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This paper presents a robust output feedback control method for uncertain chaotic systems, which comprises a

nonlinear inversion-based controller with a fuzzy robust compensator. The proposed controller eliminates the unknown

nonlinear function by using a fuzzy system, whose inputs are not the state variables but feedback error signals. The

underlying stability analysis as well as parameter update law design are carried out by using the Lyapunov-based

technique. The proposed method indicates that the nonlinear inversion-based control approach can also be applied to

uncertain chaotic systems. Theoretical results are illustrated through two simulation examples.
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1. Introduction

In the past two decades, chaotic systems have
been widely used in system engineering because of
their desirable features; namely a broadband spec-
trum, a noise-like wave form, and extreme sensitivity
to initial conditions, unpredictable behavior, and pa-
rameter variations.!?! Chaos has been found in many
engineering systems. Chaos theory and chaotic prop-
erties have many useful applications in engineering ar-
eas such as digital communication, secure communi-
cation, power quality and power electronic devices,
chemical reaction analysis and design, biological sys-
tems, and information processing.[*~% The problem of
chaos control was firstly studied by Ott, Grebogi, and
Yorke.l9 Since then, several control techniques have
been successfully applied for the control of chaotic sys-
tems, including: PID control, observer-based control,
adaptive feedback control, sliding mode control, adap-
tive fuzzy control, adaptive backstepping control, and
so on.[”=13] However, when chaotic systems are uncer-
tain, their control problem becomes more challenging.
In this area, there are very few constructive proce-
dures for designing satisfactory controllers .

Variable structure control (VSC) is regarded as
a good method for controlling uncertain nonlinear
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[14.15] The VSC provides a robust control

systems.
scheme which is insensitive to modeling errors, param-
eter uncertainties, and external disturbances. Mean-
while, there is considerable motivation to use adap-
tive fuzzy technologies in the control of nonlinear sys-
tems. Fuzzy control has a special impact in the control
community because the fuzzy controllers have an effi-
cient framework for incorporating linguistic fuzzy in-
formation from human experts. Based on the univer-
sal approximation theorem,!'®1" some adaptive fuzzy
control methods have been proposed for unknown
chaotic systems.[>9:13:18:19] The stability of the under-
lying closed-loop system is analyzed based on the Lya-
punov stability theorem. To cope with the fuzzy ap-
proximation error, these adaptive controllers are com-
monly incorporated with a robust control term that

1.116,17,20]
)

can be a supervisory contro variable struc-

ture control,[13:14]

and sliding mode control.
Although the above control schemes work well,
the main weak point is that the term including the
nominal model of chaotic systems is modeled by neu-
ral networks or fuzzy logic systems. In other words,
the chaotic system nominal model is usually not in-
cluded in the controller design. Considering this weak
point, the motivation of this paper aims at proposing a
hybrid control approach that incorporates the chaotic
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system nominal model in the design of the adaptive
fuzzy controller. The proposed approach combines a
nonlinear inversion-based controller with a fuzzy com-
pensator. The nominal system is controlled by the
nonlinear inversion-based controller. The fuzzy logic
systems are employed to approximate the unknown
nonlinear functions and the VSC is used to eliminat-
ing the effects of approximation error. The proposed
hybrid controller can guarantee the stability of closed-
loop systems. Control simulations are conducted on a
multi-scroll chaotic system and a gyro chaotic system
to show the effectiveness of the proposed method.

2. Problem formulation and pre-
liminaries

Consider an MIMO chaotic dynamic system
which can be represented by the following form

p
yY“ = fi(z) + Zgljuju
j=1

p
yi) = folx) + > gpiuy (1)
j=1
. ri—1 . rp—1
wherex:[yl,yl,...,y§l ),...,yp,yp,...,y,(;” )]T

€ R',r =ri+7r2+ ...+ 1, is the system state vec-
tor which is assumed to be available for measurement.
up)t € RP and y = [y1,...,yp)T € RP
are control input and output vector, respectively.
fi(l‘),i = 1, ‘e

and g¢;;,%,7 = 1,...,p are unknown constant control

u = [ug,..
,p are unknown nonlinear functions

gains.
If we denote

(r1) (rp)]T

Y = [yl vt dp ’
F(l’) = [fl(x)a"'vfp(m)]rra
gi1 --- gip
G = o,
9p1 --- Gpp

then, equation (1) can be rewritten as
y") = F(z) + Gu. (2)

