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Transport properties in a multi-terminal regular polygonal quantum ring with Rashba spin—orbit coupling (SOC)

are investigated analytically using quantum networks and the transport matrix method. The results show that conduc-

tances remain at exactly the same values when the output leads are located at axisymmetric positions. However, for the

nonaxisymmetrical case, there is a phase difference between the upper and lower arm, which leads to zero conductances

appearing periodically. An isotropy of the conductance is destroyed by the Rashba SOC effect in the axisymmetric case.

In addition, the position of zero conductance is regulated with the strength of the Rashba SOC.
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1. Introduction

The manipulation of electron spin in a low-
dimensional semiconductor structure has attracted
considerable attention in recent decades.!!! The gen-
eration of spin-polarized current and its appropriate
manipulation in a controllable environment, especially
in a semiconductor system, have led to many signif-
icant theoretical and experimental results.?~4 Suit-
able means for controlling electron spin on the meso-
scopic scale are provided by the quantum interference
effects in coherent ring conductors under the influence
of electromagnetic potentials, such as the Aharonov—
Bohm (AB) effect(®) and the Aharonov-Casher (AC)
effect.[] The transport properties of mesoscopic AB
and AC rings coupled to current leads have been ex-
tensively studied in various aspects such as AB flux,
precession and interference effects.[”1%! In particular,
transport through quantum rings containing several
confined electrons has been realized within the last
decade.l'®17] Recently, quantum rings with multiple
arms have been studied.['8—30]

As a relativistic effect, the Rashba spin—orbit cou-
pling (SOC) effect has also been extensively stud-
ied. The Rashba SOC in quantum rings may lead
to an electron localization phenomenon. While the
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properties of an electric current are not related to
how a wire is bent, SOC apparently depends on the
speed and direction of electronic movement, which
may be affected by the extent to which a wire is bent.
Therefore, the electron transport properties in multi-
terminal regular polygonal quantum rings, which are
subjected to the Rashba SOC, will be greatly changed
by the Rashba effect. Besides circular quantum ring
models,['8720] other geometrical ring shapes have also
been investigated.?' =29 Bercioux et all?2 have dis-
cussed a quantum network extending in one dimen-
sion, which is a chain of square loops connected at
one vertex. Koga et all?’! and van Veenhuizen et
al.,2l who proposed a ballistic spin interferometer us-
ing square loop geometry, investigated the spin—orbit
induced spin interference patterns of ballistic electrons
traveling along any regular polygon. Szafran and
Poniedzialek[®®) studied the electron transport prob-
ability through a semiconductor quantum ring with
one input and two output terminals when an elastic
scattering site was present.

Research on the spin transport characteristics of
regular polygonal quantum rings is a quantum net-
work problem. By creating the electronic quantum
wave functions for a complex network, and by cal-
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culating their simultaneous equations, we can obtain
analytic solutions of the transport properties for any
quantum network. Based on previous work, quan-
tum transport of electrons through two terminals in
arbitrary equilateral polygonal quantum rings with
Rashba SOC was studied.[?1:2931] To the best of our
knowledge, the effect of Rashba SOC on electron
transport in multi-terminal regular polygonal quan-
tum rings has not been investigated thoroughly. How-

532! for multi-terminal quan-

ever, experimental studie;
tum rings with magnetic fields have been reported.
Therefore, we are interested in building a theoretical
model for the transport property of a regular polygo-
nal quantum ring with Rashba SOC where there are
one input and two alterable output terminals.

In this paper, we analytically solve, by using a
typical quantum network method, the scattering prob-
lem of transporting electrons through a multi-terminal
equilateral polygonal quantum ring. By means of the
Landauer—Biittiker formula, we also obtain the con-
ductance of the electrons. In this study, we find a dif-
ference in conductance between the output terminals
for the axisymmetric and nonaxisymmetric cases.

The rest of the present paper is organized as fol-
lows. In Section 2, we provide a theoretical model
to calculate the conductance for a polygonal quantum
ring. Numerical results and discussion of the trans-
port properties are described in Section 3. Finally, we
present our conclusions in Section 4.

