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We investigate the spin and pseudospin symmetries of the Dirac equation under modified deformed Hylleraas

potential via a Pekeris approximation and the Nikiforov—Uvarov technique. A tensor interaction of Coulomb form is

considered and its degeneracy-removing role is discussed in detail. The solutions are reported for an arbitrary quantum

number in a compact form and useful numerical data are included.
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1. Introduction

It is well known that the spin and pseudospin
symmetries of the Dirac equation have successfully
accounted for the particle and nuclear spectrums.!*-2!
The Dirac equation, after separation of variables,
Therefore, it

seems logical that the methods originally used to solve

leads to a Schrodinger-like equation.

the nonrelativistic Schrédinger equation can be ap-
plied to the problem. This has been done by many au-
thors under various potentials and various techniques
have been used. This lengthy list includes Coulomb,
harmonic oscillator, Hartmann potential, Woods—
Eckart, Poschl-Teller,
monic, Yukawa, etc.372% Within our study, we con-

Saxon, Morse, pseudohar-
sider a modified deformed Hylleraas interaction.[30—32
In addition, we take into account a tensor interac-
tion which removes the degeneracy between the dou-
blets and therefore plays a significant role in theoret-
ical spectroscopy. To do so, we first review the Dirac
equation under these symmetries. Next, we briefly in-
troduce the Nikiforov—Uvarov (NU) technique, which
stands as one of the most powerful tools of mathemat-
ical physics.33] After a transformation, we then bring
the obtained differential equation into a form solvable
via the NU method. In our final section, we give our
conclusions and depict the behaviors of the solutions
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versus the various parameters engaged.

2. Dirac equation

The Dirac equation with the scalar potential S(r),
vector potential V(r), and a tensor potential U(r) is

[a-p+ (M + S(r)) —ife- +U(r)] (r)
= [E=V(r)]v(r), (1)
where E, p = —iV, and M respectively denote
the relativistic energy of the system, the three-
dimensional momentum operator, and the mass of the
particle. a and 8 matrices are
0 o I 0
o = ) 5 = ) (2)
o 0 0 -1

where [ is 2x2 unitary matrix and the spin matrices
are

01 0 —i 10
o1 = , 02 = . , 03 = . (3)

10 i0 0 -1
The total angular momentum operator J and the
spin-orbit coupling operator K = (o - L + 1), where
L denotes orbital angular momentum, of the spheri-
cal nucleons commuting with the Hamiltonian. The
eigenvalues of spin—orbit coupling operator are kK =
(j+1/2) >0 and k = —(j + 1/2) < 0 for unaligned
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spin j = £ — 1/2 and the aligned spin j = £ + 1/2,
respectively. The set (H?, K, J?,.J,) is taken as the
complete set of the conservative quantities. Thus, the
spinors can be written as

B fnk(’l") - Fn];(r)szm(ga 90)
Yk (r) = = (4)
A

where fnr(r) is the upper (large) component and
gnk(r) is the lower (small) component of the Dirac
spinors. Yfm(ﬁ,cp) and szm(&cp) respectively stand
for spin and pseudospin spherical harmonics and m is
the projection of the angular momentum along the z
axis. Using the simple but useful relations

(0-A)(o-B)=A-B+io-(AxB), (5a)

(a.p)za.f(f-pﬂ"f), (5b)
as well as

(@ L)Y, (0,0) = (k= 1Y), (0,0),  (6a)

(o L)Y‘f (0,9) = (Ku*l)Y]m(@ ©), (6b)

(0 )YS,.(0,0) = =Y,.(0,0), (6¢)

(0 7)Y, (0,0) = —Yf m (0, 9), (6d)

we arrive at the following coupled differential equa-
tions for upper and lower radial wavefunctions

(55 + 5 - 00 ) Pt

= (M + E,; — A(r))Gpi(r), (7a)
(55 = 5+ U0)) Gt
= (M — Epp + X(r)) Fur(r), (7b)
where
A(r) =V(r) = S(r), (8a)
Xr)y=V(r)+ S(r). (8b)

From Eq. (7), we find

2 R(K KR T
dA(r)/dr d
M F B — A0 ( +o UG ))}F «(7)
= (M + Eng — A(r))(M — Epys + X(1)) Far(r),  (9)
{C;;—’i(’jnz_l)ﬂ;%(rw di) U2(r)
X(r)/dr

(- S v o)
DO = B+ 5() G (1), (10)
{+1) and k(k+1) = (0 +1).

