4 5

Time/s

Time/s

Fig. 2. The GMPLS errors between the star coupled network and the full coupled network varying with time: (a)
GMPLS errors e;1. (b) GMPLS errors e;2. (¢) GMPLS errors e;3. (d) GMPLS errors e;4. (e) Synchronization error

E(t).

25

20 — — —A=50
- A=T70

0 1 2 3 4 5
Time/s

25
R B=0.01 (b)
20t — — —p=01
- B=1
15} "
10} -
G-
5‘\ ot
of
—5 L L L L
0 1 2 3 4 5
Time/s

Fig. 3. Values of synchronization error E(t) versus time for different values of A (a) and 3 (b).
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Example 2 We arbitrarily choose 7(t) = 0.2 —
0.01sin(2t),
2 16 3
-1 2 1
0.5 -118
1 0 02

M:

Figure 4 displays the time evolutions of the syn-
chronization errors e;(t) and E(t) with

7(t) = 0.2 — 0.01 sin(2¢),

B = 0.01, and A = 30, which indicates that GMPLS
between the star coupled network and the full coupled
network is achieved. When 7(¢) = 0.2 — 0.01sin(2t),
Fig. 5 displays the values of synchronization error E(t)
for different values of A and 8. From Fig. 5, one can
find that the larger the adaptive law strength A or 3,
the faster the desired GMPLS is achieved. Further-
more, Fig. 5 shows that the synchronization rate is
sensitively influenced by the adaptive law strength £,

which is stronger than A.

20 30 4
(a) (b) (c)
10 2
m 10 2
— s Q
g 0 S 0
10 —10
- -2
_20012345’30012345 o 1 2 3 4 5
Time/s Time/s Time/s
4 25
(d) (e)
2
15
s 0 &
B S N R S S0 1 2 3 4 5
Time/s Time/s

Fig. 4. The GMPLS errors between the star coupled network and the full coupled network varying with time: (a)
GMPLS errors e;1. (b) GMPLS errors e;2. (¢) GMPLS errors e;3. (d) GMPLS errors e;4. (e) Synchronization

error E(t).
25
T A=30 (a)
20r:0 - — —A=50 1
A=T70
1517
R 10
5
O.
~%0 1 2 3 4 5

Time/s

25
T B=0.01 (b)
20t — — —g=0.1 1
L T B=1
15F-
5
0 1 2 3 1 5
Time/s

Fig. 5. Values of synchronization error E(t) versus time for different values of A (a) and 3 (b).

4.2. GMPLS between a tree network and a directed ring network

A tree network and a directed ring network are drawn in Fig. 6. The coupling configuration matrices are

given respectively as follows:
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(31110000 0 0]
1 =300 1 100 0 0
1 0-3000 110 0
100-30000 1 1
c_| 0T o 0100000
01 00 0-1000 0
001 000-100 0
0010000100
0001000010
(000 10000 0 1]
(10000000 O0 1]
1 =10 00000 0 0
0 1 -100000 0 0
00 1-10000 0 0
S 000 1100000
0000 1-1000 0
00000 T1-100 0
00 000G0T1-100
00 000O0GO0 1-10
(00000000 1 1]

The inner coupling matrices are taken arbitrar-
ily as P = diag(1,1,1) and Q = diag(2,1,3,4). It
is easy to obtain Amax[(B + BT)/2] = 27.2163 and
Amax[(D + DT) /2] = 2.9218 x 10715, Thus we obtain
A* = 27.2163. We arbitrarily choose N = 10, A = 30,

and 8 = 0.01.

1 1
10 2
9 3
2 3 4
8 4
5
5 6 7 8 9 10 7
6
Fig. 6. (Left) a tree network and (right) a directed ring
network.

