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It is difficult to obtain exact solutions of the nonlinear partial differential equations (PDEs) due to their complexity

and nonlinearity, especially for non-integrable systems. In this paper, some reasonable approximations of real physics are

considered, and the invariant expansion is proposed to solve real nonlinear systems. A simple invariant expansion with

quite a universal pseudopotential is used for some nonlinear PDEs such as the Korteweg-de Vries (KdV) equation with a

fifth-order dispersion term, the perturbed fourth-order KdV equation, the KdV-Burgers equation, and a Boussinesg-type

equation.
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1. Introduction

There are some marvelous methods available for
studying the integrability of a nonlinear partial differ-
ential equation (PDE). The Painlevé analysis devel-
oped by Weiss, Tabor, and Carnevale (WTC)™ is one
of the most effective approaches. Applying the WTC
approach to nonlinear PDEs, one can obtain not only
properties like the Painlevé property, Lax pair, bilin-
ear form, and Béacklund transformation of integrable
models, but also solutions both for integrable and non-
integrable models. 26!

Conte proposed a simplification of the WTC ap-
proach which is corresponds to the re-summation of
the usual WTC approach so that the new expan-
sion coefficients are all invariant under the Mobious
transformation.[”! The truncated expansion approach
in Conte’s analysis is related to a special type of non-
truncated summation in the usual WT'C approach.!®!
Pickering proposed a nonstandard truncation expan-
sion approach based on Conte’s Painlevé expansion.!?!
Then some new nontrivial solutions may be obtained
due to Pickering’s nonstandard truncation approach.
In Pickerinng’s consideration, the truncation expan-

sion will yield a new nontrivial solution only for those
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equations which possess more than one branch in the
original WTC analysis. Similar to Conte’s consider-
ation, we may obtain some other types of expansions
to study the Painlevé property. Perhaps, the different
uses of the expansions may cause complexity in the
study of the Painlevé analysis. However, it is useful
to get different new solutions.

In this paper, we would like to use the invariant
expansion approach to solve real nonlinear physical
problems and find some Painlevé integrable models in
the same dimensions which can be considered as rea-
sonable approximations of real physical problems.

In the next section, we simply review the gen-
eral aspects of the Conte’s Painlevé expansion. In
Section 3, due to the complexity and nonlinearity of
some nonlinear PDEs, it is difficult to give some ex-
act solutions. So we use the invariant expansion to
solve real PDEs and find some reasonable approxi-
mations of real physics.!10—19
de Vries (KdV) equation with a fifth-order dispersion

term as a simple example to show how the expansion

Taking the Korteweg-

yields some more reasonable approximate solutions.
In some special cases, if the arbitrary constants are
selected suitably, the approximate solutions may be-

come exact. In Section 4, applying the same idea to
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three nonlinear equations, we find a quite universal ex-
pansion approach which is valid for various nonlinear
PDESs. The last section is a short summary.
2. Invariant Painlevé expansions
For a given PDE, say
F(uy g, Uty ooy Ugn, Ugn ) = 0, (1)

the invariant Painlevé expansion takes the form
o)
U= Z u; &' (2)
i=0

with the pseudopotential £ of the given form

2
=142 g
2
ft:_C‘Fsz—W. (4)

The compatibility condition of Egs. (3) and (4) has

the following form
St 4 2C,S + Cpyy + CS; = 0. (5)
Equation 5 possesses a special solution

¢'prr ¢t
S = Cc=--"
b 20,7 bs’

and S, C satisfies with Mobious transformation invari-

ance, ¢ — (a + bo)/(c+ do), ab # cd.
In the next section, taking the KdV equation with

3 Gus”

(6)

a fifth-order dispersion term as an example, the invari-
ant expansion is used to find some approximate solu-
tions. In some special cases, the approximate solutions
are just the exact solutions of the KdV equation with

a fifth-order dispersion term.

3. Approximate solutions of the
(KdV)
equation with a fifth-order dis-

Korteweg-de  Vries

persion term

The KdV equation with fifth-order dispersion

term[2% we discussed here has the form
U + HUzxz + 6’U/U/x + VUgzrzr = 07 (7)

where p, v are arbitrary constants.