M-FE,.+ X
=M+ E,; —

(r
where k(k — 1) = {(

2.1. Pseudospin symmetry (PSS) limit

The pseudospin when

X(r)/dr = 0 or equivalently X'(r) = Cps = const.
Here, our desired interaction is the modified deformed
[30—32)

symmetry  occurs

Hylleraas potential

_ a—2ar —2ar
Alr) = Vo<ae> iy

b 1— e—2cm“ 1— e—20z7‘
672047'
+V2(1 — e—2ar)2’ (11)
H
U(r) = — (12)

Now, using the following alternative for the centrifugal

term
1 a? ef2ar
27 (1 — e—2ar)2 (13)
yields
d72 N 1 MVoa MV e 2or
ar2 T (I—e2m)| b b
_ Voa EFS, VOEﬁie_Q‘”’ VoaClps _ Vonse_Q‘”'
b b b b
—MVye ?*" + BN Vie " — ViCpee 2"
1
4 [_5a2e—2ar + MVge_%”

(1 _ e—2ar)2
— ERsVae 2 4 VoCpse "] — M — MG

+<££;F-—casﬂﬁz}6220v:=o, (14)
where

§=k(k—1)+2kH — H+ H?
= (k+H)(k+H-1)
= 77/@(77/9—1)—>77k=7€+H7 (15)

and k = —fand k = /+ 1 for kK < 0 and k > 0,

respectively.

2.2. Spin symmetry limit

In the spin symmetry limit dA(r)/dr = 0 or
A(r) = Cs = const.[V? As the previous section, we

consider

‘/O a — e—2ar e—204r
E(T) = b(]_ _ e2ar> o Vll — e—2ar
—2ar

2= o zaryE (16)
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Substitution of latter into Eq. (9) gives

d2 1 MV()a MV() 6_20”
— + — - +
dr2 = (1 — e—2a7) b b
VoaE?
+M‘/1€_2ar _ Oab nK
Es —2ar
+ ‘/0 7mbe 4 Eiﬁvl 672047“
—2ar
V(J(ZCS B VOCSe _ VlCS e20”,:|
b b
1 2  —2ar —2ar
+ m [*’}/OL e — MV2 (§]
—Efm‘/Qe_Qar + VQCSG_QO”A} _ M2 T (E:W)Q
+ MCS - CSE;K}F’ZI{(T) = O’ (17)
where

vy=(k+H+1)(k+H)
=m0k —1) = m=k+H+1,  (18)
and k = fand k = —¢ —1 for Kk < 0 and kK > 0,

respectively. We shall now introduce the NU method
to proceed.

3. The NU method

As frequently noted, this mathematical technique
solves second-order differential equations. Let us con-
sider the following differential equation

d? a1 —ags d 1
{(152 + s(1—ass) ds ' [s(1— ags)]?
<+ a5 — & fo =0 (19)

According to the NU method, the eigenfunctions and
eigenenergies respectively are
w(s) — Saw(l _ ags)—alz—ala/OtS