2. Model and formulas

We consider a regular polygon with 3N vertices
coupled to three terminals as shown in Fig. 1. The

Fig. 1. A 1D polygonal quantum ring coupled to one in-
put and two output terminals. Vertices are connected by
single-channel ballistic quantum wires with Rashba SOC.
Tup and Tyown represent transmission coefficients of the
upper and lower arms, respectively.

polygon is coupled to three one-dimensional (1D)
leads which are free of SOC. The two output leads
are located at symmetric or asymmetric positions with
respect to the input lead. We assume that the width
of the structure is narrow enough compared with the
length of the structure so that the energy spacing be-
tween the quantum energy levels, produced by the
transverse confinement, is much larger than the en-
ergy range of the longitudinal transport.

We simplify the structure into a 1D equa-
tion with the coordinate axis along the longitudi-

nal direction of the structure.[33

Neglecting sub-
band hybridization,[#*35! the Hamiltonian for a single-

channel wire along a generic direction 4 in the z—y

plane is!?
2
- p hkso . . .
H = 277:* i py(G % 2) -7, (1)
where p, = —ih9/0! is the momentum operator in the

4 direction, m* is the effective mass of the electron,
and & is the vector of the Pauli matrices. The SOC
strength kg, is related to the spin precession length
L, by Lg, = 7/kso. When an electron with energy of
FE is injected from the left wire into a regular polygon
as shown in Fig. 1, the wave functions on the external

leads are
¢0:Aeikol+Befik0l7 ,lpml :Feikol’
ql)mz _ Ceikol, (2)

where [ is the length of the semi-infinite input/output
lead with the origin fixed at the position of the in-
put/output node; kg is the wave-vector corresponding
to kg = vV2m*E/h; A and B are the injection and re-
flection coefficients; F' and C' are the upper and lower
arms transmission coefficients, respectively. In order
to investigate the transport properties of the network,
the wave function for a bond (quantum wire) connect-

ing the nodes o and 3 along the direction 9,3 is(??]

o ikeol(6X2) Aap

W{sin[k(lag — )],

+ sin(kl) e~ treolas(0X2) Fas gy - (3)

Vap(l) =

where k = /kZ + k2; r is the coordinate along the
bond whose length is l,z; spinors ¥, and ¥g are the
values of the wave function at nodes o and (; % is
the position of the electron in the quantum wire. At
vertices o and f3, 7o = 0 and g = l43. The spin pre-
cession due to the Rashba effect is described by the
exponentials that contain Pauli matrices in Eq. (3),
which is the key step in order to generalize the ex-
[36,37]

isting method of studying quantum networks in
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the presence of Rashba SOC. The wave function of the
whole network is obtained by using Griffith’s bound-
ary conditions!12-38]

Z Q[e—iksor(&xi)'%ghpaﬁ =0. (4)
ol
(o, 8)
Here, the sum > runs over all nodes § that are con-
(o, 8)

nected by a single bond to the node a. For internal
nodes, the conditions for continuity of the probability
current for a generic node a, Eq. (4) simplifies into

Maoa — Mopg = 0, where Moo = ) cot(klag),
(o.8)
Mys = Rap/sin(klap), and R,p = e~ keor(@x2)Jas,

For external nodes, the conditions become

2 cos(kl)th, — Z Rty =0, (5)
iko sin(kl)

2 cos(kl)pg — Z Ropthy = A

(0,0)

(B - A)v (6)

2 cos(kl) b, — iko sm(kl)

Z Rm2bl/}b

(ma2,b)

oS e, (8)

The reflection and transmission coefficients can
be obtained by solving the linear system of equations
arising from the Griffith’s boundary conditions, which
are related to Egs. (5)—(8). The amplitude A can be
modulated experimentally. To solve these equations,
we evaluate Eq. (5) for independent clockwise (¢(*))
and counter-clockwise (1/(7)) traveling wave functions

7/)£L+) = eiklw() - Rn,n—lwn—h
P = ey — Ry 11, 9)

where the length of a polygonal ring segment is [, =
[, and L = NI.
ring, there are 3N + 3 functions, each of which con-
, Y3n, B, C, and F. For
convenience, we define three parameters p1, p2, and &,

Since there are 3N vertices in the

tains a subset of g, Y1, ...

