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It is difficult to obtain exact solutions of the nonlinear partial differential equations (PDEs) due to their complexity

and nonlinearity, especially for non-integrable systems. In this paper, some reasonable approximations of real physics are

considered, and the invariant expansion is proposed to solve real nonlinear systems. A simple invariant expansion with

quite a universal pseudopotential is used for some nonlinear PDEs such as the Korteweg-de Vries (KdV) equation with a

fifth-order dispersion term, the perturbed fourth-order KdV equation, the KdV–Burgers equation, and a Boussinesq-type

equation.
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1. Introduction

There are some marvelous methods available for

studying the integrability of a nonlinear partial differ-

ential equation (PDE). The Painlevé analysis devel-

oped by Weiss, Tabor, and Carnevale (WTC)[1] is one

of the most effective approaches. Applying the WTC

approach to nonlinear PDEs, one can obtain not only

properties like the Painlevé property, Lax pair, bilin-

ear form, and Bäcklund transformation of integrable

models, but also solutions both for integrable and non-

integrable models.[2−6]

Conte proposed a simplification of the WTC ap-

proach which is corresponds to the re-summation of

the usual WTC approach so that the new expan-

sion coefficients are all invariant under the Mobious

transformation.[7] The truncated expansion approach

in Conte’s analysis is related to a special type of non-

truncated summation in the usual WTC approach.[8]

Pickering proposed a nonstandard truncation expan-

sion approach based on Conte’s Painlevé expansion.[9]

Then some new nontrivial solutions may be obtained

due to Pickering’s nonstandard truncation approach.

In Pickerinng’s consideration, the truncation expan-

sion will yield a new nontrivial solution only for those

equations which possess more than one branch in the

original WTC analysis. Similar to Conte’s consider-

ation, we may obtain some other types of expansions

to study the Painlevé property. Perhaps, the different

uses of the expansions may cause complexity in the

study of the Painlevé analysis. However, it is useful

to get different new solutions.

In this paper, we would like to use the invariant

expansion approach to solve real nonlinear physical

problems and find some Painlevé integrable models in

the same dimensions which can be considered as rea-

sonable approximations of real physical problems.

In the next section, we simply review the gen-

eral aspects of the Conte’s Painlevé expansion. In

Section 3, due to the complexity and nonlinearity of

some nonlinear PDEs, it is difficult to give some ex-

act solutions. So we use the invariant expansion to

solve real PDEs and find some reasonable approxi-

mations of real physics.[10−19] Taking the Korteweg-

de Vries (KdV) equation with a fifth-order dispersion

term as a simple example to show how the expansion

yields some more reasonable approximate solutions.

In some special cases, if the arbitrary constants are

selected suitably, the approximate solutions may be-

come exact. In Section 4, applying the same idea to
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three nonlinear equations, we find a quite universal ex-

pansion approach which is valid for various nonlinear

PDEs. The last section is a short summary.

2. Invariant Painlevé expansions

For a given PDE, say

F (u, ux, ut, ..., uxn , utn) = 0, (1)

the invariant Painlevé expansion takes the form

u =
∞∑
i=0

uiξ
i−α (2)

with the pseudopotential ξ of the given form

ξx = 1 +
Sξ2

2
, (3)

ξt = −C + Cxξ −
(SC + Cxx)ξ

2

2
. (4)

The compatibility condition of Eqs. (3) and (4) has

the following form

St + 2CxS + Cxxx + CSx = 0. (5)

Equation 5 possesses a special solution

S =
ϕxxx

ϕx
− 3

2

ϕxx
2

ϕx
2 , C = − ϕt

ϕx
, (6)

and S, C satisfies with Mobious transformation invari-

ance, ϕ → (a+ bϕ)/(c+ dϕ), ab ̸= cd.

In the next section, taking the KdV equation with

a fifth-order dispersion term as an example, the invari-

ant expansion is used to find some approximate solu-

tions. In some special cases, the approximate solutions

are just the exact solutions of the KdV equation with

a fifth-order dispersion term.

3. Approximate solutions of the

Korteweg-de Vries (KdV)

equation with a fifth-order dis-

persion term

The KdV equation with fifth-order dispersion

term[20] we discussed here has the form

ut + µuxxx + 6uux + νuxxxxx = 0, (7)

where µ, ν are arbitrary constants.

