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Riemann theta function periodic wave solutions
for the variable-coefficient mKdV equation*
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In this paper, a variable-coefficient modified Korteweg-de Vries (ve-mKdV) equation is considered. Bilinear forms

are presented to explicitly construct periodic wave solutions based on a multidimensional Riemann theta function, then

the one and two periodic wave solutions are presented, and it is also shown that the soliton solutions can be reduced

from the periodic wave solutions.
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1. Introduction

It is well known that finding exact soliton so-
lutions of nonlinear evolution equations (NLEEs) is
always one of the central themes in mathematics
and physics.[1'2 A variety of effective methods for
obtaining exact solutions of NLEEs has been pre-
sented. Such as the Hirota bilinear method,®4 the
homogeneous balance method, ! the inverse scattering
method,[®7) the Béicklund transformation (BT),®—11]
the Wronskian technique,!*>~4 and so on.

The bilinear method first proposed by Hirota
provides us with a comprehensive approach to con-
struct exact solutions. From bilinear forms, Naka-
mura has proposed a convenient way to construct a
kind of quasi-periodic solution of a nonlinear equa-
tion by using the Riemann theta function,!*! it gives
us a way to obtain periodic wave solutions of NLEEs
conveniently. Some authors, such as Fan, Ma, and
one of the authors, have extended this method to
investigate the breaking soliton equation, ANNV,
MNNYV, generalized KdV, and the Boussinesq equa-
tion, respectively.[16—20]

In many physical situations, for example Bose—
Einstein condensates and fluid dynamics, it is of-
ten preferable to have an equation with variable-
coefficients, which can be used to describe the wa-
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ter waves propagating in a channel with an uneven
bottom and deformed walls, and the trapped quasi-
one-dimensional Bose—Einstein condensates with re-
It is obvious that

variable-coefficient equations are often more com-

pulsive atom—atom interactions.

plicated and difficult to be solved than constant-
coefficient forms, and much attention has been paid

t.[21-26] The variable coefficient of the

to this subjec
KdV equation provides a description of surface waves
in a more realistic situation than the KdV equation it-
self, and the variable coefficients can also control the
appearance of the soliton wave solutions.

In this paper, we will consider the variable-
coefficient modified Korteweg-de Vries (ve-mKdV)

equation, 2 which can be read as
wy + () Uz + L) u+ f()u?uy + q(t)ug, =0, (1)

where g(t), f(t), I(t), and ¢(t) are all analytic func-
tions and relevant to the background density and shear
flow stratification, and the I(t)u represents the per-
turbed term, or linear loss/gain. Equation (1) has at-
tracted considerable attention in many different phys-
ical fields including ocean dynamics, fluid mechanics,
and plasma physics.[2”) Tt is shown that the constraints
which the variable-coefficient functions must satisfy
with Eq. (1) to pass the Painlevé tests for complete
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integrability, are

Coigg(t) lel(t)dt.
We have investigated the exact soliton solutions and
integrable properties (BT, Lax pair),[!l but the pe-
riodic wave solutions have not been studied. In the
present work we will show that the periodic wave so-
lutions and the soliton solutions of Eq. (1) can be ob-
tained by the limits of these periodic wave solutions.
This paper is organized as follows. In Section 2,
we briefly present necessary notations on the Rie-
mann theta function. In Section 3, we construct
one-periodic wave and two-periodic wave solutions of
the ve-mKdV equation through bilinear forms, and
demonstrate that the periodic wave solutions can be
reduced to the known soliton solutions. Concluding

remarks are given in the last section.

2. The Riemann theta function

Now we introduce the notations of the Riemann
theta function. The multi-dimensional Riemann theta
function is defined by

(& e, s|T) = Z exp{27mi(€ +&,n + 8)

nezZN
—m{r(n+s8),n+s)}, (2)

where n is an integer value vector, s and € is a complex
parameter vector, £ are complex phase variables, (-) is
inner product of two vectors, and the matrix 7 = (7;;)
is a positive-definite and real-valued symmetric N x N
matrix.

