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We propose a multi-symplectic wavelet splitting method to solve the strongly coupled nonlinear Schrodinger

equations. Based on its multi-symplectic formulation, the strongly coupled nonlinear Schrédinger equations can be

split into one linear multi-symplectic subsystem and one nonlinear infinite-dimensional Hamiltonian subsystem. For

the linear subsystem, the multi-symplectic wavelet collocation method and the symplectic Euler method are employed

in spatial and temporal discretization, respectively. For the nonlinear subsystem, the mid-point symplectic scheme is

used. Numerical simulations show the effectiveness of the proposed method during long-time numerical calculation.
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1. Introduction

In this paper, we develop a multi-symplectic
wavelet splitting (MSWS) method to solve the
strongly coupled nonlinear Schrédinger (SCNLS) sys-

tem

Ly + Bugy + [an |ul?
+(o1 + 2a2)|v[*Ju + yu + I'v = 0,
i + Bge + [ar|v]?
+(a1 + 2a2)|ul?Jv + v + T'u = 0,

(1)

where u and v are complex amplitudes or envelopes of
two wave packets, (3 is the group velocity dispersion,
and «; describes the self-focusing of a signal for the
pulses in birefringent media. (a3 + 2aw) is the cross-
phase modulation and defines the integrability of SC-
NLS equations (1). The linear coupling parameter I’
accounts for the effects that arise from twisting of the
fiber and elliptic deformation of the fiber. It is also
referred to as linear birefringence or the relative prop-
agation constant. Finally, v appears as constant am-

bient potential called normalized birefringence. The
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strongly coupled nonlinear Schrédinger system has
extensive applications in many areas of physics, in-
cluding nonlinear optics and plasma physics.[!'2 In
Refs. [3]-]6], a few numerical methods were proposed
for solving the SCNLS equations and showed some ex-
cellent results.

The idea of the MSWS method we investigate in
this paper combines the multi-symplectic wavelet col-
location method in Refs. [7] and [8] and the multi-
symplectic splitting method in Refs. [9]-[11]. Multi-
symplectic methods, which can preserve the multi-
symplectic conservation law under appropriate dis-
cretization, have attracted much attention in recent
years.!'>13] Bridges and Reich in Ref. [14] proposed a
multi-symplectic Preissman scheme. Reich in Ref. [15]
proposed a multi-symplectic Runge-Kutta colloca-
tion method. In Ref. [16], Bridges and Reich intro-
duced the idea of a multi-symplectic Fourier trans-
form for multi-symplectic partial differential equations
(PDEs).

symplectic Fourier pseudospectral method.'”! In ad-

Then, Chen and Qin proposed a multi-

dition, most of the multi-symplectic schemes are im-
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plicit, and we need to solve nonlinear algebraic equa-
tions. In Ref. [18], Moore and Reich proposed an
explicit Euler box scheme. In this paper, we inves-
tigate the multi-symplectic wavelet splitting method
for the SCNLS equations. The multi-symplectic sys-
tem is split into one linear subsystem and one non-
linear subsystem. For the nonlinear subsystem, the
mid-point symplectic scheme is used. For the lin-
ear subsystem, the multi-symplectic wavelet colloca-
tion method and the symplectic Euler method are em-
ployed in spatial and temporal discretization, respec-
tively. The wavelet collocation method makes the cor-
responding spatial differentiation matrix sparse and
demands less computations. The advantage of the
symplectic Euler scheme lies in the fact that the gener-
ated full-discrete scheme for the linear subsystem is a
semi-explicit multi-symplectic scheme, which does not
need to solve all of the nonlinear algebraic equations

at every time step. Finally, we can compose the linear
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Introducing new variables p1, p2, p3, ps, which satisfy p; = e
x

a first-order system

and nonlinear solutions to gain the MSWS method,
which is convenient to be calculated and efficient dur-
ing long-time numerical calculations.

This paper is organized as follows. In Section 2,
the multi-symplectic formulation of the SCNLS equa-
tions and some of the corresponding conservation laws
are presented. In Section 3, the MSWS method for the
SCNLS equations is constructed. Numerical simula-
tions of elastic and inelastic collisions are presented
in Section 4, where the effectiveness of the proposed
method is demonstrated. Finally, conclusions are

made in Section 5.

