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Modeling online social networks
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‘We study the phenomena of preferential linking in a large-scale evolving online social network and find that the

linear preference holds for preferential creation, preferential acceptance, and preferential attachment. Based on the

linear preference, we propose an analyzable model, which illustrates the mechanism of network growth and reproduces

the process of network evolution. Our simulations demonstrate that the degree distribution of the network produced

by the model is in good agreement with that of the real network. This work provides a possible bridge between the

micro-mechanisms of network growth and the macrostructures of online social networks.
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1. Introduction

Web 2.0, which is characterized by social col-
laborative technologies, such as social networking
sites (SNS), blogs, wiki, video or photo sharing, and
folksonomy, has attracted much attention from re-
searchers of diverse disciplines.l! As a fast growing
business, many SNSs of different scopes and purposes
have emerged on the web, many of which, such as
Facebook,?3] Renren,*) MySpace, and Orkut,® are
among the most popular sites on the web. Users
of those sites, by establishing friendship relationships
with other users, can form online social networks
(OSNs). The popularity of those sites and the avail-
ability of network data sets offer an invaluable op-
portunity to study the structure and the evolution of
OSNs at scale. It is believed that having a proper un-
derstanding of network evolution enables the predic-
tion of the future growth of networks and the explo-
ration of human behavior in virtual communities.[6—8]

Recently, the evolution of OSNs has been exten-
sively investigated by physicists, computer scientists,
and sociologists. Holme et al. studied the evolution of
Pussokram and found that its degree correlation coef-
ficient is always negative over time,[ which is in stark
contrast with the significant assortative mixing of the
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real-world social networks. Viswanath et al. studied
the evolution of the activity network of Facebook and
found that the mean degree, the clustering coefficient,
and the average path length are all relatively stable
over time.l'”) Hu and Wang studied the evolution of
Wealink!"] and found that many network properties
show obvious non-monotone features, including a sig-
moid growth of the network scale which was also ob-
served by Chun et al. in Cyworld,"? and a transition
from the degree assortativity characteristic of real so-
cial networks to the degree disassortativity character-
istic of many OSNs which was also observed by Szell
and Thurner in Pardus.['?]

Excepting empirical research, many network
models have also been proposed to reproduce the
macrostructure of OSNs or social networks in real life.
In the traditional field of social networks, exponential
random graph models (ERGMs) have been proposed
to model and fit the empirical network data.['* For
example, Traud et al. examined the relative impor-
tance of different user attributes to the social orga-
nization of large institutions at different institutions
in Facebook by using ERGMs.®! Recently, due to the
availability of the data of large-scale social networks,
some more specific models have also been brought
forward to reproduce some characteristics of the so-
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cial networks. Hu and Guo proposed an analyzable
model, which captures the real evolution of Face-
book networks and can well reproduce their homoge-
neous degree distributions.'® Grindrod and Parsons
introduced a class of models for the evolving social
networks using evolving graphs with memory depen-
dent edges, and the model parameters could be cal-
ibrated based on the limited samples of time depen-
dent data.['8] Zou et al.

work model growing fast in units of module.!”] Each

proposed an evolving net-

module was a small-world network containing several
interconnected vertices, and the vertices between the
modules were linked by preferential attachments. Mo-
tivated by the evolution of mobile users, Guo et al.
proposed a directed network model, in which the ver-
tices grew following a power-law acceleration.[!8]

Uncovering how the micro-mechanisms of network
growth lead to the macrostructures of OSNs is of
paramount importance in understanding the evolu-
tion of OSNs. However it is very difficult to capture
this process due to the fact that the detailed empiri-
cal data of network growth with time labels integrat-
ing the joining of new users and the establishment of
new friend relationship are still scarce. To date, there
are few analytical studies on the verifiable mechanisms
dominating the evolution of OSNs. Most of the un-
derstanding comes from the theoretical models which
lack validation utilizing empirical data. In this paper,
based on the empirical network data, we will bring for-
ward an analyzable model, which can reproduce the
process of network growth and connect the users’ be-
havior and the network structure.