% P”glalo_Lall/Otg—Oth_l)(l — 2&38) (20)

and
agn — (2n + Das + (2n + 1)(Vag + ag/as)
+n(n—1as + ar + 2asas + 2y/agag =0, (21)
where
1 1
0&425(1—041), C%5:§(052—2043),

ag = 0F + &1, ar =205 — &, ag = o + &,
a9 = azar + adag + ag, ag = g + 204 + 24/as,
ailr = ag — 2a5 + 2(y/ag + azy/ag),

aip = ayq ++/as,

13 = Q5 — (\/Oég + 0¢3\/0¢8)- (22)
In the rather more special case of ag = 0,

li P(alo—Lall/O‘S_alO_l) 1—2
2y P (1= 20s)
= Lglo*l(aus),

lim (1 — qgs) 12—/ —
043*)0

(23a)
e™13% (23b)
and, from Eq. (20), we find for the wavefunction

= ™23 [0 (g 5). (24)

3.1. Approximate bound-state solutions
for pseudospin symmetry limit

To obtain the solution of Eq. (14), bearing in

mind Egs. (19), we apply a transformation z = e =227
which brings us to
’GR(2) | (1—2) dG(2)
dz? 2(l—2) dz
1
(kP22 L8 PGPS (2) =0, (25
where
kPs — MV . %EEZ ‘/OCPS
4a2b 4a2b 402b
MVi  ViER  ViCp M2
402 402 402 402
MCyy  (EPS)2  CouEFS
_ nkKk _ nkKk 26
402 402 402 (262)
Ips _ _§ MVy  VRERL VaCps
4 4a2 402 402
_ MVoa  MVy | VeERia
4a2b 402b 402b
VoERL VoaChps _ VoCps
4a2b 4a2b 4a2b
_MVi | VBB, ViChs | 2M”
402 402 402 402
OMCpy  2(EPS)? 20, EPS
— a £ (26b
+ 402 402 + 402 (26b)
s MVya _ VoEPSa  VoaChps _ %2
4a2b 4a2b 4a2b 402
MCys | (ER)?  CusER:
— = B _ nE 26
402 402 402 (26¢)

By comparing Egs. (25)—(26¢), with Eq. (22), we find

alj]-a 012:1; 043:17
51 = _kps7 52 = Lps7 63 = _fpS,
1
ay =0, (15:—5, 046—14—51, a7 = =&,
1

ag = &3, 09151*§2+€3+17
0410:1+2V€37

a11:2+2<\/§1—£2+§3+111+\/£>3>,
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Q2 = \/5737

=3 (Ja-ara+i+va). e

Thus, by putting Eq. (27) into Eq. (21), we find

(2n+1)
+ 2

1
+ (2n+1)<\/—kps — [ps _fps+ 1

+ —fps) +n(n—1)— LP> —2fP®

ps
Ty S
For this case the upper and lower components of the
wave function are as

G r) = (e720r) VT

nkKk

% (1 _ e—2ar)1/2+\/—kPS—LPS—fPS+1/4

Prgzm’zx/fkpsfmsffvwl/zx)(1

—9 e72ar)’
(29a)

and the other component can be simply found via
_ 1
M — ER + Cps
d k .
X <dr - —+ U(r))GﬁZ(r). (29b)

r

Fps,nn(r)

3.2. Exact bound-state solutions for spin
symmetry limit

In this limit, we have to deal with

(), (1-2) dB() | 1
dz? 2(1—2) dz (z(1-2))?
x (k522 4+ Lz + f5)F5,.(2) = 0, (30)
where
B — MV, MV VoET,
4a2b  4a? 402b
WE;,.  VoCs  ViCy M? (Efm)2
 4a? 402b ' 402 4a2 402
MCs CsES,
402 4a2 (31a)
L1 MV VB, WG
4 42 402 42
MVOG MVO + MV1
4a2b 402b  4a?
VWEy .o VbR,  VIE,
+ 4a2b 4a2b + 42
VoaCs  VoCs  VICs  2M?
" 402b  4a2b 402 42
2(E5,)2  2MC,  20.ES,
4?2 4a? 402 (31b)
. _MVOa - VoE; .a  VoaCs
402b 4a2b 4a2b
M2 (E5)?  MC, CiES,
T2 T (47;;) Tz T a9