2. Multi-symplectic formulation
of the SCNLS equations

By letting u = g1+1g2, v = q3+iqy, the system (1)
can be written as a system of real-value equations as

follows:

)
S0+ Be 50+ [a1(q? + ¢3) + (o1 + 202)(43 + ¢3)]a2 + Vg2 + 'qa = 0,
592 ~ Bz~ [o1 (g} + 3) + (1 + 202)(63 + ¢F)lan —va1 — T'q3 =0,
510+ P g ztatloalas +ad) + (a1 +202)(af + g3)laa +yaa + g2 =0,

504~ Basds — (o1 (g3 + q3) + (1 + 2a2) (¢ + ¢3)]g2 — va3 — T'qn = 0.

gi (i =1,2,3,4), we can rewrite Eq. (2) as

0 0
S0+ Bg e+ [a1(qf + @3) + (o1 + 202) (43 + ¢3)]az + 742 + T'qa = 0,

ot

0 0

Eriche ﬁ%m — [oa (g} + ¢3) + (a1 4+ 202)(¢3 + ¢3)]lqn —vq1 — T'g3 =0,

0 0

5798 T Bgpa+laa (a3 +ai) + (e + 2a2)(af + ¢3)las + yas + I'qz = 0, (3)
0 0

50— PP = [a1(q3 + a3) + (o1 +202) (¢} + @3)]a2 — vgz — L'qn = 0,

o _ o _ o _ o

(’)qu = P1, (’)xq2 = P2, (’)xq3 = P3, (’)xq4 = P4.

Actually, system (3) can be written as the Hamiltonian PDEs

Mz + Kz, = V.S(2), (4)

where
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z = [q1,92,P1,P2,q3, 1, p3,p4)" and the Hamiltonian
function is

S(z) = Z[B(pT +p3 +p3 +p3)

1

2
1

+50(el + @)+ 5on(al + ad)’]

+ = (a1 +2a2)(q} + ¢3)(a3 + a3)

=N =N =

+57(0 + 6 + a3+ ad)

+1I'(g193 + q2q4)-

We can prove that equation (4) has multi-

symplectic conservation law!

wi + Ky =0 (5)

1 1
with w = idz/\Mdz, K= idz/\Kdz.
In addition, when S(%) is independent of = and ¢,

the system (4) has local energy conservation law
E:+F,=0 (6)

1 1
with E(z) = S(z) — izTsz, F(z) = izTKzt7 and

momentum conservation law
L+G,=0 (7)

with G(z) = S(z) — %ZTMZ,;, I(z) = %ZTMZI.

3. Multi-symplectic wavelet split-
ting method for the SCNLS

equations

3.1. Wavelet collocation method for

space discretization

In Refs. [7] and [8], based on the autocorrelation
function, a wavelet collocation method was used for
space discretization for the multi-symplectic PDEs (4)
by Zhu et al. and many important properties were ob-
tained.

Consider the multi-symplectic PDEs (4) with pe-
riodic boundary condition z(0,t) = z(L,t), where L
is an integer. For a fixed scale J = constant, we
set z = [u,ug,...,uq)t and approximate function
wi(z,t) (1 = 1,2,...
tor I yu;(x,t), which interpolates u;(z, t) at collocation
points x; = /27, for | =0,1,...,N =1, N = L-27.
The interpolation operator Iju;(z,t) has the form of

,d) by an interpolation opera-

N—-1
Tyui(z,t) = > ug 027z — 1), (8)
=0

where u;, = u;(x;,t), and 0(x) is the autocorrelation
function.[”l According to the interpolation property,
we have Iyu;(z;,t) = wi(z,t).

Applying the wavelet collocation method for spa-
tial discretization of multi-symplectic system (4), we
obtain

M(z)e + K(152)alo=a, = V25(21). (9)

where
IJZ = [IJ’U,]_,IJUQ,. .. ,IJU,d]T

and z; = [u1,,ug,, ..., ug)T.