Suppose that ¥(&, &’,0|7) and 9(&, €, 0|T) are two

(517§2a s a§n)7

fj:kjﬂf+ljy+wjt+§§0)v j=L2,...,N.

Riemann theta functions, in which & =

Then operators D, Dy, D; exhibit the following per-
fect properties when they act on a pair of theta func-

tions
D,Y(&,€,0|T) - 9(€&,€,0|T)
= Za 19(25, —e, = 2T> ’
£=0
><19(2£,€ +€,§|27'). (3)

In general, for a polynomial operator
H(D,, Dy, D;) with respect to Dy, Dy, and D;, we
have the following useful formula

H(Da;aDya Dt)ﬁ(£a€,7 O‘T) : 19(5’6’ O|T)

= ZC’ e e, pu)d
in which, explicitly

> H(4)

nezZnN

< o[ ~2n(r(n-4).n-4)

’;75'—.5”, (5)

where we denote # = (4dri{n — p/2,k),4ri(n —
K/2,1),4mi(n — p/2, w)).

Considering Egs. (4) and (5), if the following
equations are satisfied

(2¢,€" + €, —|2T) (4)

Cle,e',p) =

+ 2ri <n—

Cle, e, p) =0, (6)

for all possible combinations gy = 0,15 pue = 0,15 .. ;
tn = 0,1, in other words, all such combinations are
solutions of Eq. (5), then ¥(&,&’,0|7) and ¥(&,€,0|T)
are N-periodic wave solutions of the bilinear equation

H(DJaDyaDt)ﬂ(€7€I7O|T) : ﬂ(E7Ea0|T) = 0.

Let C(e, €', pu) and H(D,, Dy, D;) be given in Eq. (6),
and make a choice such that r—:;- —g =1/2, j =
1,2,...,N.

(i) If H(D,, D,, D;) is a symmetric operator, i.e.,

H(-D,,-D,,—-D,)=H(D,,D,,D,), (7)

then C(e,e’, u) vanishes automatically for the case
when Zjvzl w; is an odd number, namely

0(67 €l7 l’l’)|l»t = O
N
forz,uj =1, mod 2. (8)
Jj=1
(i) If H(Dg, Dy, Dy) is a skew-symmetric opera-

tor, i.e.,

H(-D,,—Dy,—D;) =—H(Dy,D,, D), (9)

then (e,e’, ) vanishes automatically for the case
when Z

_1 Mj is an even number, namely

0(676/7 I’L)|/~L = 0
N
forz,uj =0, mod 2. (10)

j=1
Let €} —¢; = 1/2,j = 1,2,...,N. Assume
H(Dg, Dy, D) is alinear combination of even and odd

functions

H(-D,,—D,,—D;)
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= Hl(D:I;yDy7Dt)+H2(Dx7DyaDt)7 (11)

where H; is even and Hs is odd. In addition,

C(e, €', u) corresponding to Eq. (5) is given by
C(E7EI7IJ’) = 01(576/7“’) +02(€7€/7H’)7 (12)

where

Cl(evslvu) = Z H1<%)

nezN

oo 2e{r(aB)n 2

Then
C(Ev €I7 /J’) = Cl (Ev 5/7 p’)v

N
forz,uj =1, mod 2,

j=1

C(Ea 6/, N) = 02(67 €l7 I'l’)7

N
for y " pj =0, mod 2. (14)

Jj=1

3. The variable-coefficient mKdV

equation

In this section, we have the necessity to write out
the bilinear forms and the one-, two-soliton solutions
of Eq. (1).

Under the transformation defined by

u=Ic e_fl(t)dtagln% (I=+v-1), (15)

x

where F* is the conjugation of F', we can write Eq. (1)

in the bilinear forms
D?F-F* =0,
[Dy + g(t) D3 + q(t) D, )F-F* =0,  (16)

where the well-known Hirota bilinear operator D is
defined by

DDy f-g = (0r — 0u)(0p — Op)"
X f(x7t)g($/7t/)|w’:x7t’:t~

Equation (1) admits a one-soliton solution and two-
soliton solutions

_ &1

— Jege-Jiwar Qg 1= 1et

up = Icge a. lnl—f—le&
= ¢ e*fl(t)dtklsechfl, (17)