2. Data sets

We first study Wealink, a large SNS in China,
whose users are mostly professionals, typically, busi-
nessmen and office clerks.['!] The network data, logged
from 0:00:00 on 11 May 2005 (the inception day for the
Web 2.0 site) to 15:23:42 on 22 August 2007, include
all friendship relationships and the time of formation
of each tie.

The final data format is a time-ordered list of
triples (U;, U;, Ty). Triple (U;,U;, Ty) indicates that
user U; sends a link request to user U; or U; accepts
U;’s previous request and they become friends at time
Ty. Like Facebook and YouTube, the friendship re-
lationships are established only when the invitations
are accepted. The online community is a dynamically

evolving one with new users joining the network and
new ties established between users.

3. Preferential linking

Like many other OSNs, the degree distribution of
Wealink shows the power-law feature.[!1] This kind of
distribution can be produced through the linear pref-
erential attachments, i.e., new users tend to attach to
already popular old users. However in the real sce-
nario of network growth, when new users establish
friendship relationships with old ones, or new ties are
established between old users, the old users with large
degrees of distribution are all likely to be preferentially
selected.

To test the preference features of different types of
link establishments, we separate the preferential link-
ings into three aspects: preferential acceptance, pref-
The
preferential acceptance implies that the larger an old

erential creation, and preferential attachment.

user’s degree is, the more likely he/she will accept link
invitations from the other old users. The preferential
creation implies that the larger an old user’s degree
is, the more likely his/her link invitations will be ac-
cepted by the other old users. And the preferential
attachment implies that new users tend to attach to
already popular old users with large degrees.

Let k; be the degree of user i. The probability
with which user ¢ with degree k; is chosen can be ex-
pressed as

K

k) = = (1)

We can compute the probability IT(k) with which an

old user of degree k is chosen, and it is normalized by
the number of users of degree k that exist just before
this step

Y lee=v Ak (t—1) =k
k) = S Tkt - D = R]

where e; = v Ak, (t — 1) = k represents that at time ¢

~ k67 (2)

the old user whose degree is k at time ¢ — 1 is chosen.
We use [-] to denote a predicate (which takes a value
of 1 if the expression is true, else 0). Generally, IT(k)
has significant fluctuations, particularly for large k.
To reduce the noise level, instead of II(k), we study
the cumulative function

k
(k) = /O (k) ~ kP = ke (3)
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Figure 1 shows the relationship between degree
k of users and preference metric k. The least-square
linear regression gives a = 1.93+0.01 (R? = 0.99) for
the preferential creation, o = 1.97 & 0.01 (R? = 0.98)
for the preferential attachment, and o = 2.06 + 0.01
(R? = 0.99) for the preferential acceptance. All are
with significance level p < 0.001. Thus £ ~ 1 indicates
the linear preference.
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Fig. 1. (colour online) Preference characteristics in the
evolution of OSN. The slopes for preferential creation,
preferential attachment, and preferential acceptance are
1.93, 1.97, and 2.06, respectively.

4. Model

Like the other OSNs, the evolution of Wealink in-
cludes two processes. The first one is that a new user
joins in the network and establishes a friend relation-
ship with an old user. The second one is that a friend
relationship is established between two old users. Cer-
tainly, there exists the case that a tie forms between
two new users; however this situation is rare in the
real world and can be neglected.

Based on the linear preference, we bring forward
a realistic network model. Starting with a small con-
nected network with mg vertices, at every time step,
there are two alternatives. (i) With probability p, we
add a new vertex with m; edges connected to the ver-
tices already present in the network. The probability
that the new vertex will be connected to old vertex
i with degree k; is II(k;) = k;/ >_; kj, i.e., the linear
preference. (ii) With probability ¢ = 1 —p, we add ma
new edges connecting the old vertices. The two end-
points of each edge are chosen according to the linear
preference.