To obtain the equations for z;, the crucial step is
to express the one order spatial partial derivatives at
collocation points x; in terms of the values z;. Making
one-time differential with Eq. (8) and evaluating the

resulting expressions at collocation points, we obtain

Ol yu;(x,t)
Ox

- (BlUi)lv

Aoz —m)
= Y I
Z m=0

x
(10)
where B is an N x N matrix with elements

do(27z —m)

— 2J / _
e 0'(l —m),

z

(Bl)lm =

and U; = [uiy, Ui, ,---,Uiy_,)T . For more details, see

Refs. [7] and [8] and references therein.
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3.2. Multi-symplectic splitting method
for SCNLS

The multi-symplectic form (4) can be split into
sub-multi-symplectic systems

Mz + Kz, =V.S%(2), i=12,...,N, (11)
where

K = ZKZ, S(z Zsz

The multl-symplectlc conservation laws of subsystems
(11) have been proved in Ref. [9]

Wt + Kigp = 0 (12)
with
1 1
= idz/\Mdz, Ki = §dzAKidz,

i=1,2,...,N.
For the SCNLS equations (1), it can be split into
a linear subproblem

iug + Buge +yu+ I'v =0,
. ¢ + Bz +y (13)
ivg + Buge + v+ T'u=0,

and a nonlinear subproblem

+ (a1 + 2a2)|v]?Ju = 0,
+ (Oél + 2ag)|u\2]v =0.

iug + o |ul?
¢+ [aaful (14)
ivg + [aq|v]?

Both the linear subproblem (13) and the nonlinear
subproblem (14) can be written into multi-symplectic
systems (11) with
.,2”: Kl = K,
1
§H(2) = 5B(pi +p3 +p5 + )

1
+ -G+ B+ a3+ )

2
+1I'(g1g3 + 9294),
N KQ = 0,
1
§%(2) = loalal +63)* + 0 (g5 + 4)’]
1
+ 500 + 202)(af + 63)(65 + d)-

Furthermore, the nonlinear subproblem (14) can also
be written as an infinite Hamiltonian system

)
=J7 s H(), 2=las a2 a3 0T, (15)
z
with a symplectic conservation law
d
—w =0, 16
e (16)

where

el
o o O =
oS = O O

-1

w = idz A M dz and the Hamiltonian function is

HE) = [ (flona? + @2+ anlad + @)

(a1 +202)(aF + 3)(65 + 63) ) da. (17)

1
2

Discreting Eq. (13) by using the wavelet colloca-
tion method in space, we can obtain a semi-discrete

system
d
7t BBiq2 +vq2 + I'qs = 0,
d
—q2— BBiq1 —yq1 — I'q3 = 0,
dt
| (18)
Bt BBYqs+vqs+ I'qz2 = 0,
d
T BBYqs —vq3 — I'q1 = 0,
where
_ T s
q; = [Qiovqim v 7QiN71] , 1= 17273a4'
We apply the symplectic Euler schemel™! for

semi-discrete multi-symplectic form of Eq. (18) and
obtain the equations
g™ =qf — AU(BBig; T +yas T+ Tgith),
@™ = g5 + At(BBigy + gt + '),
@™ = qf — AU(BBia; T + g+ Iy,
(8

@i = qi + AU(BBigE +vai + I'ap),

(19)
where ¢} = (¢, q" ..., )17, g;" is the approxima-
tion to ¢;i(z;,tn), 1 =1,2,3,4,5=0,1,...,N — 1.

It is obvious that the semi-explicit scheme (19) for
the linear subproblem (13) does not need to solve all
of the nonlinear algebraic equations every time step.
Actually, the second and fourth lines are entirely ex-
plicit, but the first and third lines need to solve the
nonlinear algebraic equation at every spatial grid.

For the nonlinear subproblem (14), we choose the
mid-point implicit scheme in time direction. Then, we
obtain a symplectic scheme for the nonlinear subprob-
lem
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n 2 2 1/2
it =g, — At{lon((02/*)? + (@/%)?) + (on + 2a2><<q35 )+ (a2},
a5 =g+ At{lon (01”2 + (@)%)?) + (o1 + 202)((a5/*)? + (g f )]y, 0
¢t = g, — At{on((a5/*)? + (@1/*)?) + (01 + 202) (017 + (03/*)as*},
it = qf + At{laa (g ”2>2 +(@%)?) + (o +200)(02/*)? + (@) D)z,
. \
/2 _ n+1 . . = 1.0, I' = 1.0 with initial diti
where )" = 2(%; 4 a; ) i = 1,2,3,4, j = Y with 1itial condition
0,1,...,N —1. 1
In this paper, the solution may be advanced from u(z,0) = V2sech (x + 2D0) exp(iVoz/4),
one time level to the next by means of the following 1 (23)
second-order formula 'U(xa 0) = \/ﬁsech (37 - 2D0) exp(fiVO:c/él),
At
ui(z,t + At) = exp <2</V> exp(At.Z) where Dy = 25 and Vj = 1.0.