By comparing Eqs. (30)—(31c¢) with Eq. (22), we find
the correspondence

()él:]., a2:1, O£3:].,
=1 &=-f,

51 :_ksa
1 1
ay =0, as=—7 046:1‘1'517 ar = —&a,

27
1
ag = &3, C¥9=§1—§2+§3+17

0¢10=1+2\/§73;

a112+2(\/§1€2+§3+i+\/{3>,

Q12 = \/?3’

04132—%— (\/51—§2+§3+i+\/§>3)' (32)

Substituting Eq. (32) into Eq. (21) immediately gives

n—l—M—F(Qn—i-l)

fs>
o
=

2

X(\/ksLsfs+i+

+n(n—1)—L°—2f°

+2\/ksfs+Lsfs+f52_

and the upper and lower components of the wave func-

0,  (33)

tion are

Fiulr) = (e72n)V T

~ (1 _ 672ar)1/2+ —kS—Ls—fs+1/4
% P»,(L2\/_7JCS72 _kS—LS—fS+1/4)(1 _ 26—2@7')7
(34a)
and
1
¢ ()
n/{(’r) M _|_ Efbm _ CS

X <(fr + § - Um) F5.(r).  (34b)

Figures 1 and 2 show energy versus H and « for
pseudospin and spin symmetry limits. Figures 3-5
represent energy versus Vy, V1, and V5 for pseudospin
and spin symmetry limits, respectively. Figures 6 and
7 show energy versus a and b for both the symmetry
limits, respectively. In Tables 1 and 2 we have por-
trayed the energy values for various H. Tables 3 and 4
show the energy for different values of Cp,s and Cj re-
spectively. In Tables 5 and 6 we have reported energy
for different various M. The wavefunctions for pseu-
dospin symmetry limit and spin symmetry limit are
plotted from Egs. (29a) and (29b) and Egs. (34a) and
(34b) in Fig. 8 for the case without tensor interaction
and for that with tensor interaction.
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Fig. 1. (a) Energy versus H for pseudospin symmetry limit for « = 0.01, M = 5 fm~1, Cps = —5, Vo = —0.8,
Vi =0.4, Vo =0.5,a=0.04, b= 0.01. (b) Energy versus H for spin symmetry limit for a= 0.01, M =5 fm~!,
Cs =5,V =08, V1 =—04, Vo =—0.5,a=0.04, b= 0.01, 1 fm=10"1° m
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Fig. 2. (a) Energy versus « for pseudospin symmetry limit for H = 0.75, M = 5 fm ™1, Cps = —5, Vo = —0.8,
V1 =0.4, Vo = 0.5, a = 0.04, b= 0.01. (b) Energy versus a for spin symmetry limit for H = 0.75, M = 5 fm 1,
Cs =5, Vp=0.8, V1 = —0.4, Vo = —0.5, a = 0.04, b = 0.01.

QOO“Q‘;N ) ) ! )
:.“:-;’:"Me.,% (a) 4_0_\ — 1p3)2 (b)
—0.1 -.,,___:0...“‘*-\ oo."‘. E \ o 1d- N
e g T P 5/
T e, ST, EoN ——1piy2
\'\.:"., \\"’o ) B v\ +« 1f7p2
T 0.2 ~ ‘s, . N .°° | 3.0F"\ - 1d3/2
g v o N % £ fe N N —1fs5
o N \", \\°o < r ‘o. > \
j BRI | AN . .
2 153/2 NN 0\ S 2.0F NN
e I N 3 e N e T
ag T ——1ds /o \\ * 5 L %o, S e, T~
&3] 5/ ¢ S 0, T e, T S
* 0f5/2 \\. °°o.,°,°"~\‘:»., ‘:'~.._”
- N 4, .
== 1z Y Lo e TR,
—0.4| — - 097/ \] : MR
0.3 0.5 0.7 0.9 0.3 0.5 0.7
Vo Vo

