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Grating-based X-ray phase contrast imaging has been demonstrated to be an extremely powerful phase-sensitive

imaging technique. By using two-dimensional (2D) gratings, the observable contrast is extended to two refraction

directions. Recently, we have developed a novel reverse-projection (RP) method, which is capable of retrieving the

object information efficiently with one-dimensional (1D) grating-based phase contrast imaging. In this contribution,

we present its extension to the 2D grating-based X-ray phase contrast imaging, named the two-dimensional reverse-

projection (2D-RP) method, for information retrieval. The method takes into account the nonlinear contributions of

two refraction directions and allows the retrieval of the absorption, the horizontal and the vertical refraction images.

The obtained information can be used for the reconstruction of the three-dimensional phase gradient field, and for an

improved phase map retrieval and reconstruction. Numerical experiments are carried out, and the results confirm the

validity of the 2D-RP method.
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1. Introduction

X-ray imaging has been widely used for medi-

cal applications and non-destructive imaging since the

discovery of X-rays in 1895. In conventional imaging,

the contrast is generated through the differences in the

absorption properties of the object. For weakly ab-

sorbing tissues, the use of conventional X-ray imaging

is limited due to their weak absorptions and low im-

age contrasts. To overcome this limitation, the X-ray

phase contrast imaging has been developed and has

attracted increasing attention since the 1990s.[1−11]

With negligible anisotropy in the medium, the refrac-

tive index characterizing the optical properties of a

tissue can be expressed as n = 1 − δ + iβ, where δ is

the decrement of the real part of the refractive index

responsible for the phase shift, whereas the imaginary

part β describes the absorption properties of the ma-

terial. At diagnostically relevant photon energies and

for soft tissues, the phase shift plays a more prominent

role than the absorption, since δ is typically three or-

ders of magnitude larger than β.[12] Therefore, phase

contrast techniques are expected to yield improved

contrasts and sensitivities when compared with the

conventional absorption contrast imaging.

Recently, it has been demonstrated that grating-

based X-ray phase contrast imaging is one of the most

promising methods due to the advantages of high

phase sensitivity, a large field of view,[13] and effi-

cient utilization of conventional X-ray sources.[10,11]

Momose et al.[7,8] and Pfeiffer et al.[9−11] have stud-

ied the phase contrast imaging using one-dimensional

(1D) linear gratings. However, the 1D grating interfer-

ometer only gives contrasts for wavefront deviations or

scatterings in the direction perpendicular to the grat-

ing lines, and it lacks sensitivity to object structures
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oriented perpendicular to the lines. Additionally, the

recovery of the phase map dose not require the exact

knowledge of the boundary values, but induces sub-

stantial artifacts due to the lack of information on

the blind direction.[14,15] In order to overcome these

disadvantages, grating-based phase contrast imaging

systems using two-dimensional (2D) structures have

been developed. Wen et al.[16] and Zanette et al.[15]

used a combination of closely stacked double linear

gratings to form a 2D grating. Itoh et al. fabricated

genuine 2D gratings and installed them in a 2D grat-

ing interferometer.[17,18]

In this contribution, we propose a novel method,

named the 2D reverse-projection (RP) method, for in-

formation retrieval in 2D grating-based X-ray phase

contrast imaging. As shown below, the two orthogo-

nal refraction directions contribute in a nonlinear way

to the recorded intensity. Thus, the 1D-RP method[19]

cannot be directly applied to the 2D case for infor-

mation retrieval. Therefore, we develop the 2D-RP

method that takes into account the nonlinear contri-

bution and allows the retrieval the absorption, hori-

zontal and vertical refraction images.

2. Theory of the two-dimensional

reverse-projection method

As schematically shown in Fig. 1, the setup of

the 2D grating-based X-ray phase contrast imaging

consists of a phase grating G1, an absorption ana-

lyzer grating G2, and an image detector. G1 has a

checkerboard-type (CB-type) pattern and a thickness

introducing π phase modulation at the incident X-

ray energy. Detailed studies have shown that a CB-

type π-shifting phase grating produces an interference

distribution of square intensity spots.[20] The mesh-

type (M-type) interference pattern with half the pe-

riod of G1 is observed at the fractional Talbot dis-

tances Dn = np21/(8λ), where n = 1, 3, 5, . . ., p1 is the

period of G1, and λ is the wavelength of the X-ray.