After t steps, the model leads to a network with
a mean number of vertices N(t) = mg + pt. For a
large t, N = pt, and the total degree of the network
is kan(t) =~ 2t(pmq + gms). Let P(k) be the degree
distribution of the model and Ny (¢) = ptP(k) be the

mean number of vertices with degree k, then the rate
equation for the time evolution of Ni(t) is

— = 1 .
dt ijNj
(k—1)Ny_1 — kN
+ 2gm - + P8km, - (4
2 Zj,]Nj kmy ( )
Since Zj JN; = 2t(pm1 + gma), thus
pP(k)
k—1)Pk—-1) —kP(k
_ i (E= DP(E=1) — kP(R)
2(pm1 + qmg)
k—1P(k-1)—-kP(k
+pqm2( )P( ) ( )+P5km1- (5)
pmi + qma
When k£ > 1, we obtain
2
pPmi + 2pgmy }
Pk) |l —m—k +
(%) {Q(Pml + qma) P
2
pm1 + 2pgmy }
= P(k—1) |[ZM TP g g1 (6
( ) [2(pm1 + gma) ( ) (6)

2@’"1”7"2)} =Pk—1)[k—1]. (7)

pmy + 2qmg
Let
a=—1,
2
b= (pml +qm2)’ (8)
pmi + 2gms

accordingly equation (7) becomes

B k+a
k+b

P(k) Plk—1). 9)

Since b is not an integer, it is difficult to obtain P(k)
in a simple form. From Eq. (9), we obtain
P(k) k+a

gD "My (10)

which can be well approximated by P(k) ~
(k4 ¢)=7.1" The exponent = is

k+a k+c—1
N

1n(1+2)—1n<1+2)
:7[1n<1+c_kl)—1n(1+2)] (12)

For large k, implementing the Maclaurin series expan-

ie.,

sions of degree 2, we can obtain

_ 3pmy + 4gmo

= b — s
! pmy + 2qma
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a+b+1 pmy + gma
c= = . (13)
2 pm1 + 2qms

Thus, degree distribution P(k) is

P(k) ~ (k+c)™

_ 3pmq+4qmg

pmi+2qm
_ <k+Pm1+me> C
pmy + 2qmy
The tail of the distribution is P(k) ~

_ 3pmj +4gmg
k pmy +2qmo

. When p = 1, the model is reduced to the
Barabasi—Albert model. The model can produce net-
works with a power-law degree distribution and reveal
the mechanism governing the evolution of Wealink.

The linear preference can be generalized to de-
scribe the evolution of general OSNs.  Mislove
et al. studied the evolution of Flickr and found
that the users tend to create and receive links
in proportion to their outdegrees and indegrees,
respectively.?9) Leskovec et al. studied the evolutions
of Flickr, del.icio.us, Yahoo!Answers, and LinkedIn,
and examined whether the preferential attachment
holds for those networks.[?!) They found that Flickr
and del.icio.us show the linear preference, and Ya-
hoo!Answers show the slightly sublinear preference
II(k) ~ k%9, In LinkedIn, for low degrees, IT1(k) ~
k96; however, for large degrees, IT(k) ~ k2 indi-
cating the superlinear preference. Although there are
minor differences in the exponents § for different net-
works, we can see that 8 = 1, implying that the linear
preference may be universal for OSNs. Thus, the pro-
posed model provides a theoretical foundation for the
comprehension of the evolution of OSNs and reveals
how the micro-mechanisms of the preferential linking
result in the networks with power-law degree distribu-
tion.

Apparently, a larger 8 leads to a greater hetero-
geneity of the network structure. Figure 2 shows the
numerical result obtained by averaging over 10 inde-
pendent realizations. If rule (ii) of the model is un-
changed, and in rule (i), we suppose that the proba-
bility with which the new vertex will be connected to
old vertex 7 with degree k; is IT(k;) ~ kf , the corre-
sponding numerical results for different 8 are shown
in Fig. 2(a). If rule (i) is unchanged, and in rule (ii),
we suppose that an endpoint is chosen according to
I (k;) ~ kf , the corresponding numerical results are
shown in Fig. 2(b). We find that when S increases,
P.(k) gets more and more decentralized, and hubs
emerge for larger (.
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Fig. 2.
gree distributions of networks obtained by numerical sim-

(colour online) Complementary cumulative de-

ulations with p = 0.6, N = 10°, and m1 = my = 1.
(a) Rule (ii) is unchanged, and in rule (i), the probability
with which the new vertex will be connected to the old
vertex ¢ with degree k; is I1(k;) ~ kf (b) Rule (i) is un-
changed, and in rule (ii), an endpoint is chosen according
to IT(k;) ~ k2.