Fig. 3. (a) Energy versus Vp for pseudospin symmetry limit for o= 0.01, M = 5 fm~!, Cps = —5, H = 0.75,
V1 =0.4, Vo =0.5, a = 0.04, b = 0.01. (b) Energy versus Vj for spin symmetry limit for a= 0.01, M =5 fm~1,
Cs=5,H=0.75V, =-04, Vo =—-0.5, a =0.04, b = 0.01.
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Fig. 4. (a) Energy versus V; for pseudospin symmetry limit for a= 0.01, M =5 fm~!, Cps = —5, Vj = —0.8,
H =0.75, V2 = 0.5, a = 0.04, b = 0.01. (b) Energy versus V; for spin symmetry limit for a= 0.01, M =5 fm 1,
Cs =5, Vp=0.8, H =0.75, Vo = —0.5, a = 0.04, b = 0.01.
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Fig. 5. (a) Energy versus V» for pseudospin symmetry limit for a= 0.01, M = 5 fm~!, Cps = —5, Vo= — 0.8,
Vi =04, H=0.75,a = 0.04, b= 0.01. (b) Energy versus Va for spin symmetry limit for a= 0.01, M =5 fm~1,
Cs =5, Vp=0.8, V1 = —-0.4, H =0.75, a = 0.04, b = 0.01.
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Fig. 6. (a) Energy versus a for pseudospin symmetry limit for a= 0.01, H = 0.75, M = 5 fm~!, Cps = —5,
Vo = —0.8, Vi =04, Vo =0.5, b =0.01. (b) Energy versus a for spin symmetry limit for a= 0.01, H = 0.75,
M =5fm™ ! Cs =5, Vo=0.8, V1 = —04, Vo = —0.5, b = 0.01.
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Fig. 7. (a) Energy versus b for pseudospin symmetry limit for o= 0.01, H = 0.75, M = 5 fm~!, Cps = —5,
Vo = —0.8, Vi =04, Vo = 0.5, a = 0.04. (b) Energy versus b for spin symmetry limit for a= 0.01, H = 0.75,
M=5fm™ ! Cs=5, V=08, Vi =04, Vo = —0.5, a = 0.04.
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Fig. 8. (a) Wavefunction for pseudospin symmetry limit for a= 0.01, M = 5 fm~1, Cps = —5, Vo= — 0.8,
Vi =04, Vo =05, a = 0.04, b = 0.01. (b) Wavefunction for spin symmetry limit for a= 0.01, M = 5 fm~!,
Cs =5, Vp=0.8, V1 = —0.4, Vo = —0.5, a = 0.04, b = 0.01.

Table 1. Energies in the pseudospin symmetry limit for o= 0.01, M =5 fm~1!, Cps = =5, Vop=—0.8, V1 = 0.4,
Vo =0.5,a =0.04, b = 0.01.

o~

(4,5) n,k <0 ERy/fm~Y(H =0) ER;/fm™ Y (H=0.75) n— 1,k >0 (£+2,j+1) Ehy/fm~1(H =0) ER./fm~'(H = 0.75)