The analyzer grating G2 located at the fractional Tal-

bot distance has the same pattern as the self-image

impinging on it. When a sample is placed in the

beam, the interference pattern is distorted due to the

refraction in the sample along two transverse direc-

tions. This distortion is analyzed by the G2 grating

and is converted into intensity variations recorded by

the image detector.

G2

G1

detector

sample

X
ra
ys

Dn

Fig. 1. Schematic diagram of the setup for 2D grating-

based X-ray phase contrast imaging. With a sample

placed in the X-ray beam, the interference pattern of the

phase grating G1 is distorted by the sample refraction.

The analyzer grating G2 converts this distortion into in-

tensity variations measured by the detector.

The gratings used in the 2D grating-based

phase contrast imaging can be either genuine 2D

structures[17,18] or combinations of two 1D linear

gratings.[15,16] As demonstrated in Fig. 2(a), the CB-

type π-shifting phase grating G1 is equivalent to a su-

perposition of two perpendicular 1D π-shifting phase

gratings. Therefore, the amplitude transmission func-

tion of G1 can be expressed as the product of that of

the two 1D π-shifting gratings

T (x, y) = T1 (x)× T1 (y) , (1)

where T1 (x) denotes the amplitude transmission func-

tion of a 1D π-shifting phase grating. Using the Fres-

nel diffraction formula, we can obtain the intensity

of the self-image at position (xs, ys) in the self-image

plane

Is (xs, ys) =

∣∣∣∣A0

∫∫
T (x, y) exp

[
iπ (xs − x)

2

λDn

]
× exp

[
iπ (ys − y)

2

λDn

]
dxdy

∣∣∣∣2
= I0

∣∣∣∣{∫ T1 (x) exp

[
iπ (xs − x)

2

λDn

]
dx

}∣∣∣∣2
×
∣∣∣∣{∫ T1 (y) exp

[
iπ (ys − y)

2

λDn

]
dy

}∣∣∣∣2, (2)
with I0 = A∗

0A0 being the intensity incident on G1. As

shown in Eq. (2), the self-image of G1 is the product

of that of two orthogonal 1D π-shifting phase gratings,

i.e, an M-type pattern.
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Fig. 2. (a) A 2D CB-type π-shifting grating is equivalent to the superposition of two crossed 1D π-shifting phase

gratings. (b) The superposition of two perpendicular 1D absorption gratings results in a 2D M-type absorption

grating.

For each detector pixel, the recorded intensity is

the 2D convolution of the self-image pattern with the

transmission function of G2

I (x, y) = Is (xs, ys)⊗ t (x, y) , (3)

where ⊗ denotes the 2D convolution operation. Sim-

ilarly, a 2D M-type absorption grating can be ob-

tained by a combination of two crossed linear absorp-

tion gratings, as shown in Fig. 2(b). The transmis-

sion function t (x, y) can therefore be expressed as the

product of that of two 1D absorption gratings

t (x, y) = t1 (x)× t1 (y) . (4)

Substituting Eqs. (2) and (4) into Eq. (3), we can

obtain the expression of the intensity distribution for

each detector pixel

I (x, y) = I0 [Is (xs)⊗ t1 (x)]× [Is (ys)⊗ t1 (y)] , (5)

where Is (xs) represents the self-image of the 1D π-

shifting phase grating

Is (xs) =

∣∣∣∣∣
{∫

T1 (x) exp

[
iπ (xs − x)

2

λDn

]
dx

}∣∣∣∣∣
2

. (6)

By introducing the concept of the shifting curve

(SC),[19] the recorded intensity can be equivalently

written as

I (xg, yg) = I0Sx (xg)Sy (yg) , (7)

with xg and yg denoting the grating positions along

the two transverse directions x and y, respectively.

Equation (7) indicates that the detector signal in a

single pixel is a function of grating positions xg and

yg, as shown in Fig. 3(a). With a sample placed im-

mediately in front of G1, the incident X-rays are not

only attenuated but also refracted. The angular devi-

ations from the beam direction due to the refraction

in the sample are related to the phase gradient of the

transmitted wave by[21]

αx = − λ

2π

∂Φ (x, y)

∂x
, αy = − λ

2π

∂Φ (x, y)

∂y
, (8)

where Φ (x, y) denotes the phase shift of the sample.