Example 3 We arbitrarily choose 7(t) = 0.2,

1 -1 2

35 -3

2 -1 4

5 0 -2
Figure 7 displays the time evolutions of the syn-
chronization errors e;(t) and E(t) with 7(¢) = 0.2,
B = 0.01, and A = 30, which indicates that GMPLS
between the tree network and the directed ring net-
work is achieved. When 7(t) = 0.2, Fig. 8 displays
the values of synchronization error E(t) versus time

M =

for different values of A and 5. From Fig. 8, one can
find that the larger the adaptive law strength A or 3,
the faster the desired GMPLS is achieved. Further-
more, Fig. 8 shows that the synchronization rate is
sensitively influenced by the adaptive law strength 5,
which is stronger than A.

20 30 4
(a) (b) ) (c)
10 10
I o 0
s 0 g S,
—10
~10 4
— — -6
200 1 2 3 4 5 300 1 2 3 4 5 0 1 2 3 4 5
Time/s Time/s Time/s
4 25
(d) )
2
15
- 0
S, &
5
—4
ST % 3 1 s %0 1 2 3 4 5

Time/s

Time/s

Fig. 7. The GMPLS errors between the tree network and the directed ring network varying with time: (a) GMPLS
errors e;1. (b) GMPLS errors ej2. (¢) GMPLS errors e;3. (d) GMPLS errors e;4. (e) Synchronization error E(t).
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A=30 (a)

0 1 2 3 1 5
Time/s

25
T B=0.01 (b)
20( - — -g=o0.1 :
15 =
10f
W
5¢ -
\ -,
0
~5% 1 2 3 4 5
Time/s

Fig. 8. Values of synchronization error E(t) versus time for different values of A (a) and 3 (b).

Example 4 We arbitrarily choose 7(¢) = 0.1 —
1 -1 2
3 5 =3
2 -1 4
5 0 —2
Figure 9 displays the time evolutions of the syn-

chronization errors e;(t) and E(t) with 7(¢) = 0.1 —
0.02cos(3t), f = 0.01, and A = 30, which indicates

0.02cos(3t), M =

that GMPLS between the tree network and the di-
rected ring network is achieved. When 7(¢) = 0.1 —
0.02 cos(3t), Fig. 10 displays the values of synchro-
nization error F(t) versus time for different values of
A and . From Fig. 10, one can find that the larger
the adaptive law strength X or 3, the faster the desired
GMPLS is achieved. Furthermore, Fig. 10 shows that
the synchronization rate is sensitively influenced by
the adaptive law strength [, which is stronger than A.

30 4
10 (a) (b) ) (©)
10
~ 0 o . 0
S S S
~10 2
~10 .
—20 B R B S % 1 2 3 1 5
o 1 2 3 4 5 ) .
Time/s Time/s Time/s
4 20
9 (d) 15 (e)
0 10
3 S
v 4 5
—4 0
*60 1 2> 3 4 ) 1 2 3 4 5

Time/s

Time/s

Fig. 9. The GMPLS errors between the tree network and the directed ring network varying with time: (a) GMPLS
errors e;1. (b) GMPLS errors e;3. (c) GMPLS errors e;3. (d) GMPLS errors e;4. (e) The synchronization error E(t).

20 A=30
SRR = (a)
: — — -A=50
A="170
S
50 1 2 3 4 5
Time/s

25
------- B=0.01 (b)
2. — — -8=0.1
o ——B=1
15 : N
Q@ 10
V-
5 N .
\.»
0 —
-5
0 1 2 3 4 5
Time/s

Fig. 10. Values of synchronization error E(t) versus time for different values of A (a) and 3 (b).
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4.3. GMPLS between two directed com-  and Ana[(D + DT)/2] = 0.2368. Thus we obtain
plex networks A* = 27.4532. We arbitrarily choose N = 10, A = 30,

and g = 0.01.
Two different directed complex networks are

drawn in Fig. 11. The coupling configuration matrices
are given respectively as follows:

(401100101 0]
0-20 0 0 1 0 0 1 O
1 0-30 0 0 1 0 0 1
01 0-20 0 0 1 0 O
o 101 0-51 0 1 1 0 ,
00001 -10 0 0 O
1 0 0 01 0 -3 0 0 1 Fig. 11. Two different directed complex networks.
0 01 01 00 -=-310
01 00 0 01 0-20 Example 5 We arbitrarily choose 7(¢t) = 0.15,
01 0101 0 0 1 -4 1 23
[ 20 100 100 0 0] v=| 3 7t
0 -30 1 0 1 0 1 0 O 1 —24
o= 00010 Figur?:e 152 doisplays the time evolutions of the syn-
0 1 0-40 1 0101 chronization errors e;(t) and E(t) with 7(¢t) = 0.15,
D= 001 03012001 B8 = 0.01, and A = 30, which indicates that GM-
0 001 0-20 010 PLS between two different directed complex networks
1 0 001 0 =31 0 0 is achieved. When 7(¢) = 0.15, Fig. 13 displays the
0101 0 1 0 —-40 1 values of synchronization error E(t) versus time for
0010000 1 -20 different values of A and £. .From Fig. 13, one can
find that the larger the adaptive law strength A or 3,
L 100110101 75_ the faster the desired GMPLS is achieved. Further-

The inner coupling matrices are taken arbitrar-  more, Fig. 13 shows that the synchronization rate is
ily as P = diag(1,2,3) and Q = diag(0.1,2,0.3,1).  sensitively influenced by the adaptive law strength 3,
It is easy to obtain Amax[(B + BT)/2] = 27.2163  which is stronger than .

20 30 4
(a) (b) (c)
20
10 2
= o 10 -
-2
10 ~10
_ —4
01 2 35 4 5 5T 5 3 1 s o 1 2 3 4 5
Time/s Time/s Time/s
4 20
(d) (e)
5 15
- “ 10
T o0
© 5
40 1 2 3 4 5 —5 1 2 3 4 5
Time/s Time/s

Fig. 12. The GMPLS errors between two different directed complex networks varying with time: (a) GMPLS errors
e;1. (b) GMPLS errors e;3. (c) GMPLS errors e;3. (d) GMPLS errors e;4. (e) The synchronization error E(t).
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20

(a)

3
Time/s

20
------- f=0.01 (b)
50 . — — -B8=0.1
Lo ——B=1
0f 5 "
%\ g
/\\ o"
0 N e
50 1 2 3 4 5
Time/s

Fig. 13. Values of synchronization error E(t) versus time for different values of A (a) and 8 (b).

Example 6 We arbitrarily choose 7(t) = 0.15 —

1 23
3 —-11

0.01(sin(2t) cos(3t)), M =
(sin(21) cos(31)) L,
-3 50

Figure 14 displays the time evolutions of the
synchronization errors e;(t) and E(t) with 7(¢) =
0.15 — 0.01(sin(2t) cos(3t)), 8 = 0.01, and A = 30,
which indicates that GMPLS between two different

directed complex networks is achieved. When 7(t) =
0.15—0.01(sin(2¢) cos(3t)), Fig. 15 displays the values
of synchronization error E(t) versus time for differ-
ent values of A and 3. From Fig. 15, one can find
that the larger the adaptive law strength A or (3, the
faster the desired GMPLS is achieved. Furthermore,
Fig. 15 shows that the synchronization rate is sensi-
tively influenced by the adaptive law strength £, which
is stronger than .

20 30 4
(a) (b) (c)
1 2
0 10
Yoo $ g 0
-1
0 -2
—10
012345’30012345_4012345
Time/s Time/s Time/s
4 20
(d) 15 (e)
2
10
S 0 S
5
1T 2 3 1 1 2 3 1 5
Time/s Time/s

Fig. 14. The GMPLS errors between two different directed complex networks varying with time: (a) GMPLS errors
ei1. (b) GMPLS errors e;2. (c) GMPLS errors e;3. (d) GMPLS errors e;4. (e) The synchronization error E(t).