Using the leading order analysis first, substitut-

ing Eq. (7) into Eq. (2), we can find that equation (2)

should have the form

u =
u0

ξ4
+

u1

ξ3
+

u2

ξ2
+

u3

ξ
+ u4 + o(ξ). (8)

In order to balance the effects of the nonlinear-

ity, and those of the dispersion in negative directions.

Substituting Eqs. (3), (4), and (8) into the KdV equa-

tion with a fifth-order dispersion term and canceling

the coefficients of ξi, (i = −9,−8,−7,−6,−5) yields

five further constraints:

−24u0(u0 + 280ν) = 0, (9)

6u0u0x + 4200νu0x − 2520νu1 − 42u0u1 = 0, (10)

−36u0u2 − 720νu2 − 1200νu0xx − 9600νu0S

+ 6u0u1x + 1800νu1x − 12u0
2S − 18u1

2

− 120µu0 + 6u1u0x = 0, (11)

−30u1u2 − 120νu3 + 600νu2x + 60µu0x − 60µu1

+ 200νu0xxx + 6u0u2x − 600νu1xx

− 21u0u1S + 6u2u0x + 6u1u1x

− 30u0u3 − 3300νu1S

+ 2100νu0Sx + 5200νu0xS = 0, (12)

4u0C + 6u0u3x − 1240νu0xxS − 324νu0Sxx

− 12µu0xx + 120νu1xxx − 240νu2xx

− 20νu0xxxx − 12u2
2 − 4816νu0S

2

− 124µu0S + 2040νu1S + 780νu1Sx

− 840νu2S − 1060νu0xSx − 18u0u2S

+ 6u1u2x + 6u2u1x + 6u3u0x + 36µu1x

− 24µu2 − 24u1u3 − 24u4u0

+ 120νu3x − 9u1
2S = 0. (13)

According to the above five further constraints, it

is easy to find out all possible solutions of the over-

determined constraint equations. We consider only

u0 ̸= 0 on these constraint equations. After some sim-

plifications, the final result can be written as

u0 = −280ν, (14)

u1 = 0, (15)

u2 = −560νS

3
− 140µ

39
, (16)

u3 =
140

3
νSx, (17)

u4 = − 1

3042ν
(−507νC + 28392ν2Sxx

+ 66248ν2S2 + 3640µνS − 31µ2). (18)

120204-2



Chin. Phys. B Vol. 21, No. 12 (2012) 120204

So equation (8) is an approximate solution of the KdV

equation with a fifth-order dispersion term, with u0,

u1, u2, u3, u4 being given by Eqs. (14), (16), (17), and

(18) respectively, ξ is determined by Eqs. (3), (4), (5),

(6), ϕ is arbitrary, and S, C satisfy Eqs. (5) and (6).

To get some more reasonable and concrete ap-

proximate solutions, we handle the approximations

further as follows.

3.1.The first kind approximate solution

To fix the arbitrary function ϕ in the approximate

solution (8), we take u4 = 0. Substituting Eq. (6) into

Eq. (18) with u4 = 0, we get

−507νϕtϕxxx − 28392ν2ϕxxxxxϕxxx

+ 141960ν2ϕxxxxϕxxϕ
2
x − 283920ν2ϕxxxϕ

2
xxϕx

+ 47320ν2ϕ2
xxxϕ

2
x + 106470ν2ϕxxxx

− 3640µνϕxxxϕ
3
x + 5460µνϕ2

xϕ
2
xx

+ 31µ2ϕxxxx = 0. (19)

Obviously, ϕ = e(kx+ωt) satisfies Eq. (19) if ω is fixed

by

ω = − (16562ν2k4 − 1820µνk2 − 31µ2)k

507ν
, (20)

where k is an arbitrary constant.

The Mobious transformation of ϕ = e(kx+ωt) has

the form

ϕ1 =

a+ b exp

(
kx− (16562ν2k4 − 1820µνk2 − 31µ2)kt

507ν

)
c+ d exp

(
kx− (16562ν2k4 − 1820µνk2 − 31µ2)kt

507ν

) . (21)

Since the ϕ equation (19) satisfies the Mobious transformation invariance, ϕ1 is also the solution of Eq. (19)

above.