2cos(b) b, — 3 Rty = iko sm(kl) Wostakl) o7y as pr=ma/3N, py=ma/3N, and & = 3kL. Finally we
(ma,b) obtain
—sin[(1 4 p1 — p2)kL](A + B) + sin[(1 — p2)&]Wo,m, F + sin(p1£) D3y, m, C _ —i@(B — ) (10)
sin(p1§) sin[(1 — p2)¢] k ’

= Sin(pa) F + 5in(p1) Uy myC + sinl(p2 — p)EWam oA+ B) ko

— i%p (11)
sin(p1€) sin[(p2 — p1)€] k

_ Sin[(l B pl)ﬂc + Sin[(l — p2)§]Um2,m1F + Sin[(ﬂ2 - pl)g]szﬁN(A + B) _ —i@C (12)

sin[(1 — p2)¢] sin[(p2 — p1)¢] k'
where Wml,O = le,ml—lle—l,ml—Qa e 7R1,07 Umg,ml = ng mo— 1Rm2—1,m2—27 .. Rm1+1,m17 D3N,mg ==

Ransn-1R3n—13n—-2,---,

Since Rag = o[Tiksolan (X ap):
g =

_ -1 — _
Rm2+17m27 and Wml,o - WO,ml’ Ummml Um1 ma? D3N,m2 - Dm2,3N

a], the above equations for Wy, o, Um,,m,, and D3y, can be rewritten as

Wiy 0 = cos(myg)[cos(pim) + isin(pim)o,] — ism(.ﬂ sin o {sin <2p12_377> 04 + cos (2p12— 37r> ay]

isin(mlgb)
sin ¢

Cos v sin

Umz;ml
sin ¢ 2
—m1)g)

.sin[(ma
i
sin ¢

sin ¢
g[sin(pﬁr) — icos(p1m)o], (13)

= cos[(mg — m1)¢l{cos[(p2 — p1)7] + isin[(p2 — p1)7]o.}
- i—sin[(mg = m1)d) sin o {sin <3 — 201~ 2p2

—2p1—2
7r> Oy + cos <3p;p2ﬂ'> ay]

cos arsin g{sin[(pg — p1)7] — icos[(p2 — p1)7]o.}, (14)

D3N m, = cos[(BN — ma)¢l{cos[(1 — p2)m] + isin[(1 — pz)7]o.}
_ ;Sin[BN — ma)d] sma[sm (2p22_17r>0w + cos <2p2 — 1%)04

sin ¢
sin[(3N — ma2)¢)

2

+i————— cosasin g{sin[(l — p2)w| —icos[(1 — pa2)wo.}. (15)

sin ¢

Moreover, we can obtain the transmission coefficients to be

21%(1[0Wm1 0—

sin(p1€) Uy ;ma Dims 3N]

= fsinl(1 = pa)Esin(pnE) — be} + snl(ps — pr)E{csinl(l — pa)d] + bom(piE)} —dle +e)
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2i%d{me2>3N - Sin[(l - p2)€]Um2,m1Wm1,0}
C=— : ; . - A, (17)
ol po)Esin(pre) e} T sinl(ps — pu)el (coml(1 — po)e] + bem(pid)} — d(e § o)

where Biittiker conductance formula,[®39 which in our case
ko . : : is
=17 sin(p1€) sin[(1 — p2)€] — sin[(1 + p1 — p2)¢], =% Z T, = Gy + G, (18)
ko . ) ) =11
b= i=2 sin(pr€) sinl(pz — p1)€]  sin(pag), =
¢ = i% sin[(1 — pa)€] sin[(ps — p1)€] —sin[(1 — p1)g], 3. Results and analysis