At Figure 1 shows that the two waves emerge with-
X exp <2‘/V ) uiz,t).  (21) oyt any changes in their shapes, which indicates that
the proposed method simulated the solitary wave well.
4. Numerical simulations Figure 2 represents the errors in global energy conser-
vation. We notice that the MSWS method preserves
In order to show the advantage of the pro-  the global energy conservation better than the MSFP
posed method, we conduct two numerical examples for =~ method. The results obtained by using the MSWS
the MSWS method and the multi-symplectic Fourier =~ method are also better than those obtained by the
pseudospectral (MSFP) method in Ref. [20]. All of = multi-symplectic partitioned Runge—Kutta method in
the solutions are computed with time-step At = 0.005 Ref. [3]. In addition, the CPU time by the MSWS
and periodic boundary conditions in [-30, 30]. We  method is 427 s, which is about 60% less than that by
choose grid number N = 300 for all examples. The au- the MSFP method.
tocorrelation function AD30!8! is used for the wavelet
collocation method in the following examples. In addi-
tion, we solve the implicit parts of the scheme by using
the fixed-point iteration method. Since the shapes of
waves obtained by the MSWS method and the MSFP
method are similar in the two examples, the shapes

2
obtained by the MSFP method are not shown in this ER
paper. 0

The global energy error (GE) is defined by —30

N—-1
GE =Y (B} — Ep)Ax, (22)
k=1

where E° is the initial energy and

oo B[N (=)
k 2 Az Ax

(%} (65} +20&2
2L (g o) + S P )

+ 2 (i + [0 ) + I Re{ugop}.

vl
o = W

—30
Example 1: Elastic collisions

Elastic collisions are those from which the newly

formed shapes reemerge under deformation. We con- Fig. 1. (color online) Elastic collision of two solitons by
sider the elastic collisions of two solitons by choos- the MSWS method with 8 = 1.0, a; = 1.0, ag = —1/6,
ing the parameters 8 = 1.0, a3 = 1.0, as = —1/6, v=10,I"=1.0.
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Fig. 2. The error of global energy for the elastic colli-
sion of two solitons. Up: MSWS method. Down: MSFP
method.

Example 2: Inelastic collisions
In this example, we give collisions of two solitary

lul
o = N

—30

Fig. 3. (color online) Inelastic collision of two solitons by
the MSWS method with 8 = 1.0, a1 = 1.0, ag = 1/2,
vy=0,1"=0.

waves of SCNLS equations (1) with initial condition
(23). We choose the parameters f = 1.0, a; = 1.0,
ag=1/2,v=0,I =0, Dy =20, Vp = 1.0.

Figure 3 illustrates that two solitary waves are
generated after collision. We see that after the inter-
action, the solitary waves dispersive oscillations and
their amplitudes are altered. Both waves change their
shape and the collision is inelastic. Figure 4 represents
the global energy conservation. The results found by
using the MSWS method are similar to those obtained
by the MSFP method and the method in Ref. [4].
However, the CPU time using the MSWS method is
356 s, which is about 40% less than that using the
MSFP method.

4

Errors in global energy/10~°

Errors in global energy/10-5

o 10 20 30 40
t

Fig. 4. The error of global energy for the inelastic colli-
sion of two solitons. Up: MSWS method. Down: MSFP
method.

5. Conclusions

In this paper, we constructed a new multi-
symplectic wavelet splitting scheme for the SCNLS
equations. First, we split the SCNLS equations into
one linear subsystem and one nonlinear subsystem.
For the linear subsystem, we proposed an efficient
multi-symplectic scheme based on the wavelet collo-
cation method and the symplectic Euler method. The
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nonlinear subproblem is integrated by symplectic in-
tegrators. Then, the composition method is used to
get the solutions. Although this scheme is not explicit
entirely for the SCNLS equations, it is shown to be ef-
ficient in practice, because the costs of solving nonlin-
ear algebraic equations at every time step are saved in
part. In addition, the obtained spatial differentiation
matrix is a sparse circulant matrix with limited band-
width, which also leads to less computations. Numer-
ical results show that the proposed method is effective
for the SCNLS equations. Furthermore, this MSWS
method provides new choices for simulating the non-
linear Schrodinger equation especially with high spa-
tial dimension and strongly coupled conditions.
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