20
------- A=30 (a)
15 - — — -A=50 ]
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0
~50 1 2 3 4 5

Time/s
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150 " — — -g=0.1 1
S b=t
10f: -
= R
1%
A
NS
0 -
50 1 3 3 I 5
Time/s

Fig. 15. Values of synchronization error E(t) versus time for different values of A (a) and 8 (b).
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4.4. GMPLS between a star coupled net-
work and a full coupled network
with NV =6

A star coupled network and a full coupled network
with NV = 6 are drawn in Fig. 16. The coupling con-
figuration matrices are given respectively as follows:

(-5 1 1 1 1 1]
1 =10 0 0 0
1 0-10 0 0
C = ,
1 0 0-10 0
1 0 0 -1 0
1 0 0 0 —1]
(5 1 1 1 1]
1 =51 1 1 1
1 1 51 1 1
D:
1 1 1 =51 1
1 1 1 1 =51
111 1 1 -5
2
6 3
1
5 4

Fig. 16. (Left) A star coupled network and (right) a full
coupled network.

The inner coupling matrices are taken arbitrarily
as

P = diag(0.1,0.2,0.3) and Q = diag(0.5,0.1,0.2,0.3).

It is easy to obtain Amax[(B + BT)/2] = 27.2163 and
)\max[(D+DT)/2] = —0.4. Thus we obtain \* =
26.8163. We arbitrarily choose A = 30 and 8 = 0.01.
Example 7 We arbitrarily choose 7(¢) = 0.1 and
101
110
011
111
When 7(¢) = 0.1 and 7(¢) = 0.2 — 0.01sin(2t),
the values of synchronization error E(t) versus time

7(t) = 0.2 — 0.01sin(2t), respectively, M =

for different values of N are shown in Figs. 17(a) and
17(b), respectively.

30

N:6' ' (a)

25 - — = N=10

20

15

10

0 0.2 0.4 0.6 0.8 1.0
Time/s

Fig. 17. Values of synchronization error E(t) versus time

for different values of N: (a) 7(t) = 0.1, (b) 7(¢t) =

0.2 — 0.01sin(2t).

Seven examples in four groups are simulated to
verify the effectiveness of the proposed synchroniza-
tion method in this paper. The first two examples
in group one are performed to illustrate that the
proposed synchronization method can adapt to the
synchronization for two undirected coupled networks.
The following two examples in group two are per-
formed to illustrate that the proposed method can
adapt to the synchronization between an undirected
coupled network and a directed coupled network. Ex-
amples five and six in group three are performed to
illustrate that the proposed method can adapt to the
synchronization for directed coupled networks. The
last example in group four is performed to illustrate
that the synchronization speed is influenced by the
network size. Four representative and regular net-
works (a star coupled network, a full coupled network,
a tree network, and a directed ring network) are used
to verify the effectiveness of the proposed method in
the first two groups. However, two irregular and di-
rected coupled complex networks are used to verify
the effectiveness of the proposed method in the third
group. This group of experiments have more general-
ity, representation, and more suitable to illustrate the
effectiveness of the proposed method.
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From the above numerical simulation results, the
limit of the synchronization error E(t) asymptoti-
cally approaches to zero. That is to say, through the
adaptive control method, generalized matrix projec-
tive lag synchronization between two completely dif-
ferent complex dynamical networks with non-identical
nodes and different dimensions can be accomplished.
In addition, it indicates that the time delay 7(t) has
little influence on synchronization speed; however, the
synchronization speed is sensitively influenced by the
adaptive law strength, the network size, and the net-
work topological structure.

5. Conclusions

In this paper, we investigated generalized ma-
trix projective lag synchronization between two com-
pletely different complex dynamical networks with
non-identical nodes and different dimensions. Accord-
ing to the Lyapunov stability theory and Barbalat’s
lemma, we proposed an adaptive control scheme to
achieve GMPLS. The coupling configuration matrix is
not necessarily symmetric or irreducible. In addition,
there is no constraint imposed on the inner coupling
matrix. The presented method can be applied to a
great variety of complex dynamical networks. Some
representative examples are provided to show the ef-
fectiveness and feasibility of the proposed synchroniza-
tion method. Numerical simulation results show that
the synchronization speed is sensitively influenced by

the adaptive law strength, the network size, and the
network topological structure.
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