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A class of disturbed evolution equation is considered using a simple and valid technique. We first introduce

the periodic traveling-wave solution of a corresponding typical evolution equation. Then the approximate solution for

an original disturbed evolution equation is obtained using the asymptotic method. We point out that the series of

approximate solution is convergent and the accuracy of the asymptotic solution is studied using the fixed point theorem

for the functional analysis.
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1. Introduction

The evolution equation is one of the most im-
portant notions in nonlinear science, which has wide
potential applications.!=4 Recently, some new meth-
ods for studying the solution of the evolution equation
have appeared, such as the homogeneous equilibrium
method, the hyperbolic tangent function method, the
Jacobi elliptic function method, the auxiliary equation
method, etc. These methods have been applied to the
study of the shock wave, scattering light wave, quan-
tum mechanics, atmospheric physics, network of neu-
rons, and so on.[>~1% The evolution equation describes
a class of complicated natural phenomenon. We need
to constitute and predigest it into a basal model, and
sometimes, solve them using the asymptotic methods
including the boundary layer method, the averaging
method, the method of matched asymptotic expan-
sion, and the method of multiple scales!'* =13 Using
the asymptotic method the authors have also investi-
gated a class of generalized nonlinear equations.!'4—2
In this paper, we consider a class of the disturbed
evolution equation in the modern physics. Using spe-
cial asymptotic method we obtain the approximate
traveling-wave solution.
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2. Disturbed evolution equation

Consider the evolution

equation: (8]

following disturbed

U — QU + Blges = f(u)a (1)

where a and (3 are the constants and f is a disturbed
term which is a bounded periodic analytic function.
The disturbed evolution equation (1) possesses a va-
riety of applications in theoretical physics, fluid me-
chanics, aeronautics, cosmonautics, applied chemistry,
ecology environment, and metallurgical engineering.
It also has wide applications in plasma physics, atomic
physics, and solid physics.
We first introduce the traveling-wave transform

z = ax + ct, (2)

where a and ¢ are the undetermined constants. We
have the following traveling-wave equation:

cu, — acuu, + a>Bu... = f(u). (3)

Now we consider a typical evolution equation as
follows:

cu, — aouu, 4+ a®Bu,., = 0. (4)
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We can obtain the traveling-wave solution using the
mapping method. Set

u(z) = ko + k1v(2) 4 kav?(2), (5)

where kg, k1, ko are the undetermined constants, and
v(z) satisfies the following equation:

dv
— =142 6
oLt (6)

Obviously, there is a following period solution:
v(z) = tan z. (7)

From Egs. (5) and (6), we have

u, = (k1 + 2kov) (1 + v?), (8)
U, = [k‘ok‘l + (k‘% + 2]@’0](12)1]
+ 3k1kov? + 2k203)(1 4 v?), (9)

Uss = [2ks + 2k10 + 6k20%](1 + v?), (10)
Usze = [2k1 + 16k + 6k102 + 24k003](1 4 02). (11)

Substituting Eqgs. (8)—(11) into Eq. (4), packing
the same species terms of v¢(1 + v?) (i = 0,1,2,3),
and letting the coefficients of terms be zero, we have

ki(c — aako + 2a*B) = 0,

2cky — ac(k? + 2koks) + 16a°Bky = 0,
3ak? — ko(c+ 2ko +8 x 638) =0,
—3ak; (aks 4 2a3B) = 0,

—2a(aky — 124%B) = 0.

Thus there is a solution

728 —1
a=6, ¢c=6, ky= B ,
«

12 48 — 6
k1= —[38(c+ d +488)]'/2,

« «

12 x 36
kézxiﬂ.

«

Substituting the above expressions into Eq. (5),
and from Eq. (7), we have the exact periodic solution
of Eq. (4) as follows:

726 -1 12 43— 6 1/2
u(z) = p + ~ 38(6 + ﬂa +4803) tan z
12 x 36
—I—XTBtan2 z, (12)

where z = 6(z + t).

As a simple example, we set a = 1, § = 2, and
¢ = —19. We have the surface (see Fig. 1) and curve
(see Fig. 2 as ¢ = 0) of the traveling-wave periodic
solution for the typical evolution equation (4), respec-
tively.

Because there is a disturbed term f(u) in Eq. (3),
which does not give an explicit exact solution gener-
ally, we need construct the approximate solution.