Within the approximation of geometrical optics,

the intensity recorded by the detector can be ex-

pressed as (the corresponding equation in the case of

1D imaging can be found in Ref. [19])

I (x, y) = Iabs (x, y)Sx (xg +Dnαx)

×Sy (yg +Dnαy) , (9)

where Iabs (x, y) = I0 exp
(∫

−µdz
)
represents the ab-

sorption in the sample, Sx (Sy) denotes the shifting

curve in the x (y) direction, and xg (yg) defines the

working point on the corresponding SC. In biomedi-

cal applications, the angular deviation is typically in

the order of microradians, and the induced transverse

shift is much smaller than p2/4, i.e., αx ≪ p2/4Dn,

αy ≪ p2/4Dn. This is supported by experimental ev-

idence. Hasnah et al. found experimentally that the

angular deviation caused by a 1 cm thick slice of breast

tissue was in the order of 0.001 µrad to 0.01 µrad.[22]

If the analyzer grating G2 is set at the half-slope po-

sition of the SC, as indicated in Fig. 3(b), the SCs in
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Eq. (9) can be linearly approximated as

Sx (xg +Dnαx) ≈ Sx (xg) +
∂Sx

∂xg
Dnαx,

Sy (yg +Dnαy) ≈ Sy (yg) +
∂Sy

∂yg
Dnαy. (10)

And we can have

I (x, y) = Iabs (x, y) [Sx (xg)Sy (yg) + Sy (yg)Cxαx

+Sx (xg)Cyαy + CxCyαxαy], (11)

with Cx = (∂Sx/∂xg)Dn and Cy = (∂Sy/∂yg)Dn.

Note that the last term in Eq. (11) is not negligible

and constitutes a nonlinear contribution of the per-

pendicular refraction directions to the detected inten-

sity.
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Fig. 3. (a) The recorded intensity in a single detector

pixel as a function of the grating positions xg and yg. (b)

Horizontal (vertical) shifting curve Sx (Sy) with respect

to xg (yg) in units of p2 assuming a fully coherent flat

beam and perfect gratings.

In the proposed 2D-RP method, the analyzer

grating G2 is fixed at the right half-slope position, i.e.,

yg = p2/4, and is not further moved. Then four images

are acquired: two (I1 and I3) on the left (xl
g = −p2/4)

and the right (xr
g = p2/4) half-slope positions of the

horizontal SC respectively. After the sample is ro-

tated by 180◦ around the x axis, another two images

(I2 and I4) are obtained again on the left and the

right half-slope positions. According to Eq. (11), the

corresponding image intensities are

I1 = Iabs[Sx

(
xl
g

)
Sy (yg) + Sy (yg)Cxlαx

+Sx

(
xl
g

)
Cyαy + CxlCyαxαy], (12)

I2 = Iabs[Sx

(
xl
g

)
Sy (yg) + Sy (yg)Cxlαx

−Sx

(
xl
g

)
Cyαy − CxlCyαxαy], (13)

I3 = Iabs[Sx

(
xr
g

)
Sy (yg) + Sy (yg)Cxrαx

+Sx

(
xr
g

)
Cyαy + CxrCyαxαy], (14)

I4 = Iabs[Sx

(
xr
g

)
Sy (yg) + Sy (yg)Cxrαx

−Sx

(
xr
g

)
Cyαy − CxrCyαxαy], (15)

where Sx

(
xl
g

)
and Cxl (Sx

(
xr
g

)
and Cxr) are the pa-

rameters for Sx at the left (right) half-slope position,

and Cy = [∂Sy (p2/4)/∂yg]Dn. In the above formulas,

we have utilized the fact that the sample rotation of

180◦ is equivalent to the inversion of the correspond-

ing refraction direction.[19] The 2D-RP method is in-

troduced by solving the set of four nonlinear equations

(Eqs. (12)–(15)] for the three unknowns Iabs, αx, and

αy. As presented in Appendix A, the solution for the

apparent absorption image Iabs is

Iabs =
Cxr (I1 + I2)− Cxl (I3 + I4)