Now, u0, u1, u2, u3, u4 are known to us, the only left thing is to find out ξ. It is not difficult to find that

from Eqs. (3), (4), and (6),

ξ =
2

k
coth

[
kx

2
− (16562ν2k4 − 1820µνk2 − 31ν2)kt

1014ν
+ t0

]
. (22)

Substituting u0, u1, u2, u3, u4, ξ, Eqs. (6), (21) into Eq. (8), the approximate solution can be written as

u = −35

78
tanh[(−507kxν − 31ktµ2 − 1820k3tµν + 16562k5tν2 + 1014t0ν)/1014ν]

2k2{2µ+ 39ν tanh[(−507kxν

− 31ktµ2 − 1820k3tµν + 16562k5tν2 + 1014t0ν)/1014ν]
2k2 − 52νk2}, (23)

where k, µ, ν, t0 are arbitrary constants.

In order to understand approximate degree of the approximate solution we obtain, we should first try to

find out the exact solution of the given model as soon as possible. Substituting Eq. (23) into Eq. (7), we know

that

−35 tanh[(−507kxν + 16562k5tν2 − 31ktµ2 − 1820k3tµν + 1014t0ν)/1014ν]k
3(µ+ 13νk2)(1690ν2k4

− 403µνk2 + 31µ2){tanh[(−507kxν + 16562k5tν2 − 31ktµ2 − 1820k3tµν + 1014t0ν)/1014ν]− 1}

× {tanh[(−507kxν + 16562k5tν2 − 31ktµ2 − 1820k3tµν + 1014t0ν)/1014ν] + 1} = 0. (24)

It is easy to find out the relationship between µ, ν, and k,

k2 = − µ

13ν
. (25)

Substituting Eq. (25) into Eq. (23), the result is the exact solution of the KdV equation with a fifth-order

dispersion term, which reads

u = −35

2
tanh

(
−507kxν + 34983k5tν2 + 1014t0ν

1014ν

)2

k4ν

×

[
−2 + tanh

(
−507kxν + 34983k5tν2 + 1014t0ν

1014ν

)2
]
, (26)
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where k, µ, ν, t0 are arbitrary constants.

Comparing the approximate solution and the ex-

act solution of the KdV equation with a fifth-order

dispersion term, we find that the closer −µ/13ν, the

selected k is, the more precisely approximate solution

we will get.

3.2.The second kind approximate solu-

tion

In the approximate solution (8) with Eqs. (14)–

(18), the arbitrary function ϕ can be fixed in different

ways. Say, we can take u3 = 0, u4 ̸= 0. Substituting

Eq. (6) into Eq. (17), yields

ϕxxxxϕ
2
x − 4ϕxxxϕxxϕx + 3ϕ3

xx = 0. (27)

In accordance with the same principle of the above

subsection, we take a special solution

ϕ2 =
a+ b e(kx+ωt)

c+ d e(kx+ωt)
, (28)

ξ =
2

k
coth

(
kx

2
+

ωt

2
− t0

)
. (29)

Substituting u0, u1, u2, u3, u4, ξ, Eqs. (6), (28)

into Eq. (8), the final approximate solution can be

written as

u = − 1

3042

[
− 70980k5 coth

(
kx

2
+

ωt

2
− t0

)2

ν2

+ 2730k3 coth

(
kx

2
+

ωt

2
− t0

)2

νµ

−1820 coth

(
kx

2
+

ωt

2
− t0

)4

µνk3

+ 16562 coth

(
kx

2
+

ωt

2
− t0

)4

ν2k5

+ 53235ν2k5 + 507 coth

(
kx

2
+

ωt

2
− t0

)4

νω

− 31 coth

(
kx

2
+

ωt

2
− t0

)4

µ2k

]
/[

coth

(
kx

2
+

ωt

2
− t0

)4

kν

]
, (30)

where k, µ, ν, t0 are arbitrary constants.

Next we try to find out the exact solution, sub-

stituting Eq. (30) into Eq. (7), we know

− 35

19773
k3
[
coth

(
kx

2
+

ωt

2
− t0)

2 − 1

]
× (31µ3 + 21970ν3k6 − 3549k4ν2µ) = 0. (31)

So µ can be expressed with ν and k,

µ = −13νk2. (32)

Substituting Eq. (32) into Eq. (30), the exact solution

can be written as

u =
1

6

[
36 cosh

(
kx

2
+

ωt

2
− t0

)4

νk5 − 105νk5

− cosh

(
kx

2
+

ωt

2
− t0

)4

ω

]
/[

k cosh

(
kx

2
+

ωt

2
− t0

)4]
. (33)

From the approximate solution and the exact so-

lution in this case, we get the same result with the

above subsection about approximate degree.