According to the empirical data, we obtain p =
0.7941 and g = 0.1939. The links created between
two new users are few and thus can be negligible. In
addition, my = mgy = 1 for the real growth of the
network. Based on the parameters and Eq. (14), we
obtain P(k) ~ k=257, Figure 3 shows the numeri-
cal result obtained by averaging over 10 independent
realizations with p = 0.7941 and the same number
of vertices as that in Wealink. Its degree exponent
2.62 agrees well with the predicted value of 2.67. Fig-
ure 3 also presents the complementary cumulative de-
gree distribution of Wealink. We fit the network data
with the power-law model utilizing the maximum like-
lihood estimate method and obtain v = 2.91.122l The
predicted value of the degree exponent 2.67 achieves
proper agreement with the real value 2.91. We also
compute p for the estimated power-law fit to the net-
work implementing the Kolmogorov—Smirnov test and
obtain p = 0.704. We choose a threshold of 0.1, and
thus the power-law fit is a good match to the degree
distribution of Wealink.

In the real world, different from the ideal model,
the probability p cannot be stationary during the evo-
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lution of OSNs.
while in another stage, p can be very small, which can

In one stage, p can be very large,

lead to the difference between the real exponent and
the predicted one. Figure 4 shows the evolutions of p
and ¢ and demonstrates the above fact. As a guide, we
also label the positions of p = 0.7941 and ¢ = 0.1939.
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Fig. 3. (colour online) Complementary cumulative de-

gree distributions of Wealink and the networks obtained
by numerical simulations. The degree exponents obtained
by the maximum likelihood estimate for Wealink and the
numerical results are 2.91 and 2.62, respectively.
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Fig. 4. (colour online) Evolutions of the fractions of

two kinds of edges. Dashed and dotted lines indicate
p =0.7941 and g = 0.1939, respectively.

5. Discussion and conclusion

In summary, we empirically study the preferential
linking in an evolving OSN, find and validate that the
linear preference holds for preferential creation, pref-
erential acceptance, and preferential attachment, i.e.,
the probability that an old user is chosen is directly
proportional to his/her degree. We propose an analyz-
able model, which integrates the linear preference and
the introduction of new vertices and edges. The model
captures the real growth process of OSNs and reveals
the underlying mechanism dominating their evolution.
The simulation results, the analytical results, and the

empirical observations agree very well with each other.
This work not only provides a verifiable origin for the
emergence of scaling law in OSNs, but also contributes
to the understanding of the correlation between users’
behavior and the organization of virtual communities.
The preferential linking indicates that a user’s
ability to acquire new ties depends on his/her cur-
rent degree. Users looking for new connections use
the other user’s degree as a proxy for his/her fitness.
The number of friends of a user usually is shown on
his/her personal profile, which can be browsed by the
other users. A user with many friends will be judged
as more popular than another one with few friends.?!
However, it is noteworthy that from the perspective
of sociology, there are diverse mechanisms which can
lead to the formation of dyadic ties, such as assor-
tative, relational, or proximity mechanisms.?* Pref-
erential linking is just one of the mechanisms. It can
account for the emergence of power-law in OSNs; how-
ever it cannot explain the other structural or sociolog-
ical characteristics of the networks. Different mecha-
nisms usually are intimately interwoven in the evolu-
tion of OSNs. Thus, to understand the formation of
dyadic ties, we need to incorporate sociological view-
points and approaches into the study of OSNs.
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