Remark 1 In fact system (2) is really large and

lots of chaotic systems can be described as Eq. (2),

[4,5,12]

namely: unified chaotic systems, multi-scroll

chaotic systems,2'=24 Chua’s circuit,?”! Arneodo’s

chaotic system, 26! Genesio chaotic systems, gyro sys-
tems, Duffing and Holmes’ system, Rossler’s system,
and many others.

The objective of this paper is to construct an
adaptive fuzzy controller such that the system out-
put y tracks the reference signal yq = [ya1,-- -, Yap| "
and all the signals in the closed-loop system remain
bounded. To meet the objective, we make the follow-
ing assumptions.

Assumption 1 The desired trajectory sig-

nal r4 = [xdTl,...,xdTp,yérll),...,yé;”)] with xq; =
. —IT - . .
[Yais Udiy - - - ,y((;; )]T, i1 = 1,...,p is continuous,

bounded, and available for measurement. Therefore
we have z4 € 2 C R"P, where (2 is a known compact
set.

Assumption 2 The control gain matrix G is
positive-definite.

Let us define the tracking error as
i1=1,...,p (3)
and the filtered tracking error as

d ri—1
. = —_— . ; :1 oo 4
s=(§N) w0 =t @

equation (4) can be rewritten as

€ = Ydi — Yi,

s = el 4 (r; — 1))\1‘61(-7’1‘72) +...

?

+ (Ti — 1))\?72@ + /\?7161‘. (5)

Notice if we select A; > 0, then the roots of the poly-
nomial H;(s) = s™ 1+ (r; — DA™ "2+ + (r; —
D725 + X7 = 0 are all in the left-half complex
plane. In other words, the objective of this work be-
comes the design of a controller to force the filtered
tracking error s;(t) — 0. Differentiating s; with re-
spect to time we have

P
8 =y *fz’(x)*zgijuj (6)
i=1

with

vy = y((j?) + vl,m_leyi_l) + 71,160

N R IV M
1=1,...,p,5=1,...,m; — L.

Denote s = [s1,...,5,],v = [v1,...,v,]T, then equa-
tion (4) can be rewritten in the following compact

form
s$=v—F(z) - Gu. (7)

Thereafter, equation (7) will be used in the construc-
tion of the controller as well as the stability analysis.
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2.1. Description of the fuzzy logic sys-
tem

The fuzzy logic system that employs singleton
fuzzification, sum-product inference, and center-of-
sets defuzzification is modeled by

N ) n ey
a(z) = Zj:l 0; 11— MF;( z)’ (8)

N n
Zj:l Hi:l HFiJ' (1’1)

where a(z) is the output of the fuzzy system, z is the
input vector, fip;(2;) is ;s membership of the j-th
rule and 6, is the centroid of the j-th consequent set.
Equation (4) can be rewritten as the following equa-
tion

a(z) = 0" p(x) (9)

with 0 = [0r,..,0n]%, $(@) = [p1()pala)- -,
pn(2)]T, and the fuzzy basis function can be written

pi(z) = [T= K ()
] Zjvzl [H?:l H i (%)} '

Suppose there are N rules of the fuzzy system used to

as

approximate the unknown function a(z).
Rule 4: if 21 is F} and - -+ and z,, is F! then a(z)
is B, i=1,2,...,N.

2.2. Adaptive fuzzy output feedback
controller design

If the exact model of the chaotic system dynamics
is precisely known, the following input—output nonlin-
ear inversion-based controller (NIC) can be obtained

u=G (—F(x) +v+ Ks), (10)

where K = diaglk1, ks, ..., kp] with k; > 0.