Using the leading order analysis first, substitut-
ing Eq. (7) into Eq. (2), we can find that equation (2)

should have the form

u:%+%+g+%+m+o(§). (8)

In order to balance the effects of the nonlinear-
ity, and those of the dispersion in negative directions.
Substituting Egs. (3), (4), and (8) into the KdV equa-
tion with a fifth-order dispersion term and canceling
the coefficients of &, (i = —9,-8,—7,—6,—5) yields
five further constraints:

—24ug(ugp + 280v) = 0, (9)

Guouo, + 4200vug, — 2520vuy — 42uguy = 0, (10)

—36ugus — 720vus — 1200vug,, — 9600vugS

+ 6ugur, + 1800wy, — 12up2S — 18u, >

— 120pup + 6uiug, = 0, (11)
—30uiug — 120vus + 600vug, + 60uug, — 60pu;

+ 200vug 400 + 6uouo, — 600vU; 4,

— 2luguy S + 6ugug, + 6uiug,

— 30ugus — 3300vu1 S

+ 2100vug S, + 5200vug, S = 0, (12)
4ugC + bugug, — 1240vug 4, S — 324V,

— 12pu0,, + 1200u1 40y — 2400U5,,

— 2000 yppe — 12u2? — 4816010 S>

— 124pupS + 2040vuy S + 780vu1 S,

— 840vus S — 1060vug, S, — 18ugusS

+ 6uius, + 6usuy, + 6usug, + 36pul,

— 24pue — 24uqius — 24uqug

+ 120vuz, — 9u %S = 0. (13)
According to the above five further constraints, it

is easy to find out all possible solutions of the over-

determined constraint equations. We consider only
ug 7 0 on these constraint equations. After some sim-

plifications, the final result can be written as

uy = —280v, (14)

u; =0, (15)
56008 140

up = = — 379“, (16)

Uz = MTOVS@,, (17)

Uy = ! (=507vC + 28392025,

30420
+ 662482S? + 3640urS — 3147%).  (18)
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So equation (8) is an approximate solution of the KdV + 14196002 ¢ Pow 2 — 28392002 Pz 02 P
equation with a fifth-order dispersion term, with wy, + 473200262 62 + 10647002 Prpme

u1, ug, us, ug being given by Egs. (14), (16), (17), and
(18) respectively, £ is determined by Egs. (3), (4), (5),
(6), ¢ is arbitrary, and S, C satisfy Eqs. (5) and (6). + 314 buwz = 0. (19)

To get some more reasonable and concrete ap-

— 3640udyred® + 5460V B2 B2,

proximate solutions, we handle the approximations  Obviously, ¢ = e#*+t satisfies Eq. (19) if w is fixed
further as follows. by

3.1. The first kind approximate solution Y (1656202 k* — 1820uvk? — 31u?)k (20)
B 507v ’

To fix the arbitrary function ¢ in the approximate

solution (8), we take us = 0. Substituting Eq. (6) into  where  is an arbitrary constant.

Eq. (18) with ug = 0, we get The Mobious transformation of ¢ = e*#+) hag
_507V¢t¢zwz - 28392y2¢1}xmmw¢xajw the form
|
1656202 k* — 182 k? — 31pu2)kt
o+ bexp kx—(656y 820uv 31u*)
by — 507y (21)
' (1656202k% — 1820pwk? — 31p2)kt \
c+dexp | kx — 507
v

Since the ¢ equation (19) satisfies the Mobious transformation invariance, ¢; is also the solution of Eq. (19)
above.

Now, ug, u1, usz, Uz, ug are known to us, the only left thing is to find out £. It is not difficult to find that
from Egs. (3), (4), and (6),

2
§=cothlg 1014

Substituting ug, w1, ug, us, u4, &, Eqgs. (6), (21) into Eq. (8), the approximate solution can be written as

2.4 _ 2 _ 21,2
{kx (16562v2k* — 1820uvk? — 31v2)kt N to]- (22)

35 .
u=—c tanh[(—507kxv — 31ktu® — 1820k3tuy + 16562k°tv? + 1014tgr) /10140)% k% {20 + 39v tanh[(—507kzy
— 31ktu® — 1820k3tpur + 16562kt + 1014tor) /10140]%k? — 520k}, (23)

where k, u, v, tg are arbitrary constants.