W N =W N

[\

-~ W

1sy2 1,1 —0.000053945 —0.000040932 0,2 0d3 /2 —0.000053945 —0.000070968
1pge 1,2 —0.000077369 —0.000059236 0,3 0fs/2 —-0.000077369 —0.00098585
lds/;p 1,3 -0.000106310 —0.000084110 0, 4 097/2 -0.000106310 —0.000131398
1f7/2 1,4 —0.000140393 —-0.000114355 0,5 Ohg /o —-0.00140393 —-0.000169257
25172 2,1 —0.000107554 —0.000087781 1,2 1d3 o —0.000107554 —0.000131734
2p3/2 2,2 —0.000140547 —0.000115212 1,3 1f5/2 —0.000140547 —-0.000169031
2d5/2 2,3 —0.000179186 —-0.000149706 1,4 1g7/2 —-0.000179186 —-0.000211576
2f7/2 2,4 —-0.000223007 —-0.000189663 1,5 1hg /o —-0.000223007 —-0.000259186
3s172 3,1 —0.000178063 —0.000149730 2,2 2d3 /9 —-0.000178063 —-0.000210133
3p3/2 3,2 —-0.000221509 —0.000188395 2,3 2f5)2 —-0.000221509 —0.000257583
3ds/2 3,3 —0.000270245 -0.000233213 2,4 297/2 —-0.000270245 -0.000310115
3frj2 3,4 -0.000324029 —-0.000283222 2,5 2hg /o —-0.000324029 —-0.000367638
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Table 2. Energies in the spin symmetry limit for a= 0.01, M =5fm~!, Cs =5, Vo = 0.8, V1 = —0.4, Vo = —0.5,
a=0.04, b=0.01.

L nk<0 (43 ES./fm Y (H=0) E, /fm ' (H=0.75) n,x>0 (4j) ES./ftm~'(H=0) E,/fm™!(H=0.75)
1 0,-2 Opz 0.000018243 0.000011211 0,1 0p1/2 0.000018243 0.000028493
2 0,3 0ds/o 0.000032567 0.000021324 0,2 0d3 /2 0.000032567 0.000046697
3 0,4 Of72 0.000052036 0.000036960 0, 3 0fs/2 0.000052036 0.000069926
4 0,-5 Ogg/2 0.000076512 0.000057688 0,4 0g7/2 0.000076512 0.000098126
1 1,-2 1p3) 0.000053945 0.000040932 1,1 1p1/2 0.000053945 0.000070968
2 1,-3 1lds)p 0.000077369 0.000059236 1,2 1d3 /2 0.000077369 0.000098585
3 1,4 1f7) 0.000106310 0.000084110 1,3 1fs5/2 0.000106310 0.000131398
4 1,-5  1gg/o 0.000140393 0.000114355 1,4 1g7/2 0.000140393 0.000169257
12,2 2p3) 0.000107554 0.000087781 2,1 2p12 0.000107554 0.000131734
2 2,-3  2ds) 0.000140547 0.000115212 2,2 2d3 /2 0.000140547 0.000169031
3 2,4 2f7 0.000179186 0.000149706 2,3 2fs5/2 0.000179186 0.000211576
4 2,-5  2g9/ 0.000223007 0.000189663 2,4 2972 0.000223007 0.000259186
Table 3. Energies in the pseudospin symmetry limit for a=0.01, M = 5, Vj = —0.8, V1 = 0.4, Vo = 0.5,
a =0.04, b =0.01.
ER/fm~1
Crs Ips/2 (H =0) Ips 2 (H =0.75) 2f7/2 (H =0) 2f7/2 (H =0.75)
-12 —7.000052622 —7.000040354 —7.000151648 —7.000129082
-10 —5.000061352 —5.000047021 —5.000176819 —5.000150462
-8 —-3.000068289 —-3.000052316 -3.000196821 —-3.000167445
—6 —1.000074461 —1.000057021 —-1.000214622 —1.000182549
—4 0.999919812 0.999938618 0.999768864 0.999803443
-2 2.999914386 2.999934488 2.999753212 2.999790173
0 4.999909177 4.999930530 4.999738188 4.999777442
2 6.999904135 6.999926699 6.999723645 6.999765121

Table 4. Energies in the spin symmetry limit for a=0.01, M =5 fm~1, V5 = 0.8, Vj =
a =0.04, b =0.01.