In order to obtain the approximate analytic solu-
tion of Eq. (3) with a = ¢ = 6, we introduce a mapping
H(u,s): RxI— R

H(u,s) = Lu — Lug + s[Liy — 6auu, — f(u)], (13)

where R = (—o0,+00), I = [0,1], s is an artificial
parameter, 1y is an initial approximate function of
Eq. (3), which is determined below, and the linear
operator L is

Lu = 6(u, + 368uz..). (14)

Obviously, from expression (13), H(u,1) = 0 is
the same as Eq. (3) with a = ¢ = 6. Therefore, the
solution u(z) of Eq. (3) with a = ¢ = 6 is the solution
of equation H(u,s) =0 as s — 1.

Fig. 1.
u(z,t).

(color online) Traveling-wave periodic solution

Fig. 2. Traveling-wave periodic solution (0, t).

3. Approximate solutions of the
disturbed equation and its con-

vergemnce

We set

(oo}
u= Z u;(z)s'.
=0
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From mapping (4), substituting Eq. (5) into
H(u,s) = 0, developing nonlinear terms in s and let-
ting coefficients of the same powers of s be zero, we
can obtain u,(z) (n =0,1,2,...) successively. Substi-
tuting u,(z) into Eq. (15), we obtain series (15).

Substituting Eq. (15) into H(u,s) = 0, develop-
ing the nonlinear terms in s and equating coefficients
of the same powers of s on both sides, for the zeroth-
order powers in s, we obtain

We select an initial approximate solution g as

the periodic solution of Eq. (4). Using Egs. (12) and
(16), we have

728 —1
uo(z) = 22
12 486 12
+—[38(6 + b +485) tan z
[0 «
+ 12 x 365 tan? 2. (17)
o

In the H(u,s) = 0, for the first-order powers in s,
we obtain

L(u1) = f(uo). (18)

It is easy to see that we can solve the solution of linear
equation (18) as

z r€
() =g [ [ funm)sin g —nanae. 19

Using H (u, s) = 0, for the second-order powers in
s, we obtain

L(ug2) = 6a(upur, + ugu1) + F(ug,ur) (20)

with

= (50

Similarly, it is easy to obtain that the solution of
Eq. (20) is

z r€
w(e) = g [ [ Gatuwtmus,(n)+ o n)us )
+ F(uo(n), s () sin g (€~ n)dndg. (21)

Thus, using Eqs. (15), (17), (19), and (21), the
second-order approximate periodic solution s hom (%)
of the generalized disturbed evolution equation (3)
witha =c=061is

thorn(z)
28-1 12 48 — 1/2
= 728 +[3ﬂ<6+ P 6+48ﬂ>} tan z
o o o

12
+ ﬂtalﬁ

17t 1
w5 | ramysin e —nana
z r€
+5 | atutmuny o + oy (s )
FE(uoln),m () sin (6 —mdnde,  (22)

where up and u; are expressed in Eqgs. (17) and (19),
respectively.

From the traveling-wave transform (2) with a =
¢ =6 and Eq. (22), we obtain a second-order approx-
imate periodic traveling-wave solution ushom(t,x) of
the generalized disturbed evolution equation (1) as fol-
lows:

u2hom(tax)
T8 -1
o «

12 48 — 1/2
+a[36<c+ ﬁa 6—1—486)} tan 6(x + t)
12
L 12x366

- n?6(zx +1t)
6(z+t) &
w5 [ s e - manae

6(z+t) p&
w5 [ [ Gatuatmuny o) + o yus ()
+ Fluo(n), us(n) sin (€ ~n)dnde. (23

Using the above mapping (4), we can also obtain
more higher-order approximate period travelling wave
solutions of the disturbed evolution equation (1).

We know that under the condition [H] and with
selecting an initial approximate ug (¢, z)(= uo(z)) as a
solution of the nonlinear equation (4), we can have

u= Zun(z) = Zun(t,x)
n=0 n=0

on s € [0,1] using the fixed point theorem.[??
Thus, further, we know that[??

oo
Uexa(t7 1‘) = Z un(ta I),
n=0

which is constructed by using the asymptotic method,
is an exact periodic traveling-wave solution for the
generalized disturbed evolution equation (1).
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4. Comparison between accura-

cies of approximate solution

Now we only consider a special weakly disturbed
nonlinear evolution equation. Assume the disturbed
term f(u) = esinu, where ¢ is a small positive pa-
rameter then the generalized disturbed nonlinear evo-
lution equation (1) will be

Up — QUUy + Plgrr = ESinu. (24)

From Eq. (17), the zero**-order approximate solution
Uohom (¢, ) of Eq. (24) is

7281
o «

1/2
+12{3ﬁ<6+45_6+48ﬁ)] tan z
e «

12 x 36
+ Xiﬁ tan? z.

