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We solve the Duffin-Kemmer—Petiau (DKP) equation with a non-minimal vector Yukawa potential in (141)-

dimensional space-time for spin-1 particles. The Nikiforov—Uvarov method is used in the calculations, and the eigen-

functions as well as the energy eigenvalues are obtained in a proper Pekeris-type approximation.
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1. Introduction

Contrary to relativistic spin-zero and spin-1/2
particles, which have been extensively investigated in
the literature, spin-one bosons have been studied by
a considerably less number of physicists and mathe-
maticians. To deal with such particles in wave equa-
tion formalism, we need to solve the Proca or Duffin—
Kemmer—Petiau (DKP) equation. The latter is capa-
ble of investigating both spin-zero and spin-one par-
ticles in a unified basis,' =7 and its equivalence with
the Klein-Gordon (KG) and Proca equations is sub-
ject to serious doubt at the moment.[®9! It is notable
that investigating a spin-one particle can be performed
within a gauge theory, namely the so-called compen-
sator field['% which is not the approach used by our
study. The success of the DKP equation in describing
the relativistic interactions of hadrons with nuclei goes
beyond doubt.['!] Until now, the equation has been in-
vestigated with an oscillator term,['2=1% in the casual
approach,'617 scattering of the K nucleus,['8! and
within the five-dimensional Galilean invariance.[') Tt
is also studied for the Woods—Saxon potential,2"]
vector and scalar Hulthen-type potential,2!] linear
plus Coulomb-like potential,?? vector Hulthén-type
potential, 3] scalar Coulomb potential, >4 and smooth
position-dependent mass potential.?®! In the present
article we will consider the DKP equation in the pres-
ence of a non-minimal vector Yukawa potential in
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(141) dimensions for spin-one particles.

2. Review of the DKP equation

The DKP equation for a free boson is (we choose
hi=c=1)B
(ip"0y —m)¥ =0, (1)
where the matrices S* satisfy the algebra
BB+ BB = g B+ gV B, (2)
with u, v, and A being 0, 1, 2, 3. The metric tensor is
g*” = diag(1l,—1,—1,—1) and for the five-component
representation the 5 x 5 S* matrices are

e 0
80 =
0T 0
. 0 p
g = (i)T’; Li=123 (3)
p
where
01 . [-100
6= 5 P = )
10 000
0-10 00 -1
p* = S ;@
000 00 0

0, 0 and 0 are 2 x 3, 2 x 2, and 3 x 3 zero matrices,
respectively.
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Within the ten-component representation, the g*
matrices are naturally 10 x 10 matrices which are given
by

0000 0 0 e O
o |0Torol [ 0" o o -is
= pi=| (5)
0" 100 —T 0 0 0
0T 000 0T —iS, 0 0
with S matrices being 3 x 3 ones, (Si)jr = —ieijk

where ;55 takes the values 1, —1, 0 for an even per-
mutation, an odd permutation, and repeated indices,
respectively, and e; matrices are 1 x 3, (e;)1; = d;5,
ie. e; = (1,0,0), e = (0,1,0), and e5 = (0,0,1),
and 0 respectively represent the unit and null 3 x 3
matrices and Os are the 1 x 3 ones.!*

3. DKP equation in the presence

of a non-minimal vector poten-

where U(z,t) = exp(—iFE,t),(x). Thus, after the re-
moval of the time component, we consider one quan-
tum number and write the 10-component stationary
spinor as

w};($> = (‘pml(x)» @n,Q(x)7 (Pn73($>7 @n,4(x)a (pn75<3;‘),

©n,6(T), on,7(T), Png(T),

@n,g(x)»s@n,lo(x))T- (7)
We intend to investigate a matrix interaction of
the general form U = prA* + i[P,"]H,, where
[P,3"] = PB* — B"P conserves the four-current, '3
p*AH is minimally coupled but i[P, 5#]H,, is the non-
minimal vector term. Hence in this paper we will
consider the term i[P, 5#*]H,. Therefore, study the
U = i[P,fYH; and Hy(z) = (Ve 2%)/x , where «
and Vj are real parameters and P = ("8, — 2) =
diag(1, 1,1, 1,0, 0, 0, 0, 0, 0) is the projection oper-
ator. Substitution of the latter into Eq. (6) gives the
following coupled equations

. L0p, 5(x
tial 1%() mpn,1(z) — iHi1pn5(z) =0,
The DKP equation in a (141)-dimensional space Enns(x) = mepn,o() =0, ®)
is written as E,on5(x) —mpn o(z) =0,
(i8°9y 4+ iBr01 — m — U)¥(x,t) =0, (6) Enpn.a(r) — mpy7(x) =0, (9)
.33%,10(117) . _ _
Enpn () — = mpn 3(x) + iH1pn10(z) =0, meng(r) =0, (10)
.Opno(x . . Opn.a(x )
E,onq7(z) + 1808’7;() — mpp a(r) — iH1pn9(x) =0, 1%() + mpno(z) + iH1pna(x) =0, (11)
.Opp1(x . .Opn3(x .
E, pna(x) — 1808,7913() — mpns(x) — iHipn1(z) =0, 1%() —meni0(x) + iHipns(z) =0.  (12)

Combination of the above equations yields ¢, 3 =
Pn.,4,

d%p, 3(
Pas) 2 e
OH
+ 7;%73(1:) =0. (13)