—04, Vo = —0.5,

o ES, /fm~1
1ps/o (H =0) 1p3/o (H =0.75) 2f7/2 (H=0) 2f7/2 (H =0.75)

—2 —6.999933285 —6.999949534 —6.999778153 —6.999814861
0 -4.999936761 -4.999952124 —4.999789775 —4.999824506
2 —2.999940356 —2.999954804 —2.999801788 —2.999834479
4 —0.999944105 —0.999957609 —0.999814308 —0.999844885
6 1.000051933 1.000039422 1.000172473 1.000144122
8 3.000047657 3.000036212 3.000158216 3.000132256
10 5.000042846 5.000032588 5.000142186 5.000118902
12 7.000036781 7.000028012 7.000121997 7.000102071

Table 5. Energies

a=0.04,b=0.01.

in the pseudospin symmetry limit for a= 0.01, Cps = =5, Vo = —0.8, V1 = 0.4, Vo = 0.5,

ERS /fm~1

M/t~ 15,2 (H = 0) 15,/ (H = 0.75) Ohg /5 (H = 0) Ohg /o (H = 0.75)
1 400003183 ~4.000024269 ~4.000082369 ~4.000099256
2 -3.000040071 -3.000030499 -3.000103914 -3.00012524
3 ~2.000045342 £2.00003447 2.000117741 2.000141921
4 1000049844 £1.000037854 -1.000129582 ~1.000156209
5 —0.000053945 —0.000040932 —0.000140393 -0.000169257
6 0.999942208 0.999956189 0.999849445 0.999818478
7 1999938541 1999953449 1999839738 1.999806759
8 2.999935009 2.999950814 2.99983037 2.999795447
9 3.099931584 3.000948268 3.000821267 3.099784455
10 4.999928245 4.999945787 4.999812376 4.999773717
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Table 6. Energies in the spin symmetry limit for o= 0.01, Cs =5, Vo = 0.8, V1 = —0.4, Vo = —0.5, a = 0.04,

b=0.01.
M /fm—1! B /™!
Op3/2 (H =0) Op3 /o (H = 0.75) 1g7/2 (H =0) 1g7/2 (H = 0.75)
1 4.000010699 4.000006585 4.000082369 4.000099256
2 3.0000135 3.000008304 3.000103914 3.00012524
3 2.000015298 2.000009406 2.000117741 2.000141921
4 1.000016837 1.00001035 1.000129582 1.000156209
5 0.000018243 0.000011211 0.000140393 0.000169257
6 —0.999980435 —0.99998798 —0.999849445 —0.999818478
7 —1.999979172 —1.999987208 —1.999839738 —1.999806759
8 —2.999977953 —2.999986462 —2.99983037 —2.999795447
9 —3.999976768 -3.999985741 —3.999821267 —3.999784455
10 —4.999975611 —4.999985034 —4.999812376 —4.999773717

4. Conclusion

Due to the interesting feature of the modified
deformed Hylleraas potential (an Eckart potential
plus deformed Hylleraas potential), which is the more
general case of the exponential-type ones frequently
present in various physical sciences, we investigated
the relativistic symmetries of the Dirac equation un-
der this equation. After a transformation, we con-
verted the problem into a form that can be solved
by the powerful NU technique and the corresponding
eigenfunctions and eigenvalues were reported. Our nu-
merical data describe the energy splitting in detail.
For H = 0, one can clearly see that the degeneracy
between two states in the pseudospin doublets, i.e.,
ns1 /2, (n —1)ds /s for /=1 (£ =0), nps/2, (n—1)f5/2
for £ =2 (£ = 1), nds 2, (n —1)g7/5 for £ =3 (£ = 2),
and nf7/2, (n — 1)hg/ for /=4 (¢ = 3), etc. for
different various H, exist other states from degener-
acy. From the spin symmetry limit in Table 4, for
H = 0, one can clearly see the degeneracy between
two states in the spin doublets, i.e., (np; /2, np3/2) for
¢ = 1, (ndssa, nds)) for £ = 2, (nfs/, nf7)s) for
¢ =3, and (ng7/2, ngg/2) for £ = 4, etc.
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