uo(z)

(25)

And we have

e [ [°. 1
up(z) = 6/0 /0 sin(ug(n)) sin é(flfn)dndﬁ. (26)

From Eq. (25), the first-order approximate solution
U1 hom(2) of Eq. (24) is

uy hom(z)
7281 12 48— 6 1/2
= + —(36( 6+ + 483 tan z
(0% [0 [0

12 x 36
+ xiﬁ tan? z

Es
+%/0 /0 Sin(UO(n))Smé(fl—n)dndf, (27)

From Eqgs. (21) and (27) we can obtain the second-
order approximate periodic solution wuspom(t, ) of
Eq. (24)

u2hom(z)
28-1 12 46 — 1/2
= 726 +{36(6+ b 6+48ﬂ)] tan z
(67 Q Q

12
+ ﬂtanz

z
o
z ré
+%/0 /0 sin(ug(n)) sin%(fl —n)dnd¢

z rg
+ % /0 A (60((U0(77)u1.,7(7’]) + “077(77)”1(7]))

1 (n) cos () sin g (€ — n)dnde, (25)

where ug and u; are expressed in Eqs. (25) and (26),
respectively.

From the travelling transform (2) with a =c =6
we can obtain a second-order approximate periodic

traveling-wave solution s nom (£, ) of the weakly dis-
turbed nonlinear evolution equation (13) as follows:

u2hom(tax)
7281
o o

1/2
+§ {35(6+ 45; 0 —1—485)] tan 6(z + ¢)

12 x 36
+ 12 x 365 tan? 6(z + t)

a
6(z+t) r&
+ % /0 /0 sin(uo(n)) sin %(f —n)dnd§

6(z+t) p&
Jr%/o /0 (6cx(uo(n)uiy(n) + oy (n)u1(n))

() cos o (1) sin 5 (€ — ) dnde.

Using mapping (13), we can also obtain more
higher-order approximate periodic traveling-wave so-
lutions of the weakly disturbed evolution equation
(24).
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Fig. 3. Curve of solution ugpom(z) with a =1, 8 =1,
and € = 0.01.

Set « =1, § = 1, and ¢ = 0.01 for Eq. (24)
then we will have the curves of solutions ugpom(z)
and up(z), and be able to compare them, see Figs. 3-5.
From Fig. 5, it is easy to see that as ¢ is a small param-
eter, the solutions usnhom(2) and wup(z) are very close
to each other. This behaviour is coincident with that
for the approximate solution of the weakly disturbed
evolution equation (24).
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Fig. 4. Curve of solution ug(z) with « =1 and 8 = 1.
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Fig. 5.
U2 hom (2) (solid line) and ug(z) (dashed line) with a = 1,
B =1, and € = 0.01.

Comparison between the curves of solutions

Set

o0
Uexa(t,T) = Z u; (¢, )
=0

to be an exact solution of Eq. (24), which is deter-
mined by the asymptotic method. Now we estimate
the error Uexs — Uz hom- We first estimate

L(Uexu — U2 hom)

O(Uexa — U2h
= M + B(uexu — U2 hom)ch

ot
aucxa 2 aul
= ( ot +6(uexa)wg:$; < ot +ﬂuz)
= (aiun><iun) —l—sisin(iu,L)
n=0 n=0 z j=2 n=0

— [augugy + € sinug] + [@(uouiz + uozur)
+ 2cuguq sinug)]
=0(%), 0<ex 1.

such that
[22]

Selecting an arbitrary constant
Uexp(0) = U2 hom (0), from the fixed point theorem,

we have

Uexa — U2hom = 0(52), I<exkl.

Therefore, from the above result, we know
that the approximate periodic traveling-wave solution
U2 hom (¢, ), obtained by the asymptotic method, pos-

sesses better accuracy.

5. Summary

Nonlinear traveling-wave theory describes a class

of complicated natural phenomenon. For solving

a more complicated model, we need to use an ap-
proximate method.
method is used, which is a simple and valid method
in some cases. This method is an approximate ana-

In this paper an asymptotic

lytic method, which is different from a general numer-
ical method. The expansion of the solution via the
asymptotic method can still be manipulated analyti-
cally. Thus, from Eq. (23) we can further study the
qualitative and quantitative behaviours of the periodic
traveling-wave solution. And we select the initial ap-
proximation of the disturbed evolution equation as a
periodic traveling-wave solution of the corresponding
typical evolution equation. It can quickly obtain an
approximate solution with a required accuracy.
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