Substituting H; = Vpe™**/x into Eq. (13) we have,

S [z -t (B st
-V (%—;1) e, 3(x) =0. (14)
Now, we introduce the Pekeris-type approximations!26]
% ~ (14016_229:)2, (15a)
Iy 4a? e~ 20z (15b)

ﬁ ~ (1 _ 672az)2’

and use the change of variable z = e~2%% to bring
Eq. (14) into the following form:

d*¢n3(2) (1—2) dgngs(z)
dz? 2(1—2) d=z
1 E2 —m? 5 Vo\ o
+z2(1—z)2{( 4a? G +?)Z
Vo m?—E? E2 —m?\7 .
+ (_Vo 2 + 202 )Z + ( 402 ﬂ(p"‘?('z)
=0, (16)

where @p, 3(2) = @n3(z(2)).

4. Nikiforov—=Uvarov method

This powerful mathematical tool enables us to
solve second order differential equations. Consider the
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following differential equation:[27-28]
{d72 n o] — (28 i 1
ds?  s(1—azs)ds  [s(1 —ass)]?

x [~€15% + Gos = &] Jouls) = 0. (17)

According to the Nikiforov—Uvarov method, the eigen-

functions arel28l

wn(s) — analz(l _ ags)*alzfala/oés
X Pgl‘lw*l*o‘ll/o‘f‘*alofl)(l —2a3s), (18)
where P,, is an orthogonal Jacobi-polynomial.
The energy eigenvalues can be obtained from
Refs. [27] and [28] as
agn — (2n+ Das + (2n + 1)(Vag + az/as)
+n(n — 1)as + ar + 2azas + 24/asag = 0, (19)

where

1 1
oy = 5(1 —a1), ap= §(a2 — 2as3),

ag = af + &,

a1p = aq + 204 + 24/as,
a1 = az — 25 + 2(y/ag + azy/ag),

a2 = as+as, o3 = a5 — (Vag + azy/ag),

ajy = a1 + 204 — 24/ag,

aiy = az — 205 + 2(y/ag — azy/as),

aly = g —Vas, ajy = o5 — (Vag —azyasg). (20)

Therefore, we can use the following eigenfunctions in

ag = az + &1,
a7 = 2005 — &g,

2
g = azar + azag + Qg,

some case
'(/)n(S) = Nn SaI2(1 — aBS)_O‘I2_O‘;3/O‘3

x P{rom i/l (1 o) (21)

5. Exact bound-state solutions

A comparison of Eq. (16) with Eq. (17) indicates
the correspondence

ar=1, ay=1, az=1,
b= m24;2E% + V5 %,
€ = mQQ;QEZ _v %’
="t )
Equation (19) determines the rest of coefficients as
ar = ? + Vo + %’
ag:%v a9 = %+VO2+VO,

Vm? — E2

a10:1+7a
(0%

1 m? — E2
a112+2(\/4+vo2+vo+\/">,

vm? — E2

Q12 = ——
200 ’

1 1 m2 — E2
algz__<\/4+V02+Vo+\/ ") (23)

2 2a
Thus, the eigenvalues and eigenfunctions are deter-
mined as follows:

1 m? — E2
(277,+1)|:\/4+V02+V0+\/4QQ]

1 v
tntn 5+ Vot

1 1 2 2 2\
+a\/(4+V0 +V0)(m ~E2) =0, (24)

@n 3(2) — anf(m2,E§)1/2/2a(1 _ 2)1/2+\/1/4+V02+V0

—/m2—E2/q 2
VTR 2 AT +‘/(’)(1—22), (25)
the Jacobi polynomial is
PiY(2)
- + +d
oS (T T (1= 2)" P(1+2)P,
=0 P n—mp
P9 (2)
F'n+c+1)

- nlln+c+d+1)

Xz": n F(n+c+d+r+1)<z—1)7‘, (26)
r=0 r

T(r+c+1) 2
where

ny\ n! B I'(n+1)
rl rln—r) TE+DT(n—r+1) (27)

The curves of E,, versus V| for some values of n are
plotted in Fig. 1. In addition, the energies for (n = 0-
8) are listed in Table 1. The wave functions for n = (0—
3) are plotted in Fig. 2.

6. Conclusion

We solve the (141)-dimensional DKP equation
for spin-1 particles in the presence of a non-minimal
vector Yukawa potential. The bound-state ener-
gies and the associated normalized wave functions
are obtained by the Nikiforov—Uvarov method in the
Pekeris-type approximation. Our results are useful for
studying the relativistic spin-one particles and partic-

ularly spin-one mesons.
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Fig. 1. Curves of E, versus Vp for some values of n

(m =1, a=0.1).
1.0+
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Fig. 2. Wavefunctions versus z for n =0, 1, 2, 3.

Table 1. Energy eigenvalues for Vo = —0.3 and
m = 1.

n E, for « = —0.01 E, for « = —0.05 E,, for « = —0.1
0 —0.999965 —0.999132 —0.996522
1 —0.999792 —0.994792 —0.979003
2 —0.999530 —0.988186 —0.951864
3 —0.999169 —0.979015 —0.913171
4 —0.998708 —0.967186 —0.861275
5 —0.998147 —0.952594 —0.793561
6 —0.997485 —0.935107 —0.705480
7 —0.996723 —0.914559 —0.587941
8 —0.995860 —0.890738 —0.416717
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