However, in most practical situations, precise
knowledge of F(z) and G is difficult to obtain because
of time-varying uncertainties and measurement errors.
In this paper, we assume that F(z) and G can be sep-
arated as nominal parts, denoted by Fi(z) and Gy,
and uncertain parts, prescribed by AF(z) and AG,
respectively. As in Assumption 2, we assume that G;
is positive-definite. Then we have

F(z) = Fi(z)+ AF(z), G=G1 + AG. (11)

Therefore, our objective is to design an adaptive fuzzy
output feedback controller which comprises of an NIC

controller and a fuzzy robust compensator for un-
known chaotic systems. The controller with two com-
ponents can be described as

u(t) = uo(t) + uc(t), (12)
where ug(t) is the NIC and can be constructed as
uo(t) = Gl (v — Fi(z) + Ks). (13)
Introducing Egs. (11)—(13) to Eq. (7) gives
$=—-Ks—az,u) — Gruc, (14)

AF(z) — AGu = [oq(z,u),...,
ap(z,u)]T € RP is the modeling uncertainty. To

where a(x,u) =

achieve a favorable tracking performance, the com-
pensating controller u.(t) in Eq. (12) is given by

uc(t) = Gy [=un(t) — ur ()], (15)

where u,(t) = [un1,...,Unp]" € RP is the fuzzy com-
pensator to approximate the online unknown function
a(z,u).

In this paper, we propose an adaptive con-
troller using a fuzzy system &(FE,0) to approxi-
mate «(z,u) whose inputs are the feedback error
Here E =

In practice,

signals instead of the state variables.
rp—1

7‘1—1 .
e

[e1,€é1,...,€]
there is no guarantee that parameter vector 6 converge
to their ideal values because the persistent excitation
(PE) condition is hard to satisfy. Furthermore, the
modeling error of the system can only be reduced to
within some bound because of structural errors. Since
the main objective of a fuzzy controller is to track the
reference signals, we employ &(F,#) to approximate
the unknown nonlinear function.

Then, the nonlinear function «;(z,u) can be ap-
proximated, over the compact set {2, by the fuzzy logic
systems (9) as

Uni(t) = &i(E,0;) = 0] 9(E), i=1,2,...,p. (16)

Let us define the ideal parameters of 6; as:

07 = argmin |sup |a;(z,u) — &;(E,0,)|| . (17)
i |lxen2

Note that the ideal parameter ¢ is only for the pur-
poses of analysis, and the value of 6 is not needed
when implementing the controller. Define the param-
eter estimation errors and the fuzzy approximation
errors as follows:

0; = 0; — 07, (18)

gi(E) = aj(z,u) — &;(E,07) (19)
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with G;(E, 0}) = 0:¢(E). As in literature,[2:9-13:16,17]
we can assume that the fuzzy approximation error is
bounded for all x € (2, i.e
unknown constant.
[E1,.. ., &n]T,

From the above analyses, we have

; |EZ(E)| < €& is an
>En<x)}T’ € =
then we can get e(E) < &.

Let € = [e1,...

&(F,0) — a(z,u)

= &(E,0) — &(E,0%) + a(E,0%) — a(z, u)
= 0"y(E) — £(E), (20)
where G(E, 0) = [a1(E, 61), ..., én(E,0,)]T.

Substituting Egs. (15), (16),
Eq. (14) we have

and (20) into

§=—Ks+ 0T¢(E) — (E) + u(t). (21)

Multiplying sT to Eq. (21) gives

sTs = —sTKs+ Z s;01;(E

Zsm
Jj=1
p
+ > s (1) (22)
j=1

The VSC u,;(t) can be chosen as

upi(t) = —&;sign(s;), i=1,...,p, (23)

where &; is the estimation of the unknown constant &;.
In order to meet the control objective, &; and the
fuzzy parameters 6; are updated by

0; = —oisi(E), (24)
& = pilsil, (25)

where p;,0; > 0 are design parameters.
Now we are ready to give the following results.

Theorem 1 Considering system (1). Suppose
that Assumptions 1 and 2 are satisfied. The control
law defined by Eqs. (12), (13), (15), and (16) with
the adaption law given by Eqs. (24) and (25) can
guarantee the following properties: the tracking er-
ror and their derivatives converge asymptotically to
zero, i.e., eg — 0whent —oofori=1,2,...
i=12,...,

systems remain bounded.