d = sin[(1 = p2)¢]sinl(p2 — pr)¢] sin(p1£), 3.1. Axisymmetric case

e = WO,m1 Uml,ngmg,SN- . .
In the axisymmetric case, when the output leads
The conductance in the mesoscopic structure un- are located at a symmetric position with respect to the
der consideration can be derived by the Landauer—  input lead, for example, when m; = N and ms = 2N,
|
k% 22 k(Q) s 2 2 ko
4? sin® (kL) 72 5in (kL) +4cos®*(kL) + 1+ [2cos(kL) + i+ sin(kL)](e + e*)
T= 19
TE+ T3 ’ (19)
where
k2 k2
T =—-e—¢e" — Sk—g sin?(kL) + 12 cos? (kL) — Gk—g sin?(kL) cos(kL) + 8 cos®(kL),
kO . kg .. 3 kO . 2
Ty = 12? sin(kL) cos(kL) + 73 Sin (kL) — 12? sin(kL) cos”(kL).
In the absence of SOC (ks = 0),
. 4sin®(koL)[sin?(koL) + 4 cos®(koL) + 1 + 4 cos(koL)]
" [=3sin2(koL) + 12 cos2(koL) — 6sin2(koL) cos(kL) + 8 cos3 (ko L)]2 + [12sin(koL) cos(koL) + sin3(ko L) — 12 sin(ko L) cos? (ko L)]2 "
(20)
\
From Eq. (20), we can see that the systematic  figure, which are characterized by a set of zeros and
transmission coefficient 7' depends only on the dy-  poles, show a peculiar resonant behaviour. Zero con-

namic phase kol from the input node to the output ductances appear at kgL = mm, where m is an integer.
node of the nanostructure for the axisymmetric case ~ The zero conductances correspond to eigenstates in a
in the absence of Rashba SOC. Therefore, neither the  closed ring. The electrons entering into the ring will

shape nor the segment length, [, of a regular polyg- spend more time in the ring before being reflected or
onal quantum ring influences the electronic quantum  transmitted because there is coupling between the ring
transport properties when the length between the in-  and the leads. Electrons that spend a long time in the
put and the output leads, NI, is kept constant. In ad-  closed ring must be in an eigenstate of the closed ring.

dition, from Eq. (20), we can see that the spin state of ~ There are two key elements that lead to the oscillation
an incident electron is invariant in the transport pro-  of the conductance for symmetric configurations. The
cess. Electronic quantum transport is not related to  first is due to imperfect transmission caused by cou-
an electron’s spin degree of freedom in normal metal  pling between the ring and the leads which results in
wires, which is an outstanding feature of traditional  resonance as a consequence of backscattering effects.!”]
electronics. The second is quantum interference between the alter-

The conductance as a function of kyL/m in the  nate paths, clockwise, and counter-clockwise. Since
absence of Rashba SOC for an axisymmetric system  this is an axisymmetric system, the phase of the elec-
is displayed in Fig. 2. Because the conductance is peri- trons transmitted in the upper arm is the same as
odic, only one period is shown here. The curves in the  that in the lower arm. The conductances have exactly
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the same values when the output leads are located
at axisymmetric positions, which are consistent with
the results for a circular quantum ring given by Wang
and Chang!'® and by Szafran and Poniedzialek.[*") An
isotropy in the conductance is induced by the sym-
metric positions of the output leads. Ty, and Tyown
can be found from Egs. (16) and (17). They each
make the same contributions to the total transmission
coefficient. The conductance of one output terminal
varies from 0 to 0.42G/Gy. A similar model for the
transport properties of a tri-terminal ring with equal
arms has been proposed and obtained by Szafran and
Poniedzialek,[*% who found that the transmission co-
efficient varies from 0 to 0.42 at any output terminal
in the absence of a magnetic field. One can notice
that the variation range of the conductance that we
calculated is consistent with this phenomenon.

1.0
_Gtotal
0.81 - _Gup:Gdowu
_ 06}
S
~
© 0.4
: ,\ I
! i
o2r |\ 1\
\ \
/
| ./\ o~ \
00 0.5 1.0 1.5 2.0
k(]L/T{'

Fig. 2. Conductances of a regular hexagonal quantum
ring versus koL /7 for kso = 0 in an axisymmetric case
with p1=1/3 and p2=2/3. Giotal, Gup, and Gyown repre-
sent the total conductance and conductances of the upper
and lower arms, respectively.