4. Approximate solutions of some

nonlinear PDEs

4.1.Perturbed fourth-order KdV equa-

tion

The idea used in the last section can also be used

for other kinds of nonlinear systems. In this subsec-

tion, we used the idea to the perturbed fourth-order

KdV equation[21]

ut + µuxxx + 6uux + νuxxxx = 0. (34)

Applying the invariant expansion to Eq. (34) leads to

the results

u =
u0

ξ3
+

u1

ξ2
+

u2

ξ
+ u3 + o(ξ), (35)

u0 = 20ν, (36)

u1 = −5µ

2
, (37)

u2 = − 5µ2

152ν
+ 10νS, (38)

u3 =
608ν2C − 9120ν3Sx − 13µ3 − 3040µν2S

3648ν2
, (39)

ξ =
2

k
coth

(
kx

2
+

5µk3t

4
− 13µ3kt

1216ν2
+ t0

)
, (40)

where k, µ, ν, t0 are arbitrary constants, and S, C

satisfy Eq. (5).

When u3 = 0, we can get approximate solution of

the perturbed fourth-order KdV equation in the form
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u =
5

304
tanh

(
608kxν2 + 1520µk3tν2 − 13µ3kt+ 1216t0ν

2

1216ν2

)
k

×
[
− 38µ tanh

(
608kxν2 + 1520µk3tν2 − 13µ3kt+ 1216t0ν

2

1216ν2

)
kν − µ2

+ 152k2ν2 tanh

(
608kxν2 + 1520µk3tν2 − 13µ3kt+ 1216t0ν

2

1216ν2

)2

− 152k2ν2
]/

ν. (41)

4.2.KdV Burgers equation

The KdV–Burgers equation[22]

ut + µuxxx + 6uux + νuxx = 0, (42)

may be one of the most important physical models of

its wide applications. According to the invariant ex-

pansion, we may find the approximate solution in the

form,

u =
u0

ξ2
+

u1

ξ
+ u2 + o(ξ), (43)

u0 = −2µ, (44)

u1 =
2ν

5
, (45)

u2 =
ν2

150µ
− 2µS

3
+

C

6
, (46)

ξ =
2

k
coth

(
kx

2
+ µk3t+

ktν2

50µ
+ t0

)
, (47)

where k, µ, ν, t0 are arbitrary constants, and S, C

satisfy Eq. (5).

When u2 = 0, we can get a special approximate

solution of the KdV–Burgers equation

u = −1

2
µk2 tanh

(
kx

2
+ µk3t+

ktν2

50µ
+ t0

)2

+
1

5
νk tanh

(
kx

2
+ µk3t+

ktν2

50µ
+ t0

)
. (48)

Applying the idea in Section 3 to here, substitut-

ing Eq. (48) into the KdV–Burgers equation, we can

get

k =
ν

5µ
. (49)

Substituting Eq. (49) into Eq. 48), the KdV–Burgers

equation has the following exact solution

u = − 1

50

ν2 tanh

(
νx

10ν
+

3ν3t

250µ2
+ t0

)2

µ

+
1

25

ν2 tanh

(
νx

10ν
+

3ν3t

250µ2
+ t0

)
µ

, (50)

where µ, ν, t0 are arbitrary constants.

So the closer ν/5µ, the selected k is, the higher

approximate degree we will obtain.

4.3.Boussinesq-type equation

The sixth-order Boussinesq-type equation[23]

utt + uxx + 2u2
x + 2uuxx + uxxxx

+ νuxxxxxx = 0. (51)

Applying the invariant expansion to Eq. (51) leads to

the results

u =
u0

ξ4
+

u1

ξ3
+

u2

ξ2
+

u3

ξ
+ u4 + o(ξ), (52)

u0 = −840ν, (53)

u1 = 0, (54)

u2 = −560νS − 140

13
, (55)

u3 = 140νSx, (56)

u4 = −507ν + 3640νS + 66248ν2S2 + 28392ν2Sxx+ 507νC − 31

1014ν
, (57)

ξ =
2

k
coth

(
kx

2
+

√
−3ν(507ν − 1820νk2 + 16562k4ν2 − 31)kt

78ν
+ t0

)
, (58)

where k, µ, ν, t0 are arbitrary constants, and S, C satisfy Eq. (5).