,p and
r; — 1, and all signals in the closed-loop

Proof Let us consider the following Lyapunov
function candidate

where £; = £; —&; are the estimation errors of £;. The
time derivative of V is given by
: 1 : 1 & s
V=sTi+—> g5+ —> 676, (27

pi 0

j= j=1

From Eq. (22), we have

st < — TKS—FZSJ 0;v;(E

)+ Z |s;l€;
Jj=1
P
+ D sjun(t). (28)
j=1
Using Eq. (23), inequality (28) becomes

Z |3J|5J (29)

and (29) into
Eq. (27), and after some straight manipulations, yields

sTg < — TKS—i—ZsJ Jz/)j

j=1

Substituting expressions (24), (25),

V< —sTKs. (30)

Then V is always negative, which implies that s;, £,
and 0 € L
that x and u are also bounded. Because V is a non-

Since s;, &, and 6 € Lo, it implies

increasing function of time and bounded from below,
we know the lim; . V(t) = V(o00) exists. Let us in-
tegrate inequality (30) from 0 to co, we can obtain

/ TS hROu Vo) -V, G

which means s; € Lo.
$ € Ly
Finally, since s; € Lo N Lo, and § € Lo, by using

Then, from Eq. (21) we have

Barbalat’s lemma,?7:28] we have s;(t) — 0 as t — oc.
Therefore, €] — 0 when ¢t — oo for i = 1,2, ...
i=12,...,

Remark 2 To deal with the chattering effects,
the discontinuous functions sign(s;) can be replaced

,p and
r; — 1. This completes the prof.

by any equivalent smooth function, such as arctan,
tanh. However, if we use these smooth functions, the
tracking errors will only converge to a neighborhood
of the origin.

3. Simulation results

Two chaotic systems are utilized to show the ef-
fectiveness of the proposed hybrid control scheme.

Example 1 A three-dimensional (3D) saturated
multi-scroll chaotic system
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A 3D saturated multi-scroll chaotic system can be
described by[21—24,29,30]

T1 = To — d28($2; k‘Q,hQ,anQ2)/b+ U1
= fl(.’ﬂ) +U17
&y = w3 — dgs(ws; k3, hs,p3,q3)/c+ uz
= fQ(IIJ') +U23
|
2g +1,
k(x —ih) + 2ik,
S(x;kahupvq) = (m ' ) Z
(2i + 1)k,

When a =d; = 0.7, b =¢c=dy = d3 = 0.8, k; = 100,
hy = 200, ko = kg = 40, ha = hs = 80, p; = ¢; = 2,
the unforced system (32) has a 3D 6 x 6 x 6-grid scroll
chaotic attractor, as shown in Fig. 1.

500

—500

—1000 —500 0 500 1000

400

300

200

100

R 0

—100

—200

—300

(b)
—400
—1000

—500 0

xT

500 1000

Fig. 1. (colour online) 3D multi-scroll attractor (a) z—y
plane; (b) z—z plane.

System (32) can be written as the form (2).
[fl(x),fg(l‘),fg(.’l?)}T,

In simulation, let Fj(x) =

3
—axy — by — crs + Y dis(wi; ki, hi, pi, ¢;) + s

i=1

T3 =

(32)

f3(x) + us,

where the saturated function series s(x;k,h,p,q) is

described as

if x >qgh+1,

if [z —ih| <1,—-p<i<yq,
ifih+l<z<(@+1)h-1,-p<i<yq,
if x < —ph—1.

AF(z) = Fi(z)sint/2, Gy = diag[l,1,1],AG =
G1/2. Since r; = 1,7 =1,2,3, we have s; = ¢;.

The initial values are chosen as z1(0) = 5, 22(0) =
-5, 23(0) = —4, 6;(0) = 0, £;(0) = 0, i = 1,2,3. The
desired trajectories are xq1 = xq2 = Tq3 = sint.

The fuzzy systems have e, es, and ez as inputs.
For each variable of inputs, we define six Gaussian
membership functions uniformly distributed on the in-
terval [—5, 5].

The design parameters are selected as follows:
k; = 0.5, p; = 20, 0; = 10, ¢ = 1,2, 3. Note that k; are
chosen small in order to see the contribution of the
fuzzy systems. The discontinuous function sign(e(t))
has been replaced by smooth function arctan(20e(t)).