As the number of vertices increases, the equilat-
eral polygon turns into a circular ring. From our calcu-
lations for polygonal quantum rings, the conductance
pattern is invariant with N increasing. Therefore, we
can infer that the conductance remains constant as
the number of the vertices increases; the conductance
is independent of the number of vertices in the absence
of Rashba SOC for the axisymmetric case. The trans-
port properties of a circular ring can be extrapolated
from our results.

3.2. Nonaxisymmetric case

The results from Eq. (19) for the total conduc-
tance in a nonaxisymmetric system in the absence of
Rashba SOC are shown in Fig. 3(a). It is interesting to

note that the total conductance of the quantum ring
varies as the location of output terminals changes.
Due to the alteration of the output leads, the elec-
tronic phase changes in the nonaxisymmetric system.
Because the electronic wave functions for the upper
and lower arms are different, new locations for zero
and pole conductances appear. What should be noted
in Fig. 3(a) is that the transport property changes dra-
matically when m = koL /7 is an integer. In the non-
axisymmetric case, the change in the position between
the two output arms can cause a phase difference that
leads to destructive interference at the lead positions
and may result in zeros for the transmission.[*) In
Fig. 3(b), the conductances for both the upper and
lower arms in the nonaxisymmetric system are dis-
played. It is obvious that G\ is different from Gaown
in this nonaxisymmetric example. The conductance
at a terminal will change if the location of the other
terminal is adjusted. In the absence of Rashba SOC,

1.0 - -
(a) nonaxisymmetrical
— — -axisymmetrical
0.8}
0.6
o
O
-~
O
0.4t
0.2
0
0 0.5 1.0 1.5 2.0
k’()L/ﬂ'
0.6 " T 7
(b) == nonaxisymmetrical G,

nonaxisymmetrical Ggown

G/Go

0 0.5 1.0 1.5 2.0
k}oL/Tl’

Fig. 3.
quantum ring versus koL /7 in the absence of Rashba SOC

(a) Total conductances of a regular hexagonal

for axisymmetric (p1=1/3 and p2=2/3) and nonaxisym-
metric systems (p1=1/6 and p2=2/3). (b) Conductances
of an output terminal versus koL/m in the absence of
Rashba SOC for a nonaxisymmetric system (p1=1/6 and

p2=2/3).
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the conductance of a polygonal quantum ring depends
mainly on the phase of the electron wave function and
the phase difference between the upper and the lower
arm. For a given L = NI system, the phase of the
electron wave function is controlled mainly by the en-
ergy of the incident electron. If the input terminal
location is fixed, the phase difference can be conve-
niently modified when the position of the output ter-
minal is adjusted. When the position of one output
terminal varies, the clockwise and counterclockwise
electron wave functions, and therefore the transport
properties, also change in the other output terminal.
Therefore, we can control the transport property of
one output terminal by changing the location of the

other output terminal.

3.3. Finite Rashba SOC (kg, # 0)

The effect of the Rashba SOC on the transport
probability through the axisymmetric polygonal ring
is illustrated in Fig. 4(a). We notice that the external
Rashba SOC introduces an asymmetry for the conduc-
tance between the upper and lower output terminals.
For arbitrary two-terminal equilateral polygonal rings,
an oscillation can be induced by the finite Rashba
SOC effect.[?931 For equilateral polygonal quantum
rings with three terminals, it is demonstrated that the
Rashba SOC not only produces an oscillation in the
amplitude but also introduces a distinct imbalance be-
tween the electron-transport probabilities of the two
The Rashba

SOC behaves like an effective in-plane momentum-

output leads, as it shows in Fig. 4(a).