In order to understand approximate degree of the approximate solution we obtain, we should first try to
find out the exact solution of the given model as soon as possible. Substituting Eq. (23) into Eq. (7), we know
that

—35 tanh[(—507kxv + 16562k°tv? — 31ktp® — 1820k tuv + 1014tor) /10140]k> (1 4 13vk?) (169002 k*
— 403uvk? + 31p2%) {tanh[(—507kzv + 16562k tv? — 31ktu® — 1820k3tur + 1014t0v)/1014v] — 1}

x {tanh[(—507kzv + 16562k°tv? — 31ktp® — 1820k>tuv + 1014tr)/1014v] + 1} = 0. (24)
It is easy to find out the relationship between p, v, and k,
K= F 2
13v (25)

Substituting Eq. (25) into Eq. (23), the result is the exact solution of the KdV equation with a fifth-order

dispersion term, which reads

35 —50Tkav + 349835112 + 1014t01\*
u = —— tanh k*v
1014v

2
y —507kzv + 34983k5t12 + 10147501/) 2]

2
1014v (26)

—2 + tanh (
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where k, u, v, tg are arbitrary constants.

Comparing the approximate solution and the ex-
act solution of the KdV equation with a fifth-order
dispersion term, we find that the closer —u/13v, the
selected k is, the more precisely approximate solution

we will get.

3.2. The second kind approximate solu-
tion
In the approximate solution (8) with Egs. (14)—
(18), the arbitrary function ¢ can be fixed in different

ways. Say, we can take uz = 0,uyq # 0. Substituting
Eq. (6) into Eq. (17), yields

In accordance with the same principle of the above

subsection, we take a special solution

a -+ be(kw—i—wt)
b2 = Wﬂ (28)

2 kr wt
fZECOth <2+2t0). (29)

Substituting ug, u1, uz, us, ug, &, Egs. (6), (28)

into Eq. (8), the final approximate solution can be

written as
kr wt 2
I 5 RT Wi 2
u = 3042[ 70980k coth( > + 5 t0> v
k t 2
+ 273043 coth (; n % - t0> "

kr wt 4
—1820 coth <2 + 5 t0> vk

kx  wt 4
+ 16562 coth <2 +5 - t0> V2P

k t 4
+ 532350%k° + 507 coth (; + % — t()) vw

kx  wt !
— 31 coth (2 + 5~ to) ,u%}

/ [coth <k; +2- t0)4ku], (30)

where k, u, v, tg are arbitrary constants.
Next we try to find out the exact solution, sub-
stituting Eq. (30) into Eq. (7), we know
35 kr wt
———— k3| coth [ — + = —tg)* — 1
19773 [CO ( y t5 ) }
x (312 4 2197002k — 3549k %) = 0. (31)

So u can be expressed with v and k,
pw=—13vk?. (32)

Substituting Eq. (32) into Eq. (30), the exact solution

can be written as

1 kr wt 4
u=g [36 cosh <2 + 5~ t0> vk® — 1050k>

_ h @+w7t,t !
COS 5 D) 0] w

o (504 0)] @

From the approximate solution and the exact so-
lution in this case, we get the same result with the

above subsection about approximate degree.

4. Approximate solutions of some
nonlinear PDEs

4.1. Perturbed fourth-order KdV equa-
tion

The idea used in the last section can also be used
for other kinds of nonlinear systems. In this subsec-
tion, we used the idea to the perturbed fourth-order
KdV equation?!]

Applying the invariant expansion to Eq. (34) leads to

the results

() (5% U9
U= —+— +— +us+o0(§), 35
g ety ©) (35)
ug = 201/7 (36)
5
uy = —7", (37)
52
uz = —7o + 10vS, (38)
B 6082C — 9120035, — 13u3 — 3040ur2S (39)
e 364812 ’
2 kx  5uk3t 133kt
= —coth | — ———— +t 40
§=g (2+ I 12162 ) MO

where k, p, v, ty are arbitrary constants, and S, C
satisfy Eq. (5).
When uz = 0, we can get approximate solution of

the perturbed fourth-order KdV equation in the form
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" 5 tanh 608kxv? + 1520uk3tv? — 13u3kt + 1216t1> %
304 121612
2+ 1520pk3tv? — 13u3 1216to1?
« | — 38 tanh 608kxv° + 1520k ty 3u’kt + 1216tgv kv —
121602
608kz1? + 1520uk3tr?