Icpe™ Ju)de

o 1 — Jebt — Jeb2 — pé1t82+A12
X —In , (18)
aw 1+ T et + JTeb2 — e£1+§2+z412

U2

where phase variable

sz kjm—k?/g(t)dt—kj
X/q(t)dt+£§0),
ki — ko)
A 1 2 .
12 = =1,2).
e <k1+k2>7(3 ,2)

3.1. One-periodic wave solution of the
ve-mKdV equation

Let us first construct one-periodic wave solutions
of the ve-mKdV equation (1) by using bilinear forms
(16). As a simple case of the Riemann theta function
(2) with N =1, s = 0, here we choose F' and F* as
follows:

F=29 (5, i,Or)

= Z exp (277171 (5 + i) — 7m27)

nez

= Z (I)"™ exp(2miné — mn27),

nez

F* = (5,2707)

= Z exp (27Tin ({ + i) — 7m27)

nez

= Y (=)™ exp(2rming — mn’7), (19)
nez
where & = karfwdtJrf(O) is the phase variable, and
7 > 0 is a positive parameter.
According to formulae (7) and (8), the operator
Hy = D? in bilinear equation (16) is symmetric, and
its corresponding constraint equation in formula (6)
automatically vanishes for ¢ = 1. Meanwhile,

Hy =Dy + g(t)D3 + q(t) D,

is skew symmetric, and its corresponding constraint
equation automatically vanishes for ¢ = 0. There-
fore, the Riemann theta function (19) is a solution of
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the bilinear equations (16), substituting Egs. (19) into
Egs. (16), we have

3 {[zm (n- g)]QkQ}

covfoarr (-4 n (0D
=0,
;{ [t (= 5) |+ 9(0) [4mi (n - 5)}3,5,

) o (o= 2] ks { - oer (o )’
i (n- L) }

Let us introducing the quantities

pn=1

p = e77T7'/2

191(57p) = 19 <2£a %a _;|2T)

- tenfue ()]

nez

Da(&,p) = 9 (25, ;,0|2r)

=Y o exp [4i7rn (5 - i)] , (21)

nez

then, we can write Eqgs. (20) as a linear system about
w

Wy k? =0,
Dyw + g(t)0] k> + q(t)9,k =0, (22)

where the derivative value of 9;(§,p) at & = 0 is de-
noted by simple notations
dd; (&, p)

oy = 0)(0,p) = S

=12, (23
dé— E:07 j ) ) ( )

solving this system, we obtain

"

()97 K + q(t)9:k
v, '

w= (24)
We thus we arrive at one-periodic wave solution of
Eq. (1) as follows:

9 . (& 3/4,0|7)

u=Icg e~ JUDAL Z 1y

5, "o ijaon P

where £ = kz + fwdt—|—§(0) and parameter w is given
by Eq. (24), while other parameters k, T are arbitrary.
Among the three parameters, the two ones k and 7
completely dominate a one-periodic wave.

In the following, we will see that the one-periodic
wave solution (25) can be broken into soliton solution
(17) under a long time limit and their relation can be
established as follows.

Here we use system (22) to analyze asymptotic
properties of the one-periodic solution (25). Setting

/
]
_¢ T

oty f’:k/m+/”/dt+€(°)', (26)

where k' = 27ik, ' = 2miw, £ = 27i¢(©) — 77,
Let us expand the coefficients of system (22) as
follows:

9 = —Amp+ 127p + -+
= —8in?p + 24in?p” +--- |
9 = 1673p 4 43273 p% 4+ - -+ |
Vo =1—-2p"+---,
Wy = 32m%pt — 12870 + .-+ | (27)

suppose that the solution of system (22) has the fol-
lowing form

w=wy 4w p' +wep®+ - =wy+o0(p), (28)

substituting expansions (27) and (28) into system (22)
and letting p — 0, we can obtain the following relation
immediately

wo = 4g(t)T%k> — q(b)k, (29)

combining Eqgs. (26) and (28), then equation (29) leads
to

'~

W' = 2miw — 87g(t)ik® — 2miq(t)k

= —g(tK" —q(t)K'. (30)
It remains to verify that the one-periodic wave (25)
has the same form as the one-soliton solution (17) un-

der the limit p — 0. Let us expand the function F
and F* in the following form

F =1+ p*(Ie*™¢ — [e271)
4 pB(—etmil _ eimigy
F* = 1— p*(I ™18 — [e2mit)
+ pB(, odmig _ ef4ﬂi£) . (31)