Figure 2 shows the simulation results of the pro-
posed scheme. From the simulation results, we can
see that the tracking is significantly decreased by us-
ing the proposed method in comparison to the con-
trol scheme in Ref. [28]. The proposed controller can
achieve a better performance in the presence of dis-
turbances and system uncertainties. This is because
the control scheme proposed in Ref. [28] does not in-
clude a nominal model, and the main controller is only
from the fuzzy system which is usually sensitive to its
structure and the number of fuzzy rules. However,
in the proposed controller, the main controller is an
inversion-based controller with the fuzzy system mod-
eling the uncertainties at every step with compensa-
tion by the variable structure controller.

Example 2 Gyro chaotic system

The equation governing the motion of the sym-
metric gyro mounted on a vibrating base in terms of

the rotation angle v (i.e., the angle between the verti-
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cal axis and the spin axis of the gyro), is given by[3!l

1 —cos~y)?
7+192¥ —asin’y—l—b"y—kcﬁ?’
sin” 7y

= fsinwtsinvy, (33)

where fsinwt is a parametric excitation, ¢¥? and b¥

------- control scheme in Ref. [28]
— — = disired curve
the proposed method

0
_92 -
0 5 10
Time/s
6
------- control scheme in Ref. [28]
— — = disired curve
4 the proposed method
S 2
0 4
(c)
) -
0 5 10

Time/s

are nonlinear and linear damping terms, respectively.
¥2(1 — cosy)?/sin®~y — asiny is nonlinear resilience
force. System (33) presents chaotic behavior with
F=359=10,a=1b=05 c=005w=2,
and states initial values of z(0) = [1.6,0]T, is shown
in Fig. 3.

g “fF e control scheme in Ref. [28] |
— — = disired curve

-4 the proposed method
(b)
-6 -
0 5 10
Time/s
100

-100

(d)

0 5 10

-200

Fig. 2. (color online) Tracking results of Example 1. (a) Tracking of z1. (b) Tracking of z2. (c) Tracking of z3. (d) The

control input.

-8

-1.5 -1.0 -0.5 0 0.5 1.0 1.5 2.0

~

Fig. 3. (color online) Gyro state space trajectory.

The forced gyro system (33) can be rewritten as
Y =F()+u, (34)

where I' = [,5]" is the state vector,

(1 — cosy)?

3

F(I') = fsinwtsiny — 9? -
sin® ~y

+ asiny — by — 3>,

In the simulation, let
(I =F(I), AF(I')=F(I')sint/2,

G1 =1, AG = 1/2. The initial values are chosen as
6(0) =0, £(0) = 0.
Let the desired trajectory is

zq(t) =1.25 — 7.5e~  +7/20e 4.

The fuzzy system has e, é as inputs. For each variable
of inputs, we define eleven Gaussian membership func-
tions uniformly distributed on the interval [—10, 10].
The design parameters are chosen as follows: A =
1, p = 20, c = 10, k£ = 0.5.
function sign(s) has been replaced by smooth func-

The discontinuous

tion arctan(20s).

Figure 4 shows the simulation results of the pro-
posed scheme. These results show the good tracking
performance of the proposed method.
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2
0 '\g_/-the proposed method |

2t e -+ control scheme in Ref. [28] |
4 ,/ — —desired curve
’6 / (a) |
o 1 2 3 4 5 6 7 8 9 10
Time/s
10 - - - - - - . T
the proposed method
5 o -+ control scheme in Ref. [28]1

- — =—desired curve

0 [
-5 (b) ]

0T 3 3 4 5 6 7 8 9 10

Time/s
Fig. 4. (color online) Simulation results: (a) tracking of

v, (b) tracking of 4.

4. Conclusion

This paper proposed a nonlinear inversion-based
control scheme with fuzzy compensation for uncer-
tain MIMO chaotic systems. The fuzzy logic systems
were used to cancel system uncertainties. The variable
structure controller was employed to eliminate the ef-
fects of the fuzzy approximation errors. The hybrid
control method we proposed demonstrated effective
and robust control performance.
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