2Sy (yg) [Sx

(
xl
g

)
Cxr − Sx

(
xr
g

)
Cxl]

, (16)

while the horizontal refraction image αx is given by

αx =
Sx

(
xr
g

)
(I1 + I2)− Sx

(
xl
g

)
(I3 + I4)

Cxl (I3 + I4)− Cxr (I1 + I2)
, (17)

and the vertical refraction image αy is

αy =
I1 − I2
I1 + I2

Sy (yg)

Cy
. (18)

Alternatively, the 2D-RP method can also be per-

formed by fixing the grating G2 at either slope po-

sition of the horizontal SC and rotating the sample by

180◦ around the y axis. The corresponding solutions

for the three images are presented in Appendix B.

3. Results and discussion

Numerical experiments are carried out to demon-

strate the feasibility and effectiveness of the proposed

2D-RP method. The setup assumed for the simula-

tions resembles the experimental setup presented by

Zanette et al.[15] The incident X-ray energy is 30 keV.

The 2D grating interferometer consists of a CB-type

π-shifting phase grating with a period of p1 = 4 µm,

and an M-type absorption grating with a period of

p2 = 2 µm. The distance between the two gratings is

D3 = 14.5 cm (the 3rd fractional Talbot distance). In
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the simulations, we assume that the sample is placed

in the phase grating plane, and the detector is at

the analyzer grating plane; whilst in experiments, the

sample is placed immediately upstream of G1, and the

detector is placed as close as possible to G2.

The investigated object consists of two crossed

plastic cylinders of 8 mm diameter. According to the

2D-RP method, four images are recorded at the pre-

defined grating positions. The image intensities are

calculated using Eq. (9), and one of them is shown

in Fig. 4(a). We have applied the 2D-RP method to

the simulated data, and retrieved the absorption and

the refraction images of the object. The results are

shown in Figs. 4(b)–4(d) respectively. To present the

quality of the retrieved sample images, quantitative

comparisons of the line profiles between the retrieved

results and the theoretical predications are performed,

and the results are shown in Figs. 5(a) and 5(b). The

locations of the extracted line profiles are indicated by

AA′ in Fig. 4(b). As can be seen, there is an excellent

agreement between the results of the 2D-RP method

and the theoretical predications, thus confirming the

validity of the 2D-RP method. On the one hand,

we note that large values of refraction are underesti-

mated by the 2D-RP method, as shown in Fig. 5(b).

This is attributed to a violation of the validity of the

linear approximation of the SC (Eq. (10)). The com-

parison of the dynamic range (∼ 3.5 µrad) and the

largest refraction angle value (4.3 µrad) support this

explanation. In addition, the 2D-RP method makes

use of only four images for information retrieval, which

(a) A A′(b)

(d)(c)

Fig. 4. (a) One of recorded images in the 2D-RP method.

(b) Retrieved absorption image. (c) Retrieved horizontal

refraction image. (d) Retrieved vertical refraction image.

is advantageous in terms of the total exposure time

and potential radiation dose.
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Fig. 5. Retrieved line profiles along AA′ compared with

theoretical predications for (a) the absorption and (b) the

refraction images respectively.

Compared to the 2D phase stepping technique,[15]

the introduced 2D-RP method only moves one of the

gratings in one dimension, thus simplifying the ex-

perimental procedure and increasing the data acquisi-

tion. With respect to single-shot Fourier transform

approaches,[17,18] the presented 2D-RP method re-

tains the full spatial resolution of the detector in the

retrieved images. Compared with the approach pre-

sented by Rutishauser et al.,[23] the use of 2D gratings

is rewarded by a higher sensitivity.

In the presented simulations, we have assumed a

fully coherent flat beam and perfect gratings. Actu-

ally, the performance of the 2D grating interferometer

is affected by factors such as polychromaticity and im-

perfect spatial coherence of incident X-rays. Consid-

erations concerning performance aspects of 1D grating

interferometers can also be applied to the 2D grating

interferometer.[24−27] In further work, detailed analy-

sis will be presented on the influence of these factors

on the performance of the 2D-RP method.
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4. Conclusion

In conclusion, we have introduced the two-

dimensional reverse-projection method for informa-

tion retrieval in 2D grating-based X-ray phase con-

trast imaging, and demonstrated its applicability to

quantitative retrieval of the absorption, horizontal and

vertical refraction images. The results of numerical

experiments verify the validity of the 2D-RP method.