It follows from Egs. (26) and (31) that

F =1+4Te8 +p4(-Te ¢ — %)
+p2(e % 4 &3 ) 4.
— 1+1e¢
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— 1+ 1Teb,
F* = 1—Te¥ +p*(—Te ¢ — &%)
—|—p12(e_25,+ 635’)_’__”
S
— 1—1Tef,
as p— 0. (32)

Thus, we conclude that the one-periodic solution (25)
may go to one-soliton solutions (17) as the amplitude
p— 0.

3.2. Two-periodic wave solutions of the
ve-mKdV equation

Let us now consider two-periodic wave solutions
to the ve-mKdV equation (1). For the case of N = 2,
e =1/4 = (1/4,1/4),e = 3/4 = (3/4,3/4) in the
Riemann theta function (2), we choose F' and F™* as

follows:
F=29 ! 0
- (£a47 |T>
= Z exp {27ri <£ + 1,n> — W(Tn,n>}
nez?
= Z (I)" T2 exp{27i(€, n) — w(Tn,n)},
nez?

N 3
Fr =29 €,Z,O|T

= > exp {27ri <£+ in> —7r<m,n>}

nez?
— Z (7I)n1+n2
nez?
x exp{2ri{,n) — w(tn,n)}, (33)
where n = (ny,n) € Z2, & = (&1,£2) € €2,

& :ij+/wjdt+§§°>, j=1,2

and k = (ki, ko) € Z2%, € = (£,&) € €2, which is
the phase variable, and 7 > 0 is a positive parame-
ter, where T = (7, j)2x2, T12 = To1, T11 > 0, Te2 > 0,
T11T22 — Ty > 0.

According to formulae (8) and (9), the opera-
tor Hi
and its corresponding constraint equation in formula
(6) automatically vanishes for (u1,u2) = (0,1),(1,0).
Meanwhile, Hy = D; + g(t)D3 + q(t)D, is skew-
symmetric, and its corresponding constraint equa-

(0,0),(1,1).

= D? in bilinear equation (16) is symmetric,

tion automatically vanishes for (1, po) =

Therefore, the Riemann theta function (33) is a solu-
tion of the bilinear forms (16), provided the following

3 {16# <n - ’;kﬂ

equations

ni,no€Z2
X exp{ 727r<‘r (nf %) , M — g>
. _ a4 _
+ 7wi(n 5 )} e 0,
where (p1, u2) = (0,0), (1, 1),
5 {fimfn- )]

ni,na€Z2

s [0
o (2.0

conf e (o) n )
)

=0, (34)
p=(p1,p2)

where (u1, p2) = (0,1), (1,0). We introduce the nota-
tions by
Pkl = €Xp (_%) ) kvl = 1527

P = (P117/)12,/)22

0,(€.p) = (25,,—|2T>
= exp{ 7r<2£+ —J>
ni,ne€Z
- ,n —
((o-3)=-3)]
. Sj
= Z exp |4irm £_~_,’n_7
4 2
ni,n2€Z
= ( ) )
2np—si k) (2n;—s;
X H P "
k,l=1
Sj = (sj,lasj,2)7 .7: 17273347 81 = (07 1)7
= (1,0), s83=1(0,0), sa=(1,1), (35)

then equations (34) can be written as a linear system
about w

(k-V)*9; =0, j=34,

(w- V), +g(t) (k- V)*0; +q(t) (k- V)I; =0,

j=12, (36)

where ¥, represent the derivative value of 9; (&, p) at
& =0, & = 0, the operators V = (0¢,,0¢,,...,0¢,)
and

k-V =Fk0: +k10g, +- -+ k10¢,, (37)
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solve system (36), we are able to gain a two-periodic
wave solution to the variable-coefficient mKdV equa-
tion (1)

3/4,0|T)

u=Icye jl(t)dt ln(si 38
iei/aom) %
where & = kx+fwdt+£(0) and parameter w is given

by Egs. (36
trary.