dependent magnetic field that induces a phase dif-
ference between the electrons traveling clockwise and
those traveling counterclockwise along the ring’s up-
per and lower arms. The phase induced by Rashba
SOC depends on the path of the electron. By com-
paring Fig. 2 with Fig. 4(a), we can draw a conclu-
sion that the isotropy in the conductance is destroyed
by the Rashba SOC effect in the axisymmetric case.
Thus, the conductance displays asymmetric features
for the axisymmetric positions of the output leads.
The conductance for a nonaxisymmetric system
with finite Rashba SOC is displayed in Fig. 4(b). We
take a regular hexagon (N = 2) as an example. We
use an experimentally allowed strength for the Rashba
SOC, similar to that used by Koga et al.[2®] The curves

in Fig. 4(b) show that the conductances in the pres-
ence of Rashba SOC vary periodically with a period
of 2. We can see from Fig. 4(b) that the Rashba
SOC effect lifts the conductance zeros. The conduc-
tance pattern of a 1D ring in the presence of Rashba
SOC oscillates periodically and transforms when we
change the strength of the Rashba SOC. In a quasi-
1D system, the real conductance zeros appear under
the condition of conserved time reversal symmetry
(TRS).*! In the quasi-1D AB ring, the application of
an external magnetic field modifies the conductance
zeros-pole structure, shifting the transmission zeros
away from the real axis.[*?] Therefore, the lifted zeros
are related to the breaking of TRS. Similar to breaking
TRS in an AB ring, lifting the real conductance zeros
in an AC ring can be related to breaking spin—parity
symmetry. In the asymmetric system, the asymmet-

rically coupled leads break the spin—parity symmetry,

0.8
_Gtota‘l (a) 1
¢ — Gup
0.6 - _Gdown
]
0.4 N\ N
5 PANEAR
AP ! Y \ "llh\
o2HF VA /; s .
A ™\ L WV
A A A
o ./ ~ o \y
0 0.5 1.0 1.5 2.0
kL/m
1.0 T .
— kel = (b)

G/GU

0 0.5 1.0 5 2.0
kL/m

Fig. 4. (a) Conductances for the output terminals and
total conductance versus kL for the axisymmetric system
(p1=1/6 and p2= 5/6) when kso,=0.37. (b) Total conduc-
tances versus kL for the nonaxisymmetric system (p1=1/6
and p2=2/3) when kso= 0,0.37, 0.57, and 0.87.
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shifting the transmission zeros away from the real axis.
In the presence of finite Rashba SOC, the conductance
zeros correspond to a frequency of precession that re-
produces the incident spin orientation at the output
terminal.

By using a regular polygonal quantum ring with
alterable output terminals, we propose a multi-
terminal ballistic interferometer. For the axisymmet-
ric and nonaxisymmetric cases, we can control the con-
ductance at the terminal by varying the strength of
Rashba SOC. Our model provides a method of con-
trolling the conductance of a polygonal quantum ring
that could potentially be used in some type of interfer-
ometers. We would like to stress that the observation
of our predicted conductance patterns for polygonal
quantum rings is within the reach of today’s tech-
nology, for example, in experiments of semiconductor
heterostructures with a two-dimensional electron gas
(2DEG), e.g., an InGaAs-based 2DEG, which has an
internal electric field due to an asymmetric quantum
well which can produce asymmetric quantum rings.
It is very encouraging to see that our model provides
a new theoretical prediction and sheds some light on
this field.

4. Conclusions

In this paper, we studied the transport properties
of a 1D regular polygonal quantum ring with multiple
terminals where the ring is subjected to Rashba SOC.
By using a typical quantum network method, we ana-
lytically solved the scattering problem and found rele-
vant formulas for transmission probabilities. Our the-
oretical results show that the conductances for each
of the output terminals have exactly the same val-
ues when they are located at axisymmetric positions.
However, for the nonaxisymmetric case, there is a
phase difference between the upper and lower arms,
which leads to zero conductances appearing periodi-
cally. We can also control the transport property of
one output terminal by changing the location of the
other output terminal. The positions of the zero con-
ductances can be regulated by Rashba SOC. In addi-
tion, the anisotropy of the conductance is induced by
the Rashba SOC effect in the axisymmetric case. Fur-

thermore, the anisotropy of the spin transport should

play an important role in the potential application for

electrical spintronic devices.
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