It takes into account the nonlinear contribution of two

perpendicular refraction directions to the recorded in-

tensity. The 2D-RP method requires no more than

four experimental images per projection, which is ad-

vantageous concerning total exposure time and poten-

tial radiation damage.

For further analysis, the obtained phase gra-

dient information can be used for the three-

dimensional reconstruction of the phase gradient

field[28,29] and for an improved phase map re-

trieval and reconstruction.[14,15] The presented 2D-

RP method is also applicable to the 2D Talbot–Lau

interferometer.[18] We can expect a wide application

of the 2D-RP method in biomedical imaging, material

sciences, and so on.

Appendix A: Derivation of

Eqs. (16) (18)

From Eqs. (12)–(15), we can obtain

I1 + I2 = 2Iabs[Sx

(
xl
g

)
Sy (yg) + Sy (yg)Cxlαx], (A1)

I3 + I4 = 2Iabs[Sx

(
xr
g

)
Sy (yg) + Sy (yg)Cxrαx]. (A2)

From a combination of Eqs. (A1) and (A2), we can

have

Cxr (I1 + I2)− Cxl (I3 + I4)

= 2Iabs[Sx

(
xl
g

)
Sy (yg)Cxr

− Sx

(
xr
g

)
Sy (yg)Cxl]. (A3)

And the solution for the apparent absorption image

Iabs is

Iabs =
Cxr (I1 + I2)− Cxl (I3 + I4)

2Sy (yg) [Sx

(
xl
g

)
Cxr − Sx

(
xr
g

)
Cxl]

. (A4)

Substituting Eq. (A4) into Eq. (A1), we can obtain

the horizontal refraction image

αx =
Sx

(
xr
g

)
(I1 + I2)− Sx

(
xl
g

)
(I3 + I4)

Cxl (I3 + I4)− Cxr (I1 + I2)
. (A5)

The vertical refraction image can be obtained by the

substitution of Eqs. (A4) and (A5) into Eq. (12)

αy =
I1 − I2
I1 + I2

Sy (yg)

Cy
. (A6)

Appendix B: Alternative ap-

proach of the 2D-RP method

Alternatively, the 2D-RP method can be per-

formed by fixing G2 at the slope position of the hori-

zontal SC, i.e., xg = −p2/4 or xg = p2/4. Two images

(I1 and I3) are recorded on the left (ylg = −p2/4) and

the right (yrg = p2/4) half-slope positions of the ver-

tical SC respectively. Then we rotate the sample by

180◦ around the y axis, and record another two im-

ages (I2 and I4) on the left and the right half-slope

positions respectively. The recorded image intensities

are given by

I1 = Iabs[Sx (xg)Sy

(
ylg
)
+ Sy

(
ylg
)
Cxαx

+ Sx (xg)Cylαy + CxCylαxαy], (B1)

I2 = Iabs[Sx (xg)Sy

(
ylg
)
− Sy

(
ylg
)
Cxαx

+ Sx (xg)Cylαy − CxCylαxαy], (B2)

I3 = Iabs[Sx (xg)Sy

(
yrg
)
+ Sy

(
yrg
)
Cxαx

+ Sx (xg)Cyrαy + CxCyrαxαy], (B3)

I4 = Iabs[Sx (xg)Sy

(
yrg
)
− Sy

(
yrg
)
Cxαx

+ Sx (xg)Cyrαy − CxCyrαxαy], (B4)

with Cx = [∂Sx (p2/4)/∂xg]Dn. Following the pro-

cedure presented in Appendix A, we can obtain the

solutions for the three unknowns Iabs, αy and αx

Iabs =
Cyr (I1 + I2)− Cyl (I3 + I4)

2Sx (xg) [Sy

(
ylg
)
Cyr − Sy

(
yrg
)
Cyl]

, (B5)

αy =
Sy

(
yrg
)
(I1 + I2)− Sy

(
ylg
)
(I3 + I4)

Cyl (I3 + I4)− Cyr (I1 + I2)
, (B6)

αx =
I1 − I2
I1 + I2

Sx (xg)

Cx
. (B7)
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