), and other parameters ki, ko, T are arbi-

In the following, we will see that the two-periodic
wave solution (38) can be broken into soliton solution
(18) under a long time limit and their relation can be
established.

Here we use system (36) to analyze asymptotic
properties of the two-periodic solutions (38). Setting

& Tij

§=52+2 ¢ _k'x+/w;dt+g§0)', (39)

211

where k) = 2mik;, 5](-0)/ — 775, A1z =

—27T19, J = 1,

in Egs. (18).
Let us expand the function F' and F* in the fol-

lowing form

= 27igl”
2, and Ajs being the same as given

F =1+ (Ie* &
+ (1627ri§2
+ (_627fi(§1+§2) _

_ Ie—27ri£1)e—7r7—11
_ 16727l'i§2) e*‘ﬂ'TQz
ef2ﬂi(£1+§2))

% e—ﬂ(7'11+27'12+7‘22) 4.

F*

1— (Ieszl
(Ie27r1£2

§ (= emiEte) _
X e

—7(T11+2T12+T22) +- (40)

_ [e—27f151)e—ﬂ'7'11
—Je —27ri52)e—7r7'22

*27fi(51+§2))

Furthermore, adopting Eq. (39) and making a trans-
formation we infer that

F = 1+41e +Te% — itea—2mme _ [t o6
— Ips, e 2 — P11P32 e St g

— 14 Teft 4 Tef — e§;+5;+‘412,

F* = 1—Jef — Jef — oSit&—2mm 4 )t =6
FIph e — phph e €62 4
14Tt 4 e — ofitetan
as p11,p22 — 0, (41)

0 L
where & =k + fw;-dt—i—é](- ) and Wi = 2miwg, j =
1,2. Thus the two-periodic wave solutions can be re-
duced to two-soliton solutions (18) under the limit
P11, p22—0, we only need to prove that

Wi = =gk —a(O)kj, =12 (42)

We can expand the solution of system (36) to the fol-
lowing form

w1 =wi,0+ wl,lpu + W2,2/022 + O(Pua P22)a
L), (43)

2,3,4 in Egs. (36)
and (39), substituting the expansions (43) into sys-

wy = wa 0 +wa1p't + wa2p” + o(p'

Expanding functions 9;,j = 1,

tem (36), and letting p11, p22 — 0, we obtain

1\° 1
—64g(t)m3i <2> k3 + 4ri <2> W10
(1
+ 4q(t)wi <—2> k1 =0,
1\° 1
—64g(t)m3i (—2> k3 + 4ri <—2> w20

1
+ 4q(t)mi <2) ko =0, (44)
using Egs. (43) and (44), we have
wj = 4g(t)7°k} — q(t)k;, j=1,2. (45)

Thus, we conclude that the two-periodic solution (38)
may go to two-soliton solutions (18) as the amplitude
pi1, p22 — 0.

4. Concluding remarks

In this study, the ve-mKdV equation is discussed.
Based on bilinear representation, employing the the-
ory of Riemann theta function, we have derived the
one periodic wave solution, which can be reduced to
the soliton solutions under small amplitude p — 0 lim-
its; under small amplitude p11, p22 — 0 limits, and the
calculation of two-periodic wave solutions reduced to
the soliton solutions is given in Appendix A.

Acknowledgements

We express our sincere thanks to Prof. Fan En-
Gui for his stimulating discussions.

Appendix A: Proof of the two-
periodic wave solution broken

into two-soliton solutions

In the following, we prove that system (34) can
be converted to system (36), and

w; =4g(t)m’k} — q(t)k;, j=1,2,
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as pi1, p22 = 0. Ti1 T12 ny ny
X expi — 2w ,

First, we demonstrate that system (34) can be
. T21 T22 n2 na
converted to system (36). For example, when j = 3,

p=(p1, p2) = (0,0), therefore - m)}
U3(&, p)
.y <2£ > —5327> = > [F167 (ks + noks)’]
27 2 ni,n2€22
. ¢+ 1/4 n x exp{—2n[r1n} + 2712 (n1n2) + 223
— ”11;22 exp | 4im < 6+ 1/4 ) g > + 7wi(ng +n9)}

(2n1)? 2(4n1n2)p;22n2)2 Z [—167° (n1ky + noks)?]