+ 152k%02 tanh (

4.2. KdV=Burgers equation
The KdV-Burgers equation(2?!
U + Plgry + 6UU, + VUg, = 0, (42)

may be one of the most important physical models of
its wide applications. According to the invariant ex-

pansion, we may find the approximate solution in the

form,
u= §2 044 : L ug 4 0(€), (43)
- 45
1 ?7 ( )
2
= v 2us C (46)

1500 3 6’

k

where k, u, v, tg are arbitrary constants, and S, C
satisfy Eq. (5).

When us = 0, we can get a special approximate

2 kx ktv?
= Zcoth [ — 4+ pk®t + — +1t 4
£ co <2+u +5OM+0), (47)

solution of the KdV-Burgers equation

121612

— 1313kt + 1216002 \ 2
Skt + 1216t0v ) —152k2y2]/y. (41)

Substituting Eq. (49) into Eq. 48), the KdV-Burgers

equation has the following exact solution

33t 2
v? tanh ( vr o ovt to)

" — 1 100 25042
50 I
3
9 vx 3v°t
1V tanh (10 + o 250,12 +t0>
+ = ,  (50)
25 7

where u, v, tg are arbitrary constants.
So the closer v/5u, the selected k is, the higher

approximate degree we will obtain.

4.3. Boussinesq-type equation

The sixth-order Boussinesq-type equation(??!

2
Ut + Uz + 2ugg + 2UlUgy + Uggaa

(51)

Applying the invariant expansion to Eq. (51) leads to

) k 5 ktv? 2
u = ffuk tanh | — + pkt + M +to the results
+71/ktanh k—x+ k3t+L+t (48) S T T +o0(§), (52)
5 2 T o ) 54535254
Applying the idea in Section 3 to here, substitut- = —840v, (53)
ing Eq. (48) into the KdV-Burgers equation, we can up =0, (54)
140
get up = ~560vS — ., (55)
v
b= (49) us = 1400S,, (56)
|
507y + 3640vS + 662481252 + 2839212 S,.x + 507vC — 31
= — , (57)
1014v
_2 \/ 3v(507v — 1820vk? + 16562k4v2 — 31)kt
coth t
where k, p, v, tg are arbitrary constants, and S, C satisfy Eq. (5).
When uy = 0, we can get approximate solution of the sixth-order Boussinesq-type equation
35
u=—c tanh[(39kzv + /546002k2 — 49686k13 + 93 — 152102kt + T8tov)/T8V)*k*{—52uk> + 2
+ 39 tanh[(39kav + /546002k2 — 49686k13 + 93v — 15212kt + T8tov) /78] k>}. (59)
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With the same point of view in the above subsection, substituting Eq. (48) into the sixth-order Boussinesq-

type equation, we can obtain

k':

V=13v"

! (60)

Substituting Eq. (60) into Eq. (59), the sixth-order Boussinesq-type equation has the following exact solution

L 105 (1300 + V16977 — 60vt + 26ty T30 "
- 338 26v+/—13v
1 V—=16902 — 69ut + 26tov/—130\
" [tanh( 3zv + 6912 — 69t + 26tov 31/> 2]/}/' (61)
26v+/—13v

Obviously, if k infinitely closes to 1/4/—13v, the

approximate solution becomes the exact solution.

5. Summary

In this paper, we have proposed the invariant
expansion to approximately solve integrable or non-
integrable nonlinear models.
de Vries (KdV) equation with a fifth-order dispersion

term as a concrete example, we have obtained two

Taking the Korteweg-

kinds of approximate solutions of this model. If the
arbitrary constants are selected suitably, the approx-
imate solutions may become exact. The same idea is
also used to find approximate solutions of three other
well-known nonlinear equations. The invariant expan-
sion approach and other kinds of Painlevé expansions
can be developed to find approximate or exact solu-

tions.
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