When u4 = 0, we can get approximate solution of the sixth-order Boussinesq-type equation

u = −35

26
tanh[(39kxν +

√
5460ν2k2 − 49686k4ν3 + 93ν − 1521ν2kt+ 78t0ν)/78ν]

2k2{−52νk2 + 2

+ 39ν tanh[(39kxν +
√
5460ν2k2 − 49686k4ν3 + 93ν − 1521ν2kt+ 78t0ν)/78ν]

2k2}. (59)
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With the same point of view in the above subsection, substituting Eq. (48) into the sixth-order Boussinesq-

type equation, we can obtain

k =
1√

−13ν
. (60)

Substituting Eq. (60) into Eq. (59), the sixth-order Boussinesq-type equation has the following exact solution

u = −105

338
tanh

(
13xν +

√
−169ν2 − 69νt+ 26t0ν

√
−13ν

26ν
√
−13ν

)2

×
[
tanh

(
13xν +

√
−169ν2 − 69νt+ 26t0ν

√
−13ν

26ν
√
−13ν

)2

− 2

]/
ν. (61)

Obviously, if k infinitely closes to 1/
√
−13ν, the

approximate solution becomes the exact solution.

5. Summary

In this paper, we have proposed the invariant

expansion to approximately solve integrable or non-

integrable nonlinear models. Taking the Korteweg-

de Vries (KdV) equation with a fifth-order dispersion

term as a concrete example, we have obtained two

kinds of approximate solutions of this model. If the

arbitrary constants are selected suitably, the approx-

imate solutions may become exact. The same idea is

also used to find approximate solutions of three other

well-known nonlinear equations. The invariant expan-

sion approach and other kinds of Painlevé expansions

can be developed to find approximate or exact solu-

tions.

References

[1] Weiss J, Tabor M and Carnevale G 1983 J. Math. Phys.

24 1405

[2] Nucci M C 1989 J. Phys. A: Math. Gen. 22 2897

[3] Lou S Y and Xu J J 1998 J. Math. Phys. 39 5364

[4] Zhang S L, Wu B and Lou S Y 2002 Phys. Lett. A 300 40

[5] Zhang S L, Tang X Y and Lou S Y 2002 Commun. Theor.

Phys. 38 513

[6] Liang Z F and Tang X Y 2009 Phys. Lett. A 374 110

[7] Conte R 1989 Phys. Lett. A 140 383

[8] Cariello and Tabor M 1991 Physica D 53 59

[9] Pickering A 1993 J. Phys. A: Math. Gen. 26 4395

[10] Lou S Y 1998 Z. Naturforsch 53a 251

[11] Ruan H Y 1999 Journal of Ningbo University 12 42

[12] Tang X Y and Hu H C 2002 Chin. Phys. Lett. 19 1225

[13] Zhang M X, Liu Q P, Wang J and Wu K 2008 Chin. Phys.

B 17 10

[14] Liu X Z 2010 Chin. Phys. B 19 080202

[15] Li J M, Liang Z F and Tang X Y 2010 Chin. Phys. B 19

100205

[16] Yang R S, Yao C M and Chen R X 2009 Chin. Phys. B

18 3736

[17] Wang Y F, Lou S Y and Qian X M 2010 Chin. Phys. B

19 050202

[18] Yao R X, Jiao X Y and Lou S Y 2009 Chin. Phys. B 18

1821

[19] Wang H, Dong H H, Wang Y H and Wang X Z 2010 Chin.

Phys. B 19 060202

[20] Katuro S and Takeyasu K 1974 Prog. Theor. Phys. 51

1355

[21] Wu B and Lou S Y 2002 Commun. Theor. Phys. 38 649

[22] Jeffrey A and Mohamad M N B 1991 Wave Motion 14

369

[23] Jun K C, Satsuma and D J Kaup 1977 J. Phys. Soc. Jpn.

43 692

120204-6