X P " P2 €22
1 n1)? nin n2)® _mi(ni+n
= Z exp {4i7T |:?’L1€1 + noés + Z(nl +TL2):|} X P§21 1) p?gl 1 2)/)%22 2)” gmi(ni+nz)

n1,n2€Z2 -0 (AQ)
2n1)% 2(4nins 2n2)? 7

X Pgl ) P1é " )Pé2 ) s (A1)

and the first equation of system (34) follows that comparing Eq. (A2) together with Egs. (37), then
Z {167r2 <n _ %’ k:>2] equation (A2) can be converted to

ni,ma€Z2

« exp{zw@(ng),n@ (k- V)95 = 0. (A3)

)

= (111 112)=(0,0) Second, we demonstrate w; = 49(1&)7r2k:33 —q(t)k;,

2 (j =1,2) as p11,p22 — 0.
= > —167r2< ", kl > For example, when j = 1, and p = (1, p2) =
ni,na€Z2 n2 k2 (07 1), then
\
S1
(& p) =0 (26,1/2,- 5 |2r)
+1/4 n _ _
_ Z exp 4i7r< &1 / ’ 1 > pgzlnl)zp?gnl)@nz 1)pézzn2 1)2
n1ma €22 €2+1/4 ’I’L2—1/2
. 1 1 n 2 n ng — ng — 2
= Z exp {4177 |:’I’Ll§1 + n2e + 1(”1 +n2) —1/28 — 8} } pm) pa{m)@na=l) pEme =17 (A y)
’I’Ll,nzezz

and we have the second equation of system (34)
3
> {[ami (n- )] + [-ouri (n = 2k | o+ [ami (- )]}
nlq,TLQEZQ
K H . ]
X ex —27r<7' (n— —) ,m— —)+mi (n-— —)H
p{ 2 2> T2 ) u=gu=00)
3
3. niy ]{31 . niy w1
Z — 64g(t)7°1 , + |4ri ,
n1,n2€Z2 712—1/2 kg 77/2—1/2 w2
k
+ |4q(t)wi = , ! expq — 2 T2 " , "
’I’L2—1/2 kg T21 T22 n2—1/2 712—1/2

+ 7r1(n1—|—n2—1/2)}

> {[=64g(t)7i (niky + (ng — 1/2) k2)®] + [dmi (nywy + (ng — 1/2) wy)]

ny,no €22
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+ [4q(t)7ri (7?,1]{11 + (ng — 1/2) kJQ)]} exp{—27r[711nf + 271911 (7?,2 — 1/2) —+ To9o (ng — 1/2)2]

+ 7Ti (n1+n2—1/2)}

ni,na€Z2

> {[=64g(t)7i (naky + (no — 1/2) k2)’] + [Ami (naws + (na — 1/2) wy)]

2 2 .
+ Ha(t)mi (niks + (n2 = 1/2) k) Jol™ ) plg ) O et emitetnai/)

:0,

combining Eqgs. (37) and (A5) leads to

9(t) (k- V)01 + (w - )iy +q(t) (k- )iy =0,
(A6)

as the amplitude p11, p22 — 0, from Eq. (A6) we can
obtain

— 64g(t)7°1 (—1/2)° + 4mi (=1/2) wo

+ 4q(t)mi(=1/2) ke =0, (AT)

substituting Eq. (43) into Eq. (A7), we obtain
wa o = 4g(t)m?k3 — q(t)ks. (A8)
In a similar procedure, when j = 2, and pu =

(p1, p2) = (1,0), let the amplitude p11, p22 — 0, we
have

wio = 4g(t)mk; — q(t)ky, (A9)

which implies Eq. (45), thus the proof is completed.
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